CHAPTER 6, APPLICATION OF INTEGRAL

6.1 RIEMANN SUM APPROXIMATIONS
Fr ZF YAz

where F'(z) us a continuous function on [a, b], then F = f: F(z)dx.

Example.

(1) Example 1 on p.416 ¢(t) =50 —t,t € [0, 30],

(2) Example 2 p.417. p(z) =15+ 2z, z € [0, 20],
(3) Example 3 p.417 @ = lim,,— oo Qxie_x?, =
(4) Example 4 p.418 v(t) =t — 11t + 24,t € [0,
(5) Example 5 p.420 AF; = 2nxv(x;) Az, v(z )
(6)
(7)

,_.,_.

_l’_
]

Example 6 p.420 v(z) = 52 (r? — 2?),

Example 7 p.421AA; = Fe(t;)At;, F =

T 4 .
Sy c(b)dt

6.2 VOLUME BY METHOD OF CROSS SECTIONS

V= / bA(a:)da:.

Example. V = fo (2(h —y))*dy.
Solid of Revolution.

v- | ' r(f ()

Example.

(1) y?> =z,2 € ]0,2],

) Volume of the unit ball.

3) Volume of the circular cone with (r, ) is Zr2h,
) y = 23,2 = y? about z-axis and y-axis.
) About x=-1,
) 22 +y? <1, 0<z<y,
)
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6.3 VOLUME BY METHOD OF CYLINDRICAL SHELLS

b
V= 27r/ xf(x)dz.

Example.

(1) y=2y" ==,
(2) Asin (1) by z = —1.

6.4 ARC LENGTH AND SURFACE AREA OF REVOLUTION

Arc Lemght.

b d
s = / V14 fl(x)?dx = / V14 g'(y)%dy.
s = /ds, where ds = +/1+ f'(z)?dx = \/1+ ¢'(y)3dy.

Example.
(1) Yy = 373/27 [07 5] )
(2) y= %sinmz, [0, 36],
(3) z = %y:)’ + %, [1,2]

Surface Area of Revolution.
If y = mx,[0,b] then A = wm+/1 + m2b?.
If0 < a <b, then A, = mmv1+m2(b* — a?).
For general curve AA; =~ 2r f(x})\/1+ f'(x}*)Az;. Hence

b
A:/ 27 f(z)ds.

Example
(1) y = 23,0,2] about z-axis,
(2) y = 22,[0,/2] about y-axis.



CHAPTER 6, APPLICATION OF INTEGRAL 3

6.5 FORCE AND WORK

Constant force, W = F - d
AW, =~ F(z})Ax;, W = f: F(x)dz

Elastic Spring. F(z) = kx.
Example (2) p.458 Natural length 1ft, 0.5 ft 10lb, k£ = 20, W = fol 20xdx = 10
Work against gravity. F' = %

Example (3) p.459 s = 1000lb, R = 4000ml, k = 16 x (10)°, W [0 £ dr = 16 x
1
(10) (4000 5000)'

Work done Filling a Tank. AF; = pA(y;)Ay;, W = f: pyA(y)dy.
Example (4) p.461 b=750, h=500, p =120, 160/h, 12/d, 330/y, T=20.
Work Emptying a Tank. W = f: p(h —y)A(y)dy
Example (5) p.462 r=3,1=10,p=40,h =5+ 3.
Force Exerted by Liquid. F = f; plc—y)w(y)dy.
Example (6) r=4,p="75,c=4.

6.6 CENTROID OF PLANE REGION AND CURVE

M=) miM,=> mz;, My =Y my;, T =M,/M7j=M/M.

VAT, y; = f(z:)

Moment and Centroid of Plane Region. m; = f(z} 5

(2

T = M Y= m
Jo f(@)d J, F(@)da
L@ gy e
S @) = gpde 7 [N @) = gla))de

(1) Example (1) p.479 y = Va? — 22, [—a,a],
(2) Example (2) p.471 [(0,0),(0,1),(1,0)].

Theorem. (First Pappus theorem)

Vo = 271'@14, Vy = 27T A

Example.
(1) (4) (1) about z-axis, y = da

37

(2) (5) (x —b)* +y? —a2 about y-axis.
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Moment and Centroid of Curve.

d d
f:fx s’ g:fy s

S S

Example.(6) p.473 As (1)
Theorem. (Second Pappus theorem)
Sy = 2nys, Sy = 27Ts
Example (6) p.473. The torus.

6.7 NATURAL LOGARITHM AS INTEGRAL

Natural Logarithm.

(1) Foras>0 Inz = l‘r%
(2) (ln 33)/ (ln 3;) — —

Graph of y =Inxz.

Laws of Logarithm.
) Inzy =Ilnz + Iny,
) In1=0,
) Inl=—Inz,
) ln% =Ilnx —Iny,
) Inz" =rlnz,r € Q.
(6) Inz : (0,00) — (—00,00).
Natural Exponential Function.
(1) expx =y if and only if Iny = x,
(2) explny = y,Inexpx = =,
(3) Dyexpxr =expx
(4) e =expl, then " = expr,r € Q, so define e* = expx,r € R, hence Ine” = zlne.

