A DIFFUSIVE PREDATOR-PREY MODEL IN HETEROGENEOUS
ENVIRONMENT

YIHONG DU AND SZE-BI HSU

ABSTRACT. In this paper, we demonstrate some special behavior of steady-state solutions to
a predator-prey model due to the introduction of spatial heterogeneity. We show that positive
steady-state solutions with certain prescribed spatial patterns can be obtained when the spatial
environment is designed suitably. Moreover, we observe some essential differences of the behavior
of our model from that of the classical Lotka-Volterra model that seem to arise only in the

heterogeneous case.

1. INTRODUCTION

To capture the influence of heterogeneous spatial environment on population models
is not easy in general. Traditionally population models were considered in homogeneous
spatial environments, and hence the coefficients appearing in the models are usually chosen
to be positive constants. To include spatial variations of the environment, naturally these
coefficients should be replaced by positive functions of the space variable x. However,
the mathematical techniques developed to study these models are typically either not
sensitive to this change (e.g., the bifurcation approach, the topological degree approach,
the upper and lower solution argument), in which case the effects of heterogeneous spatial
environment are difficult to observe in the mathematical analysis, or the techniques are
too sensitive to this change (e.g., the various Lyapunov function techniques) and become
unapplicable when the constant coefficients are replaced by functions.

It has been observed recently that, in general, the behavior of these models are very
sensitive to certain coefficient functions becoming small in part of the underlying spatial
region. This observation was successfully used in [D1-3] for the Lotka-Volterra competi-
tion model and in [DD] for the Lotka-Volterra predator-prey model to reveal the effects
of spatial heterogeneous environments on these models. It would be interesting to know
whether this approach works for sufficiently different non-Lotka-Volterra models. In this
paper we examine such a predator-prey model and demonstrate that the approach indeed

1991 Mathematics Subject Classification. 35J65, 35J55, 92D25 .
Key words and phrases. a priori estimate, coexistence, pattern, predator-prey.
This work was carried out while Y. Du was visiting the National Center of Theoretical Sciences of Taiwan. He
thanks the Center for warm hospitality and for providing an excellent research environment.
1



2 YIHONG DU AND SZE-BI HSU

yields interesting results that reveal certain effects of the heterogeneous spatial environ-
ment on the model. Moreover, as will become clear later, the effects turn out to be
significantly different in a number of ways from those observed in the Lotka-Volterra
predator-prey model in the study of [DD].

As in [D1-3] and [DD], to make the ideas more transparent, we have restricted our
consideration to the simplest forms of the corresponding Holling-Tanner models in order
to avoid excessive technicalities. We believe that our techniques are applicable to more
general models.

Let us now be more precise. The model to be studied in this paper is the following

diffusive predator-prey system

u — diAu = \u — au® — fuv, x € Q,t>0,
(1.1) vy — doAv = p(l —62), x e t>D0,
Gu — v =, €00, t>0,

where 2 is a bounded domain in RY with smooth boundary 99, d,ds, \, i1, o, 3,6 are
continuous positive functions of 2 € €. This system describes the interaction of a prey
species u and a predator species v in a given spatial region €2; the Neumann boundary
condition means that no species can pass across the boundary of €2.

The main part of this paper is concerned with the steady-state solutions of (1.1), though
some special cases of the parabolic problem are also considered. We are interested in re-
vealing new phenomena caused by the introduction of inhomogeneous spatial environment,
in particular the existence of steady-state solutions with certain prescribed spatial pat-
terns. We also want to reveal some essential differences between (1.1) and the following

classical Lotka-Volterra predator-prey model

u — diAu = u— au® — fuv, x € Q,t >0,

(1.2) v — doAv = pv — av? + buv, x € Q,t >0,
%:%:0’ x €0t >0,

where «, 3,a and b are positive continuous functions, A, u are continuous functions not
necessarily positive.
To put our discussions into perspective, let us mention that (1.1) and (1.2) are special

cases (i.e., v = 0) of the following well-known Holling-Tanner type predator-prey models
(see [M] and [R]):

u — diAu = \u — ou? — ﬁ”;u, r €N t>0,
(1.3) v — dpAv = p(l —62), xeQt>0,

%:%:0, x €0t >0
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u — diAu = u—au? — B2 2 eQt>0,

1+~yu?
(1.4) vy — doAv = pv — av? + %, xeQt>0,
%:%:0’ x eI, t>0.

