CHAPTER 13, MULTIPLE INTEGRALS

13.1 DOUBLE INTEGRAL OVER RECTANGLE
Definition.

A function f(z,y) is integrable on a rectangle [a, b] X [c, d] if there is a number I such that
for any given € > 0 there is a § > 0 such that , fir any partition P = {a = z¢, 21, , 2, =
b} on [a,b] Q@ ={c=2vyo,y1, * ,ym = d} on [c,d] with |P|,|Q| < § for any set of represen-
tatives (zij,yij) € [wi—1, i) X [yj-1,y;]

|Zf(xijayij)AiAj —1I|<e.

//R f(z,y)dA.

Theorem. Every continuous function is integrable on rectangle.

I is written as

Theorem. If f is continuous on R , then

//Rf(x,y)dA=/Cd[/abf(x,y)dx]dy:/ab[/cdf(x,y)dy]dx_

Proof. Let F(y) = f; f(z,y)dz, then F is a continuous function on [¢,d]. Now for any
partition {yo,- - ,ym} of [¢,d] and any partition {z¢,--- ,z,} of [a, ]

m

[ [ st = [“roas =30 [* Fan =3 rosen,

1

the last equality comes from mean value theorem of integral. Again
b n
F7) = [ fa)de = 3 fla )b
a 1
For given € > 0 there is a ¢ > 0 such that for all Ay; < J, Az; < we have
[ swda =Y sayu) b <,
R —
i,j

hence
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|//R f(z,y)dA — /Cd/ab f(z,y)dzdy| < e.
Example.

(1) R=[1,3] x [~2,1], f(z,y) = 42° + 6zy°,
) foﬁ Ji? cos x cos ydydz,
3) fol fog [e¥ + sin z|dxdy.

13.2 DOUBLE INTEGRAL OVER MORE GENERAL REGION

Definition. f(z,y) is integrable over a region R with integral I if for any given ¢ > 0 the
is a 0 > 0 such that for any partition with Ay; < 0, Az; < § any Riemann sum over the
inner partition S satisfies |S — I| < €. Here the inner partition means those boxes which
is contained in R.

Theorem. Let R be the region defined by {(x,y) : 0 <y < ¢(z),a < z < b} where ¢ is a
continuous function on |a,b] and f(x,y) is a continuous function R. Then f is integrable
over R.

Theorem. R and f as above, then

/Rf(:v,y)dA =/ab /0¢(I) flax,y)dydz.

Properties of Double Integrals.

fchfxydA—cffR flx,y)dA,
(2) JIRlf (@, 9) + g(z,y)ldA = ffR (2, y)dA + [ [, g(a,y)dA,
(3) If m < f(x,y) < M then mA(R) < [[, f(x,y)dA < MA(R),
(4) IfR:RluRgthenffRf(xydA fle xydA+ffR2 z,y)dA.

Example.
1) [[pry?dA 2’ <y < Vx,
(2) [[n6x+2y°dA,y* <z <2—y,
(3) f02 f1/2 yexsd:z:dy,
(4) Area of the region y = 2+ 22 x = +(1+y?), (=2,3),(=2,1), (=2, -1),(2,3),(2,1), (2, —1).

13.3 AREA, VOLUME BY DOUBLE INETRAL

Example.
(1) f@,y) = 1+29,0,2] x [0, 1],
) y:$2—2[lf,y:$,
) 0<z<uz,2%+y? <4,
) 2y <z2<6,y=a’y=2—2"
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13.4 DOUBLE INTEGRASL IN POLAR COORDINATES

B re(9)
/ / f(r,0)rdrdd.
« 0

Example.
(1) 0<2<25—a% —9y?
) r=1,7r=2+ cosb,
) 22+ +22 <4, (z— 1) +y? <1,
)T2§Z§8_T27
00 g2
5) [, e " dx.

(2
(3
(4
(

13.5 APPLICATION OF DOUBLE INTEGRALS

Mass: M:// d(x,y)dA,
R

o 1 _ 1
Centroid: 7 = Vi //R x(x,y)dA,y = i //R yo(x,y)dA.

Center of Mass.

Example.
(1) 6=1,0<r<a,0<0<m,
(2) 6 =ka* 2?2 <y<ax+2,
(3) 0=Fkr,0<r<a0<60< 75

First Pappus theorem. V = 27T A.

