CHAPTER 14, VECTOR CALCULUS

14.1 VEcTOR FIELD
Definition.

A vector field on a domain is a vector valued function F(z,y, 2).

F(z,y) = P(z,y)i + Q(z,0j in R?,

F(z,y,2) = P(z,y,2)i + Q(z,y,2)j + R(z,y,2)k in R*.
Definition. (Gradient Field )

Vf = (fmafyafz)'

Properties.
V(af +bg) =aVf+bVyg,
V(fg)=9Vf+[fVg.
Example.
(2) r==zi+yj,
(3) v= w( yi + zj)
(4) F =

7‘3 ’
Definition. V = ia% +j8% + k%
Definition. (Divergence of a vector field F = (P,Q, R))

. oP 9Q OR
div(F) =V -F = R

Propreties.

V- (aF +bG)=aV-F+bV -G,
V.- (fF)=Vf-F+ fV.F,
V.Vf=Af

Example. F = ze¥i + zsinyj + zy In zk.
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Definition. ( Curl(F) =V x F = (g_]; —9Q2)j + (98 — 2Ryj 4 (82 %—g)k).

Propreties.

V x (aF +bG) =aV x F + bV x G,
VX (fF)=VfxF+VfxV-F,
V x(Vf)=0.

Example. F = zeVi+ zsinyj + zylnzk .

14.2 THE LINE INTEGRALS

Definition. The line integral of a function f along a curve C : {r(t) : a <t < b} with

respect to arc length a
/ fds = / f(r (t)|dt.

(Application to mass, centroid, moment of initia.)

Example.
1) [, wyds, (cost,sint),0 <t < 7/2,
(2) Centroid of (3cost,3sint,4t),0 <t < 7w, J = kz.

Definition. The line integral of a function f along a curve C : {r(t) : a <t < b} with
respect to coordinate variables

b

/CPd:U + Qdy + Rdz = / P(r(t)z'(t) + Q(x(t))y' (t) + R(r(t))z'(t)dt.

a

(Application to work.)

Example.
1) [gydx+ zdy + xdz, (t,12,1%),0 < t <1,
2) [owyds, [qydr + xdy, (1 + 8,2+ 6t),0 <t< 1,(9 —4t,8 — 3t),0 <t < 2,
fCi ydx + 2zdy, Cy : [(1,1),(2,4)],Ce :y = 22,1 <2 < 2,C3 : [(1,1),(2,1),(2,4)]
(Path dependent).
Remark. [, fds= [ 4 fds, [qPdx+Qdy=— [ o Pdzx+ Qdy.

Line Integral and Vector Field r(t) = (z(t),y(t), 2(t)), F = (P,Q, R).

/F~dr:/de+Qdy+Rdz.
C C

Example.
(1) F=(y,z2), (1 ¢*,1°),0 <t <1,
(2) F =k, (0,4, 0),(0,4,3)].
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14.3 FUNDAMANTAL THEOREM AND INDEPENDENT OF PATHJS

Theorem. (Fundamental Theorem)

/C V() -dr = f(B) - f(A).

Example.

f = ki, V() = k.

HK

Independent of Pathe.

B
/F-dr:/ F - dr.
C A

Theorem. F is independent of path if and only fc F - dr = o for all closed path.

Example.F = kw

(1) w = (10,10),k = 0.5,Cy : (10t,10¢),Cs 1 y = .,
(2) w=(—2y,22),k =0.5,Cq : —[—10,10],Cx2 : (10cost, 10sint).

Theorem. fc F - dr is independent of paths if and only if F = V(f).
Example.
F = (6zy — 2, 4y + 322 — 329/?).

Definition. A vector field F is a conservative vector field if F = V f, for some continuous
differentiable function f. f is called a potential function of F'.

Conservation of Total Energy.

f(b) — f(a) = /CF dr = %mv(b)2 - %mv(a)Q.
GMm

2 _ GMm

-1
,E=3smu -

Example.f =

T

Theorem. F = (P,Q) on a convex domain in R? is conservative if and only if P, = Q..

14.4 GREEN’S THEOREM

y{ Pdzx + Qdy = // Q. — PydA.
C R
Example.

(1) $o(2y + V9 + 23)dx + (5x + e***¥)dy, C = (2cost,2sint),0 < t < 2m,
(2) $o3aydr + 222dy,C = {z = y,y = 2* — 2x}.

Theorem.
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1
Azif—ydx—kxdy:j{xdy:j{—ydx.