It is well known that predator-prey models are generally rather sensitive to the changes
of their reaction terms, i.e., the dynamical behavior may change drastically under small
changes of the right hand sides of the equations. This already occurs in the ODE models.
For example, for the corresponding ODE models of (1.3) and (1.4), it is known that their
dynamics is simple in the case v = 0 where the unique positive equilibrium (u*, v*) (when
exists) attracts all the positive solutions as t — oo, but when v > 0, stable limiting cycles
may exist (see [Hz|, [HH1] and [HH2]).

For the PDE models (1.3) and (1.4) in a homogeneous environment (i.e., when all the
coefficient functions take constant values), the case 7 = 0 does not seem to give rise
to interesting phenomenon either. Indeed, for (1.2) it is well known that the constant
positive steady-state (u*,v*) attracts all the positive solutions of (1.2) as t — oo (see [L],
[DR] and [B]); for (1.1), we will show that a similar result holds, at least when a/f3 is not
small (see section 2 below).

The main purpose of this paper is to closely examine (1.1) in a heterogeneous envi-
ronment and reveal that, in contrast to the homogeneous case mentioned above, certain
interesting phenomena do arise. Firstly, we show that positive steady-state solutions of
(1.1) with certain prescribed spatial patterns can be obtained if the coefficient functions
are chosen suitably (see Remark 3.19). To achieve this, we use various elliptic estimates to
show that if a degeneracy appears in the model, i.e., if a(z) vanishes in a subdomain of 2,
then the model undergoes an essential change of its behavior; this enables us to perturb
the degenerate a(x) by «(z) + € and obtain the desired patterned solutions. This strat-
egy is adapted from [D1-3] where it was used for the competition model. The technical
difficulties of this paper, however, are considerably different from that in [D1-3].

Secondly, by comparing our results here with those obtained in [DD], we reveal that
in a heterogeneous environment, the behavior of (1.1) and (1.2) exhibits some essential
differences which do not seem to appear in the homogeneous case (see Remarks 3.14 and
3.20 for details).

The rest of this paper is organized as follows. In the short section 2, we apply a
Lyapunov function argument to show that, in the homogeneous case, the dynamics of
(1.1) is simple, at least when «/f is not small. Section 3 constitutes the main body of
the paper, where the heterogeneous case of (1.1) is carefully examined, through the use

of various elliptic estimates, topological degree theory, and boundary blow-up solutions.
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We would like to remark that our results for the heterogeneous case of (1.1) are mainly
on its steady-state solutions. A deep understanding of the global dynamical behavior
of (1.1) in this case seems a very difficult and interesting problem, awaiting for further
studies.

Finally we note that the effects of heterogeneous environment on competition models
have been considered in several recent papers, see, for example, [AC, CCH, D1-3, HLM,
HMP], the survey paper [D4], and the references therein.

2. THE HOMOGENEOUS CASE

We assume throughout this section that all the coefficient functions in (1.1) are positive
constants. By replacing u by u/J, and o by ad, we readily see that (1.1) is reduced to

u — diAu=u(A — au — fv), x € Qt >0,

(2.1) vy — doAv = pv(l — 2), reQt>0,
%:%:07 x €0t >0.
Clearly,
e e A A
(0") = (H5=55)

is the only constant positive equilibrium of (2.1).
Let (u(z,t),v(x,t)) be a positive solution of (2.1). A simple comparison argument
yields 0 < u(z,t) < U(x,t) for all £ > 0 and x € Q, where U is the unique solution of

U, — dAU = \U — aU? in Q x (0, 00), U loax(0,00) = 0, U(x,0) = u(z,0).

It is well known that U(z,t) — A/« as t — oo uniformly in z. From these facts, it follows
by standard comparison arguments that u(z,t) and v(x,t) exist and remain positive for
all t > 0, and

limy_oou(z,t) < M a, lim_v(z,t) < A a.