Laws of Exponential.

(1) e™™¥ = eve,
(2) e7 =,
(3) e = (e")",
(4) For a > 0 define a® = exp(zlna), then Dya® = Inaa”,
(5) (e")? = exp(yIn(e”)) = e™.
Example.

()()

10

(3) D = D exp(rinz) = Zexp(rinz) = ra" 1.

Inx

General Logarithm Function. log, r =y iff ¥ =z, log, © = .
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6.8 INVERSE TRIGONOMETRIC FUNCTIONS

Inverse Trigonometric Functions.

(1) Sin_1 ([-1,1] = [-Z,2],D,sin 'z = \/11_7,
. -1, _ 1

(2) costx:[-1,1] = [0,7], Dycos™tz = —m,

(3) tan~'x : [—o0,00] — [-%, 5], D, tan™ 37:1+1x2v

(4) cot™ 133: [—00, 00] — [0, 7], D, cot™ 193——1+1m2,

(5) sec ™tz : [1,00) U(—o00,—1] — [0,3) U (%), 7], Dysec™?
(6) csc™ta:[1,00) U (—00,—1] — [-5,0)U (0, 5], Dy csc™?

Example.

_ 16t?
(1) Example (1) p.490. tanf = 5,

(2)
(3)

(@) fo 12,

5) [ 1+§x2d$v

(6) | —=sda,

(1) [ e

6.9 HYPERBOLIC FUNCTIONS

Hyperbolic Functions.

—x

(1) sinhz = &=,

(2) coshz = e$+26_$,
(3) tanhz = SZhe
_ cosh
(4) cothz = ‘;ﬁ;hi,
(5) sechr = 54—,
i
(6) cschr = ——.

Laws of Hyperbolic Functions.

—~
_ O O

—~

2 12
cosh”z — sinh”x =1,

—~
—

D, sinhx = cosh z,
D, coshx = sinhz,

)
(2) 1— tanhx = sech®z,
(3) coth?z — 1 = esch?z,
(4) sinh(z + y) = sinhz cosh y + coshz sinh y,
(5) cosh(z 4 y) = cosh x cosh y + sinhz sinh y,
(6) sinh 2z = 2sinh x cosh z,
(7) cosh 2z = cosh? z + sinh? z,
(8) sinh?x = coshZz=1
( ) COShQQZ — cosh22x+1’
10)
11)
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(12) D, tanhz = sech? z,

(13) D, cothz = —csch?

(14) Dysechx = —tanh xsech x

(15) Dgcschx = —cothxesch x
Example

(1) D, f, (a)cosh 2z, (b) sinh®z, (¢)ztanhz, (d) sech z2.
a) [cosh3zdr, (b) [sinhzcoshxdz, (c) sinh®zdz, (d) [tanh® zdz.

Inverse Hyperbolic Functions.
(1) sinh 'z =1In(z + Va2 + 1) : (=00, 00) — (—00,00), D, sinh ™'z = \/117’

(2) cosh ™z =1In(z + Va2 — 1) : [1,00) = [0,00), Dy cosh™ & = x;—l’
(3) tanh 'z =1 5 In 1+i (=1,1) — (—00,00), Dy tanh ™' 2 = ﬁa
(4) coth ™'z = 1 Indte : (—00,—1) U (1,00) — (—00,0) U (0,00), Dy sinh ™ 2 = L,
(5) sech™lz :l 1+m :(0,1] — [1,00), Dysech ™z = —ﬁ,
(6) csch ™z =1In LT R — {0} = R — {0}, Dycsch™ z = ‘m-
Integral Formula.
1) [ \/ﬁ—z —sinh 'z 4+ C,
(2) f —cosh_lx-l-C,
(3) [ 1%, = tanh™ e +C, |z <1,
4) [ 1 xzzcoth e+ C, |z| >1,
(5) [ \/— = —sech™1|z| + C,
(6) fx\/l—i——Z = —csch™ x| + C.
Example.
f d‘éﬁ
-2
<3> e

Hanging Cable. Let y = f(x) be a representation of thr cable, T be the tension at the
lowest point and 7" be the tension anf p be the density.

T'sinf = ps(z), T cos O = Ty,

SO

f(zr) =tanf = — \/ + (f'(t))2dt.

Take the derivative of both sides to get

() = Tﬁo 1+ (f'(x))?.
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From "
/ f( p 2 e,
v1i+ f/ o To
we get
. —1 pr P
sinh™ f'(z) = —z + C.
To

Take z = 0 you get C' =0, so f'(x) = sinh T%x. Integrate it again, you have

To
= — h —_—
f(x) p cos T T + Yo

Hyperboloc Area.

1 cosht
A(t) = i(sinhtcosht — / Va2 — ldx.
1
Take the derivativeof both sides you get
1 1
A(t) = i(sinth + cosh?t) — V/cosh®t — 1sinht = 3"

Hence A(t) = 5t.

N[