Example.Z; o+ yQ =1
Theorem. If OR=C, — C; ,

y{ Pdz + Qdy — j{ Pdz + Qdy = / Q. — P,dA.
Co C; R

@z?{F-nds.

Divergence. n = (y/(t), —2'(t))/s(t)

Theorem. (Divergence Theorem)

}{ F - nds = // divFdA.
oD D

Example.F = (—y,z),C = (acost,asint),0 <t < 27.

Corollary.

—ydx+xdy __ — 9.

Example. f Ny

14.5 SURFACE INTEGRALS
Parametric surface S = {r(u,v) : (u,v) € R.}

Surface integral with respect to area element.

//de //f r(u,v))[ry X ry|dudv.

O(z, y)) (5(,% z) \2 )2
A(u, v) d(u,v)
in case S is the graph of z = h(z,y),

dS = \/1+ h2 + h2dxdy.

(Application to mass, centroid, moment of initia.)

[ty X 1y = [(

Example.

(1) Centroid of § = 1,2 = v/a? — 22 — y2, 22 + y? < d?,

(2) I, of 2?2 +y?>+22=0a% =1,

r = (asin ¢ cos,asin ¢sin b, acos @)

ry = (acos¢cosf,acos psinf, —asin ¢),
rg = (—asin¢siné, asin ¢ cosf,0),
Iy X Tg= (a2 sin? ¢ cos 0, a® sin® ¢ sin 6, a® sin ¢ cos ?).
dS = a?sin pdopdh, I, = 7Ta = 2a’m.
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Surface Integrals with respect to Coordinate Elements.

Y, 2) 9(z, x) d(z,y)
//s Pdydz + Qdzdx + Rdxdy = // D, v) + Q@(u, o) + R@(u, o) |dudv

://SF-ndS.

Example. S is the graph of z = h(z,y), [[¢F-ndS = [[, —Ph, — Qhy + Rdxdy.

Flux of a Vector Field throught a Surface with continuous unit normal vector..

¢ = // F - ndS.
S
Example.

(1) F =wk,S = {z = \/a? — 22 —y%,n} up, [[{FndS = f 7r/21) 0z/adS = mavy,

(2) F=(2,9,3),z =22+ 9% 2 = 4, ffsu 3dS = 12, ffsl F- ndS ffr§2 222 + 2% —
3dxdy =8 — 6,

(3) Heat flow q = —kVu. u(z,y,2) = c¢(R?—2? —y? —2?), q = —ke(—2x, -2y, —22) =
2ker, [[ a-ndS = 2cka(4ra®),

(4) F=kZ, [fs F-ndS = 4.

14.6 DIVERGENCE THEOREM

Theorem. (Divergence Theorem)

//F~ndS:// V- FdV.
S T
Example.

MT={0<2z<1-29)n(0 <y <2)}LF = (z+ cosy,y + sinz,z + e%),
V.F=3, [[F-ndS =58,

2) T={(0<2<3)N(x?+y? <4)},F = (2> +y*+22)(2,y,2), V-F = 5(2? +y? +2?),
ffF -ndS = 3007,

(3) V=3 [[zdydz + ydzdzr + zdzdy = [[ xdydz = [[ydzdx = [[ zdzdy,

(4) V-F =lim,_, |B | ffs F - ndS,

(5) Ex 14.6 20 [[ fndS = [[[ VfaV.

(6) Ex 14.6 21 B = — [ dgzdS.

Theorem. (Divergence Theorem over general Domain)

[l [ v e

Theorem. (Gauss Theorem) Let F = k75, then

//F-ndS:47Tk
S

for any closed surface S containing the origin.
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14.7 STOKES THEOREM

Theorem. (Stokes Theorem)

j{ F-dr://(VxF)-ndS.
C S
Example.

(1) §F -dr,S = {(z,y,2) : (z = y+3)N@*+y* < 1)}, F = (32,5z,—2y),
VxF=(-23,5),n= %(o, —~1,1), |S| = V2,

(2) [[(V xF)-ndS, F = (32.50. —2y), S ={(z,y,2) : (z =2* +y*)N(z < 4)},
r(t) = (2cost,2sint, 4), §F - dr = 20,

(3) Ex 14.718 § fTds = [[n x V fdS.,

(4) EX 14720 [[nxFdS = [[[V x FdV

(5) limy—o -z §, F-Tds =V x F-n..

Definition. F is irraotational if V x F = 0.

Theorem. IfF is irrotational on a simply connected domain D, then F = V¢ on D.

Example.F = (322,522, 10yz).