Adapting the Lyapunov function in [HH1], we define

V(u,v):/u;u du+c/v_vv dv,

W(t):/QV(u(x,t),v(;E,t))dx,

where ¢ > 0 is a constant to be determined later, and (u(z,t),v(z,t)) is an arbitrary

positive solution of (2.1).
Denote

flu,v) = u(A — au — (v), g(u,v) = pv(l —v/u).
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We have
Viulu, ) f (u, ) + Vi (u, v)g(u, v)
= "0 au fo) + el — 0*) (1~ v/u)
= U aut 4 o — o — o) + (v — 1) T
_ _@(U_TW + (CH . B) (U — u*L(U — ’U*) —cu (U —uv*)2‘
We now choose ¢ = 3/p and obtain
Vi) 00) + Vi, 0)g o) = a0 g0 )

It follows that

W'(t) = /Q(Vu(u(:p,t),v(x,t))ut+%(u(m,t),v(x,t))vt)d:c

g * g% _ax\2 o ax\2
— /(u 2“ dlAu+cU Y dgAv)dx—/ (oz(u w) —i—ﬁ(v V) )da:
0 U v u

Q u

Qu* — * o %\2 _a%)\2
- —/(d1 L) + dye \Vv|2+a(“ w) +5<“ )
Q

u3 V2 U U

)dx.

Suppose that a > (. Then 2u* = 2\/(a + 3) > A a. Since u(z,t) < U(z,t) and
U(z,t) — M a as t — oo, we can find T' > 0 large such that U(x,t) < 2\/(a + () for
all t > T and all z € Q. Therefore, w'(t) < 0 for all ¢ > T and equality holds only if
(u,v) = (u*,v*). Together with some standard arguments based on the boundedness of

(u,v) and parabolic regularity, this proves the following result.
Proposition 2.1. When a > 3, (u*,v*) attracts every positive solution of (2.1).

Next, we show how the restriction a > [ can be relaxed by using a different Lyapunov

2 _ *\2 %
V*(u,v):/wdu—l—c/v v dv,

u2 v

function. Define

with ¢ > 0 to be chosen later. We have
Vi (u,v) f(u, v) + V) (u,v)g(u, v)

= #()\ —au — ) + cp(v —v*)(1 —v/u)

N %(_O‘(“+“*>§2+ [ — Blu+u)]én —cpn?), € =u—u'n=0v-10"
If

(2.2) lep — Blu+ u*)]2 —da(u+ u*)ep < 0,
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then the quadratic form

—a(u+u)E + [ep — Blu+u)|én — cun?
is negative unless £ =n = 0.

We now show that it is possible to choose ¢ > 0 so that (2.2) holds under less restrictive
conditions than « > . To this end, we rewrite (2.2) as

(2.3) (pe)? = 2(u +u*)(B + 2a) (pe) + 7 (u+u*)* < 0.
We find that (2.3) holds if and only if pc € (c1, ¢2) where
a1 =ci(u) = (u+u")(B+2a — /(B +20)? — 32,
er = eo(u) = (u+u)(B+2a + /(B + 22)2 — 32).

To choose a proper ¢, we need to find out when the inequality ¢;(A/a) < ¢2(0) holds, i.e.,

A+ 2B+ 20— (Fr2aP - P) < Oé—iﬁ(ﬁ+2a+\/(ﬁ+2a)2—@2).

a a+p
This is equivalent to, after some simple calculations,

(B+ ) (B +2a)? < 4a(B + 3a)?,

or, writing s = /3,
h(s) = 32s® + 165 — s — 1 > 0.
Since h(0) = h'(0) = —1, the cubic h(s) has a unique positive zero sy and h(s) > 0 when
s > 9. Since h(1/4) > 0 > h(1/5), we conclude that sy € (1/4,1/5).
Now suppose a/3 > so. Then ¢;(A/a) < ¢3(0) holds and hence we can choose € > 0
small so that ¢1(2 4 €) < ¢2(0). We now choose ¢ > 0 such that

A
01(5 +€) < pc < c2(0).
Then \ .
ci(u) < 61(5 +€) < pe < c2(0) < eo(u), Yu € 0, o + €.

Therefore, for this choice of ¢, (2.3) holds for u € [0, 2 + €]. It follows that
A
Z(u,v) =V, f+ VS g<0, Vue |0, o + €,

and equality holds only if (u,v) = (u*,v*).
Define

W*(t)—/QV*(u(x,t),v(x,t))dx.

d *
GV = [ (—d

Then

2u* v*
3 IVul? — cd2§|Vv|2 + Z(u,v))dz.
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Since u(z,t) < U(z,t) — A/a, we can find T > 0 such that u(z,t) < 2 4 ¢ for ¢t > T.
Thus,

d
%W* (t) <0 for t > T and equality holds only if (u,v) = (u*,v").

