CHAPTER 9, POLAR COORDINATES AND PARAMETRIC CURV ES

9.1 CONIC SECTION

A conic section with eccentricity e, is given by e?(z + p)? = (x — p)? + y? which can be
normalized to

1—|—e2 2
([L’ - l—er) + y2 -1
4€2p2 4€2p2 -
(1—e2)2 1—e?

9.2 POLAR COORDINATES

Polar Coordinates. A polar coordinate of a point P is given by (r,0),where 6 is a angle
from the positive x-axis to the line O P,and r is the distance from O to P along the direction
given by 6.

Example. (2, %), (-2, 4%), (2, 7F), (-2, - %F).

Coordinate change. The relation between the rectangular coordinate and the polar
coordinate is given by
xr=rcosf, y=rsind,

r? =2%+9°, tanf = Y.
x

Polar coordinate equation. r = f(#) or F(r,6) = c.

Example.
1) r=a,
(2) r = 2sinb,
(3) 2* +y* =2y,
(4) r=2+2cos0,r =a = bcos¥,
(5) 7 =2cos20,r = acosnb.

Symmetriy in polar coordinate.

(1) F(r,0) = F(r,—0) implies symmetry with respect to z-axis.
(2) F(r,0) = F(r,m — ) implies symmetry with respect to y-axis.
(3) F(r,0) = F(—r,0) implies symmetry with respect to origin.

Example.

(1) r? = —4sin 26,
(2) r=1+sinf,r? = 4siné.
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9.3 AREA COMPUTATION IN POLAR COORDINATE

1 B
A= §/a r2db.

Example.

(1) r=3+2cos0,0 <6 <2,
(2) The area enclosed by inner and outer loop of r = 1+ 2co0s6),0 < 6 < 27,
(3) Area outside of r = 1 but inside of r = 3 + 2co0s6),0 < 0 < 2.

9.4 PARAMETRIC CURVES

= f(t),y = g(t).

(1) x =cost,y =sint,0 <t < 27,
1= 2t
(2)$—1+t2:y—1+t2, OO<t<OO,
B)z=t—1ly=2t2—4t+1,0<t <2,
(4) x =cosat,y =sinbt, —oo < t < 00,
(5) Cycloid x = a(t —sint),y = a(l — cost,0 < ¢t < 2.
Tangent line.
dy  dy/dt d?y d (dy)) dx
de  dx/dt’ dx?2  dt'dx’’ dt

Example.

(1) z =a(t —sint),y — a(1l — cost),
(2) 23 =295 — 5yt + 9y.
Polar curve as Parametric Curve.

x = f(@)cos O,y = f(0)sin b

dy  r'sinf +rcosf

dxr ~ 1/ cos® —rsind
Let ¢ = o — 0, then coty = %/

Example. r = e’ ¢y = 2, at (e?,Z)) tangent line is z +y = e%.
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INTEGRAL COMPUTATION WITH PARAMETRIC CURVES

(1) A= [ ydw = f’;‘g< ) f (t)dt

(2) Vi = [) myPda = [0 m(g(t))? f’(t)

(3) Vy = [ 2mayde = [75 2m f(2)g(t) f’(t)dt,

(4) L= [ FO)?+ @),

(5) Say = J2 21lgONIF OV T B + (g ()20t
Example.

(1) x = acost,y = asint, area, volume, surface area.
(2) x =a(t —sint),y = a(l — cost) area under one arc.

Parametric Polar Curves.

z(t) = r(t) cos O(t),y(t) = r(t)sinO(t),ds = \/(r' (t))2 + r(t)20/(t)2dL.

Example. r = 1 + cos 6, perimeter and surface area.

CoNIC SECTION IN POLAR COORDINTES

e(p—rcosb) =r,

_ ep
 1+ecosf’

16

Example. r = =—"—.







