CHAPTER 7, TECHNIQUE OF INTEGRATIONS

7.2 INTEGRAL TABLE , SIMPLE SUBSTITUTIONS

Example.
(1) [1(1+1nz)°da,

(2) 1?;47

1’2 x
(3) f \/25—d16x2'

7.3 INTEGRATION BY PARTS

/ f(@)g(x)de = f(z)g(x) — / F)g (@)de.

Example.

7.4 TRIGONOMETRIC INTGRALS
(1) [sin" zdx,
/sinazdaz =cosz + C,

1 —cos2x r sin2x
/sm a:das—/ 5 dx 5 1 +C,

/Sin2m+1 xdr = /(1 — cos? x)™dcos z,

/sian xdr = /(ﬂ)mdm

Reduction formulae, since
/ sin” xdx = — cos xsin™ ! 33-1—/ cos £(n—1)sin" "2 x cos xdx = — cos rsin™ " x+/(n—1)(1—sin2 x) sin’
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so.n—1
. COS I sin r n-—1 L
/sm" zdr = — + /sm" 2 xdx.
n n

(2) [ cos™zdz,
(3) [ tan™ zdz,

/tanxdas:—ln|cosx|+0,
/taanda::/seCQx—lda::tana:—x-i-C.

Reduction formulae ,

tan" !z
/tan" xdr = /(Sec2 r—1)tan" 2 zdx = —= /tan" 2 rdzx.

n—1

(4) [ cot™ zdz,
(5) [ sec” zdw,

tanx + secx
secxdr = [ secx——  dx = In|secx + tanz| + C,
tanx + secx

/Sec2 rdxr = tanx + C.
Reduction formulae , since
/ sec” xdr = tanxsec” % x — / tan x(n — 2) sec 3 x tan x sec xdx,

2

tanxsec”“x n—2 B
sec” xdx = — sec™ 2 xdz.
n—1 n—1

) [ esc” wde,
7) [sin" zcos™ xdz,
(8) [ sec™ xtan™ zdz.

Example.

1) [sin® z cos? zdz,
2) [ sin2 x cos® xdx,
3) [ cos 4 zde,
(4) f sec‘rda:
(5) [ tan® zsec® zdz,
(6) fsec6 2xdw,
(7) [ tan zdz.
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7.5 RATIOAL FUNCTIONS , PARTIAL FRACTION

Theorem. (Partial Fraction) Suppose that the rational function % with ndegree P less

than degree Q and Q(x) = C’Hj]\il(a: —a;)™IIY_ (22 + bgx + cx )™ is the fractorization of
Q) into the product of irreducible factors. Then
M m;

Qg = Bri® + Vi
ZZ x—]a] +ZZ $2+bk$+6k)i].

The theorem is a consequence of the next two lemmas.

Lemma. Suppose that P9x),Q(x) are two relatively prime polynomials (they don’t have
common factor of degree greater or equal one) and degree R(x) is less than degree P(x)
plus degree Q(z), then
R@) _S@)  T@
P(z)Q(x)  Plx)  Qz)
where degree S(x) and degree T'(x) are less than degree P(x), degree QQ(x) respectively.

Lemma. Suppose that P(x) = p(z)™ and degree Q(x) is less than degree P(x), then

Q) _ - i)
P(a)

where degree q;(x) is less then degree p(x).

Example
xgjridx
2) [*® Jﬁ;x_frzldx
3) | marende

()
(3)
(4)f4x3x4dx
(5)
(6)

3—|—1’2 2
23 —4r—1
5 f x(x— 1)3 de’
6 f 513 —341’_'_;—2235 ldflf
7.6 TRIGONOMETRIC SUBSTITUTION
(1) a®> — 2%,z = asinb,

1
(2) a®> + 22,2 = atan 0,
(3) 22 —a%,z = asech.

Example.
1) J \/—da:
(2) [Va?—u2du,
(4) Vz2=25 1.
(5)
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7.7 INTEGRAL INVOLVING QUADRATIC POLUMIALS

Example

f 91‘2+6x+5 ’

) f \/94—161‘ 41‘2’
3) f 243

91‘2+6x+5
)
)

Integral of rational function in trigonometric functions. let ¢ = tan g, then sinz =

2
1—t d 2dt

142 O = 1342

1thQ,(:osas =

Example. [ gizgg dx

7.8 IMPROPER INTEGRALS
Either f is not bounded or I is not a bounded closed interval.
Example
R O
(2) f—oo 1—1—302’
(3) a) [y 9, b) [125%5,
(4) fo (2z— 1)2/3

Special function and improper integrals.

Gamma function.

(1) =1=T(2), and T(t + 1) = t['(¢), henceT'(n+ 1) =n!, T(3) =35 [ e e~ da.

: _ [ GMm _ GMm 1 2 _ GMm _ 2GM
Escape velocity. WOO—fR rdr = Zp Smu® = = hence v = ([ S5