This proves the following result.

Theorem 2.2. Suppose a/f > sq € (i, %), then (u*,v*) attracts every positive solution

of (2.1).

Remark 2.3. We conjecture that the conclusion of Theorem 2.2 is valid for all positive
constants a and (3.

3. THE HETEROGENEOUS CASE

As this section is rather long, we divide it into three subsections. The first subsection
gives some general results which are obtained from rather standard methods. Subsection
two considers a degenerate case and reveals that the degeneracy can cause the system to
undergo an essential change of behavior. This is used in the last subsection to construct
solutions with prescribed patterns.

3.1. Some general results. We now consider the case that all the coefficients in (1.1)
are continuous positive functions on . Given any continuous positive function pair

(uo(z),vo(x)) over Q, let (u(x,t),v(x,t)) be the unique solution of (1.1) satisfying

(u(z,0),v(2,0)) = (uo(x), vo()).

Standard theory of parabolic equations implies that the solution exists as long as it is
bounded (in the L*-norm, for example). A simple comparison argument shows that the
solution remains positive and 0 < u(z,t) < U(z,t) for t > 0, x € Q, where U is the unique
solution to

(3.1) U; — dy AU = AU — aU? in Q x (0,00),U, = 0 on 99 x (0,00), U(z,0) = ug(z).
From well-known results on the logistic model, we know that
(3.2) U(xz,t) — U*(x) as t — oo uniformly in z,

where U* is the unique positive steady-state of (3.1). By the maximum principle we have
U*(x) > 0 on €.
If we denote by V' (z,t) the unique solution of

Vi — AV = gV (1 — 5%) in Q2 x (0,00), V, = 0 on 8 x (0,00), V(z,0) = 1o(z),
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we find from the comparison principle that 0 < v(z,t) < V(z,t) for t > 0 and = € Q.
Moreover, using (3.2), one easily shows that V(x,t) — V*(z) as t — oo uniformly in z,
where V* is the unique positive solution of

V
—dgAV = [LV(l - 55) in Q, V;,|aQ = 0.

Therefore, we have
(3.3) limy oou(z,t) < U*(2), lim_.ov(z,t) < V*(x).

Unfortunately, we are not able to go much further from (3.3) about the long-time
behavior of (1.1). From now on, we will mainly consider the positive steady-state of (1.1).
We will obtain existence and some interesting spatial properties for the positive steady-
states under suitable assumptions of the coefficient functions. This is based on various
elliptic estimates, topological degree theory and the use of boundary blow-up solutions.
We suspect that (1.1) has a unique positive steady-state which attracts every positive
solution as t — oc.

It turns out that the spatial behavior of the steady-states is very sensitive to a(z) being
small. To simplify the mathematical presentation, we will from now on assume that all the
coefficient functions are positive constants, except «, which is a nonconstant function of
x. As we are concerned with steady-states only, we need only study the positive solutions
of the elliptic system

—d1Au = M — a(z)u? — Buv, x € 9,
(3.4) —dyAv = p(l —62), x €,
u, = v, =0, x € 0f).

By some simple change of scales, (3.4) can be reduced to the following simpler form:

—Au = M — a(x)u® — fuv, = €Q,
(3.5) —Av = pv(l - 2), x €,
u, = v, =0, x € 05

We would like to remark that our techniques in the rest of this paper work as well without
these simplifications, but using the form (3.5) greatly simplifies the notations in our later
discussions.

Let us recall that in (3.5), A, i, 5 are positive constants, and a(z) is a continuous

positive function over 2.

Theorem 3.1. Problem (3.5) always has a positive solution.
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Proof. We will use a continuation and topological degree argument. Let (u,v) be an

arbitrary positive solution of the following problem with parameter ¢ € [0, 1],
—Au = \u — a(z)u?® — tpuv, x € Q,
(3.6) —Av = (1l = 2), x €,
UZ,IUZ,IO, :UE(?Q
A simple comparison argument shows
0<u<u}, 0<v< Julloo < U} ]|oo
where v} denotes the unique positive solution of
—Au = \u — a(z)u? in Q, u,|s0 = 0.