Example.x =b+rcosf,y =rsinf,a <r <c¢,0<60<2ma<c<hb.

Second Pappus theorem. A = 27Ts.

Example.

(1) (acost,asint),0 <t <m,
(2) b+ acost,asint),0 <t < 2.

I, = //r26(x,y)dA,
L= [[ ¥st.p)aa
I, //x25(x,y)dA.

Moment of Initia.
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Example.

1 4 1 (1/5
(1) I, = f_1 fijyzl y?dedy = %,Ix = f f {/5 y*dxdy = 1i5’
(2) r<a,0=1,1, =T

13.6 TRIPLE INTEGRAL IN RECTANGULAR COORDINATES

Example.
(1) R=[-1,1)x [2,3] x [0, 1], f(, . 2) = 2y +y,
(2) 6 =2,R=<(0,0,0),(2,0,0),(0,1,0),(0,0,4) >
(3) 2+’ <z2<y+2, [, )fdzdxdy,
(4) Centr01d0f0<z<1—x =12, fffmy,fffyw fffzy,
(5) 22 +y* <z2<y+2, [ [ [dxdzdy.

13.7 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES

// f(r, 0, z)rdrdfdz.
R
Example.

(1) Centroid of 2% +y* + 22 < 1,0 < x,y, 2,
(2) b(a*+y*) <z<h.

Cylindrical Coordinates.

Spherical Coordinates.

// | Fp.0.0)6% singdpdsis.

Example.

(1) Volume and I, of 22 +y? + 22 <1,
( ) Zof ¢ < &, p < 2acos ¢,
) Exercise 47 48.

(L — pcos ¢)p?sin ¢ // (L — pcos ¢)p?sin ¢
=2 dodp. 1
/// L2 + p2 — 2Lpcos ¢)3/2 didedp = 2m L2 + p2 —2Lpcos ¢)3/2 Pdp (1)

Using u = pcos ¢ and integrate the inner integral right hand side of (1) will get

(—p) L—pcos¢ 1, 5 "
2 — (L4 p?—2L .
"L [(L2+p2—2chos¢)1/2 AR pcosd) |5,
(=p);, L+p |L + p| L—p IL — pl
i A Ry s AV s Sy
L+ pl L= p]

In case L > p, it is 47T£—22 and in case L < p it is 0. So when L > R (1) is 437TLR23 and when

L <R, (1)is 3nL.
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13.8 SURFACE AREA OF PARAMETRIC SURFACE

Parametric Surfaces.
r(u,v) = (z(u,v), (y(u,v), 2(u,v)).
Example.

(1) (z,y, f(z,9)),
(2) (rcos6,rsind,g(r,0)),

(3) (h(¢,0)sin ¢ cos b, h(p,0)sin ¢psinb, h(p, ) cos ).

A= // IN|dudv = // |@ X @|dudv.
R R 6U 6U
Surface Area of Graph.
A:// J1+ 2+ f2dudy.
R

Example.z = 2z + 2y + 1 inside 22 +y? < 1.

Surface Area.

Surface Area in Polar Coordinates.

A= // \/7“2 + (r2)? + z2drdf.
R

Example.

(1) z=r%r<1,
(2) 2=0,0<0<m,0<r<l1.

Example.(z — b)? + 22 = a? revolute about z-axis.

13.9 CHANGE VARIABLES IN MULTIPLE INTEGRALS

Jacobian in 2-dimension.

Oxy) |5 o~
O(u,v) ' e ‘ '
Theorem. oz 1)
B T,y
J[ faaazay = [[ fatu.0.pw0) G dud
Example.

(1) [[ f(z,y)dzdy = [[ f(r cos,rsinb)rdrdf,
(2) I, of 1 <wy <3,1 <a?—y? <4,
(3) Area of 1 <y < 3,1 <zyt? <2.
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Jacobian in 3-dimension.

Ow.y.2) _|5: 9 o
A(u, v, w) % 2 %
ow ow ow
Theorem.
/// f(z,y, 2)dzdydz = /// flz(u, v, w,y(u,v,w), z(u,v w))wdudvdw
R ' Yy Y - p » Y 'Y » Y ) » Y 6(’&,’0,’(1)) .
Example.

(1) Sperical coordinates,
(2) Revolution of (z —b)? + 22 = a? about z-axis.