By standard elliptic regularity, u,v € W2?(Q), Vp > 1. Hence, u,v € C*(Q).

We now want to apply Lemma 2.1 of [LN] to obtain a positive lower bound for u and v.
But this requires u, v € C*(Q) N CY(Q). Since a(x) is only assumed to be continuous, we
do not have enough regularity for u in general. To overcome this difficulty, we first prove
the result of Theorem 3.1 for a smooth, say in C*'(Q). Under this extra assumption, by
standard elliptic regularity, we find that u,v € C?(Q2). If u(xo) = mingu, v(yo) = mingv,
then we can apply Lemma 2.1 of [LN] to conclude that

A — afzo)u(xg) — tPu(zg) <0, 1 —

It follows that
l|a]|oo minu + B||v||ec > A, minv > min .
Q Q Q
From the equation for u we obtain
—Au = b(x)u in Q, u,|on =0,
with b(z) = A — a(z)u(z) — tfv(x) satisfying
1blloe < A+ l[ellscllulloc + Bllvlle < A+ (lalloe + B)[uxlloo-
By the Harnack inequality in [LNT], we can find a constant ¢y > 0 such that

minu > ¢y maxu.
Q Q

Therefore,
A < [lofloc minu + Bl|vfloc < flarloo minu + llufs
< (ol + B3 min

It follows that
minu > A(||a|e + 50;1)_1.
Q
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Let us now define
O =0, ={(u,v) € C(Q) x C() :my <u< My,my <v< M},
where
my = (A/2)([lallo + Be3 ) My = 2[4} [|oo-

We find from the above discussion that for any ¢ € [0, 1], (3.6) has no solution (u,v) in
00. When t = 0, (3.6) reduces to

—Au = \u—a(z)u?, x€Q,
(3.7) —Av = po(l = 2), x €,

u, = v, =0, x € 012,
which has a unique positive solution in O, namely, (u,v) = (u*,v*), where u* = u} and
v* is the unique positive solution of

—Av = (1l —v/u*) in Q, v,|9q = 0.
We now apply a degree argument to show that (3.5) has a positive solution. Denote
ftu,v) =u+u\—au—tpv), glu,v) =v+ pv(l —v/u),
and let L = (—A + I)~! under Neumann boundary conditions. Define
A(t,u,v) = (Lf(t u,v), Lg(u,v)).

It is easily checked by standard method that A is completely continuous from [0, 1] x O

to C(Q2) x C(R2), and (u,v) € O solves (3.6) if and only if it satisfies (u,v) = A(t, u,v).
By the choice of O, we have
(u,v) # A(t,u,v), Vt € [0,1],V(u,v) € 00.
Therefore, the topological degree deg(I — A(t, ), 0,0) is well-defined and is independent
of t € [0,1]. Since (u*,v*) is the only fixed point of A(0,-) in O, we deduce
deg(l — A(0,-),0,0) = index(I — A(0,-), (u*,v")).

A simple linearization analysis shows that (u*, v*) is nondegenerate and linearly stable
as a solution of (3.7). By the well-known Leray-Schauder formula, this yields

index(I — A(0, -), (u*,v*)) = 1.

Therefore, deg(I — A(1,-),0,0) = 1. By the properties of the degree, A(1,-) has a fixed
point in O, i.e., (3.5) has a positive solution in O. This proves our theorem under the
extra assumption that o is C*.

If o is only continuous, we can find a sequence of C' functions a,, converging to a in

the L*>°-norm. By the above discussion, for each n, we can find a positive solution (u,,, v,)
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of (3.5) with « replaced by «,,. Moreover, an inspection of our above proof leading to the
a priori estimates for (u,v) shows that we can find 0 < m < M < oo independent of n
such that

m<u, <M, m<v, <M, Vn.

It follows that u, and v, are bounded in W?%?(€2), ¥p > 1. Hence we can find a subsequence
of (tn,v,) that converges in C*(Q) to some (u,v) which is a positive solution of (3.5).
This finishes the proof. O

In the case that the space dimension is one, i.e., €2 is a finite interval, we can use existing
results to show that (3.5) has at most one positive solution.

Theorem 3.2. Suppose that ) is a finite interval, and that a(x) is a nonnegative con-
tinuous function that is not identically zero on ). Then (3.5) has at most one positive
solution. Moreover, any positive solution (ug,vy) of (3.5), if exists, is nondegenerate, i.e.,

zero is not an eigenvalue of the linearized eigenvalue problem of (3.5) at (ug,vo).

Proof. Suppose that, apart from (ug, v9), (3.5) has another positive solution (uy,v;). Then
it is easily checked that (U,V) = (u; — ug,v1 — vp) satisfies an equation of the form
(1.1) in [LP] with 7 = 0. By Theorem 3.1 in [LP], we deduce (U,V) = (0,0). This
proves the uniqueness part of the theorem. If zero is an eigenvalue of the linearized
eigenvalue problem of (3.5) at some positive solution (ug, vg), and (¢, 1)) the corresponding
eigenfunction, then (¢,) also satisfies an equation of the form (1.1) in [LP] with 7 = 0.
By the same result of [LP], we deduce (¢,%) = (0,0). This contradiction proves the
nondegeneracy of (ug, vg). O

Remark 3.3. (i) Theorem 3.2 can also be proved by using the method of [H].
(ii) By the implicit function theorem, the nondegeneracy of the unique positive solution

of (3.5) implies that it depends continuously on all the parameters in the problem.

3.2. Effects of a degeneracy. In this subsection, we consider the effect on (3.5) when
a(x) is allowed to vanish on some parts of €. More precisely, we assume throughout
this subsection that a(z) = 0 on D C Q and a(z) > 0 on Q\ D, where D = U™, D;,
Dy, ..., D,, are connected open sets with smooth boundaries and D; N D; = () when i # j.
We assume that the subscripts in D; are chosen so that

APt < \Pe << AP
where )\f)j denotes the first eigenvalue of —A over D; under Dirichlet boundary conditions.

We will reveal a crucial difference of the behavior of (3.5) between the case A < AP* and
the case A > A1
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Let us first observe that if A € (0, AP"), then by the main result in [O] (see also [FKLM]),
the problem
—Au = \u — a(r)u? in Q, u,|s0 =0,
still has a unique positive solution u3. It follows that the proof of Theorem 3.1 carries
over to the present degenerate case. Therefore we have the following result.

Theorem 3.4. If A\ € (0,\PY), then (3.5) has a positive solution for every p > 0 and
6> 0.

In terms of the existence of positive solutions of (3.5), in view of Theorem 3.1 where
a(z) is positive on 2, Theorem 3.4 suggests that the vanishing of a(x) on D does not
cause essential changes to the behavior of (3.5) in the case A < )\f) ': indeed, in either
theorems, the existence of a positive solution is guaranteed for every p > 0 and § > 0.

In sharp contrast, we will show in the following that this is no longer the case once
A > )\f . In fact, for any fixed A in this range, we will prove that for each p € (0, )\? Y,
there exists a (), > 0 so that (3.5) has no positive solution when 0 < § < . This
implies that the dynamics of the model undergoes some deep changes when the value of
A crosses A1

For convenience of notation, we make the convention that )\f)m“ = o0o. Let us fix
1 € (0, AP1) and suppose A € (AP5, A1) for some 1 < k < m. By Lemma 2.6 in [DL],
for A in this range, the boundary blow-up problem

(3.8) —Au =M — a(z)u’ in Q\ (U5 D;), u,loq =0, ulu§:1(aDj) = 00

has a minimal positive solution Uy. Applying Lemma 2.3 in [DL], we find that if (u,v) is
a positive solution of (3.5), then

u(z) < Ux(z), Yo € Q\ (U;?:lﬁj).

Define

o (:L‘) . O, T € U?:lﬁjy
T 1), zeQ)\ (U, D).

Clearly ay is continuous on Q and o > 0 on Q\ (U?Zlﬁj). By our choice of p and the

main result of [O], the problem
(3.9) —AV =pV(1 = ax(x)V) in Q, V,|sq =0

has a unique positive solution V).
We want to show that v < V), if (u,v) is a positive solution of (3.5). Indeed, we already
know that u(z) < Ux(x) on Q\ (U¥_,D;). Hence

L/u(z) > ay(z), Yo € Q.
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It follows that
—Av = pv(l —v/u) < pv(l — ay(x)v) in Q.
Thus, v is a lower solution of (3.9). It is easily checked that for any constant M > 1, MV
is an upper solution of (3.9), and MV, > v if M is large enough. Therefore, v < V), < MV,
in Q.
Let us introduce some notations for our discussions to follow. We will use XfN(ng) and

XY (@) to denote the first eigenvalues of the operator —A + ¢ over w under Neumann and
Dirichlet boundary conditions, respectively. It is well known that

APH(9) < A7 (9),
and both X" (¢) and X¢(¢) are increasing with ¢ in the following sense:

61 < ¢ and ¢1 # ¢o imply AP (61) < AP (9), A (91) < A7 ().
If (u,v) is a positive solution of (3.5), then from the equation for u we obtain
A=\ (ou + Bo) < AP (au+ Bv) < A (au + Bo) = AP (Bv).
Since v < V), we obtain
(3.10) A< A(BW), i=1,...,m.

From well-known properties of principle eigenvalues, we see that f;(8) = APi(5V3) is a
continuous, strictly increasing function of 3, and f;(0) = AP, fi(co) = co. Since A > )\f)j
for j =1, ...k, we can find a unique 3; = ;(A) > 0 such that f;(3;) = X\. Therefore,

(3.11) A=AV (BVA), A= AV(BVA), VB < B, j=1,...k
Comparing (3.11) with (3.10), we immediately obtain the following result.

Theorem 3.5. Suppose i € (0,AP1) and X € (AP5 AP for some 1 < k < m. Let
B,y Bk be as in (3.11). Then (3.5) has no positive solution if 0 < f < max{f, ..., Ok}

The restriction that g € (0, \P') in Theorem 3.5 can be relaxed. Indeed, if we assume
1 € (0,AP%) instead, then by replacing Vi by the minimal positive solution of (3.9) on
Q\ (U?;%Dj) with boundary conditions V,,|sq = 0, V|U?;118Dj = 00, then it is easy to show
that there exists some (5 > 0 such that (3.5) has no positive solution if 0 < 3 < B

Our next result shows that even if A > A for some k € {1,...,m}, (3.5) can still have
a positive solution for every # > 0 if p is large enough; precisely, if p > max{)\? ™ A}
Thus, existence of a positive solution is regained when p becomes large.

Theorem 3.6. Suppose that u > )\?’”, then (3.5) has a positive solution for every \ €
(0, ) and 3 > 0.

The proof of Theorem 3.6 relies on the following a priori estimates.
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Lemma 3.7. Suppose that v, is a sequence in C(S2) that converges to « in this space,
and o, = 0 on D. Let > AP be fized and N\, € [m, M] C (0,u). Then there exists a
positive constant C' independent of n such that any positive solution (un,v,) of (3.5) with

(A, @) replaced by (An, o) satisfies

Proof. Suppose that the conclusion of the Lemma is not true. Then we can find a sequence
of positive function pairs (uy,,v,) satisfying

—Au, = My, — ap(2)u? — Buyv,, T € Q,
(3.12) —Av, = py (1 — ), x €,
(un)y = (vn)y =0, x € 01,

such that ||un|loo + ||Un]lee — 00 as n — oo.
We necessarily have [|u, ||« — 00 since v, < ||uy]|s. Denote

A~

Up = un/HunHOOa Up = 'Un/anHOO'

We have

Therefore,

/|van|2+/ai§ (M+1)/ai§ (M +1)|9).
Q Q

Q
This implies that {1,} is a bounded sequence in H'(Q2). Therefore, subject to a subse-

quence, i, converges to some 4 € H'(2) weakly in H(2) and strongly in L*(Q). Since
U, has L>®-norm 1, we also have u,, — @ in LP(2), ¥p > 1. Clearly 0 < u < 1. We claim
that @ is not the zero function in H'(f2). Assume on the contrary that @ = 0. Then
from @, — 0 in L? for every p > 1 we deduce (—A + I)~*d, — 0 in C*(Q). But from
(A + D), < (M + 1)a, we deduce

0 < i, < (M+1)(=A+ 1)1,

It follows that @, — 0 in L*(Q2), contradicting the fact that ||4,|l.c = 1. Therefore,
@ # 0.

Similarly, subject to a subsequence, 9, — © weakly in H'(Q), strongly in LP(Q), Vp > 1,
and v # 0.

By passing to a further subsequence, we have two cases to consider:

(i) {l|vnllo} is bounded, (ii) ||v,|lee — o0.

In case (i), we may assume that A\, — A\* and §||v,|lec — &. From the equation for w,
we obtain

— Ay, = AUy — Qpupty, — B|vn]|colinOn.
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Multiply this equation by a smooth function ¢ whose support is in D, and integrate by
parts. It results

(3.13) /Dvan-w:An/Dan¢—@||vn||Oo/Dan@n¢.

Letting n — oo we obtain

/D ViV = /D (\* = £0)iig.

This implies that @ satisfies in the weak sense
(3.14) —Au= (A" —&v)uin D.

For all small positive o, the set D, = {x € Q : d(x, D) < o} has the same property as
D, namely, it has m disjoint components each with smooth boundary, and D, C . By
our assumption, for all large n, a,, > /2 > 0 on Q\ D;. By [DH], the problem

—Au = u — [a(z)/2u? in Q\ Dy, ulap, = 00, u,|s0 =0

has a minimal positive solution Uy ,. We need to be more precise here as Q2 \ D, might
have several components; the number of components must be finite due to the smoothness
of the boundary of D,. If this is the case, then the restriction of U, , on each component
is understood to be the minimal positive solution on that component. This case was not
stated clearly in [DH] thought it could as well happen there.

By Lemma 2.3 in [DL], we find that u, < Uy, on Q\ D,. Therefore, we must have
@ =0 ae. in Q\ D,. As o > 0 can be arbitrarily small, this implies that @ = 0 on
Q\ D. Since D has smooth boundary, this implies that @|p € H}(D). Recalling that
@ # 0 we find that a|p € H}(D) is a nontrivial nonnegative solution of (3.14). As
(A = &0) € L*>(Q), by Harnack’s inequality we infer that ¢ > 0 or identically zero on
each component of D. Therefore, there exists some D; such that a[p, > 0 on D; and is
a weak solution to

—Au = (X" = &0)u in Dy, ulgp; = 0.

By standard elliptic regularity, we find that |p, € C L(D;).

Since y > A\P™ > )\?j, we can find 6 > 0 very small so that p > )\??, where

D? ={x € D; : d(z,0D;) > §}.
On Dj, u, satisfies
—At, = ANty — BTy,

whose righthand side has an L* bound independent of n. By standard interior estimate
for elliptic equations, we deduce that {,| D;;} is a precompact set in C? (3;5) Therefore,

ﬁn|D;; — 4 in CI(D_?). In particular, for all large n, i, > /2 on DS.
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. Dy .. L .
Since pu > A\’ it is well known that the logistic equation

—AV =pV(1 - (2/@)V) in DS, Vlpps =0

has a unique positive solution V,. From the equation for v,, we find that v, /||ty
satisfies, for all large n,

—Av = pv(l —v/a,) > pv(l —(2/4)v) in D?.

Therefore we can apply Lemma 2.1 in [DM] to conclude that v, /||un|lec > Vo on D for
all large n. As ||uy|loc — 00, clearly this implies that ||v,||.c — oo, contradicting our
assumption that we are in case (i). Therefore, case (i) cannot happen.

Suppose now case (ii) happens. We can still have (3.13). Divide this identity by 5]|v, |0

/ g = 0.
D

(3.15) uv =0 on D.

and let n — oo. We deduce

This implies that

Since the problem
—Av + (,uv—n)v = v in Q, v,|an =0
u

n

has a positive solution v = v,,, u must be the first eigenvalue of the differential operator
(—A + pvy, /uy,) on ©Q with Neumann boundary conditions. It follows from the variational
characterization of the first eigenvalue that

/ VO + (utnfun) 8 > / &, Vo € H'(Q).
Q Q

Taking ¢ = u,,, we obtain

/ \Vu,|* + pugyv, > ,u/ u?.
0 0

Therefore,

(3.16) / Vainl? + (allvnlloo/ 1) / it > 1 / a.
Q Q Q

Recall that we always have v, < ||uy||s. Therefore, by (3.15),

0 < (llvalloo/l1nlloc) / i < 1 / i — o / i = / .
Q Q Q Q\D

But as before we always have 4 = 0 on 2\ D. Therefore,

(10 lloo /]l o) / by — 0
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as n — 00. We now let n — oo in (3.16) and obtain

[wir=p [

On the other hand, from the equation for w,, in (3.12) and the assumption A\, < M < p,

/|Va|2§M/a2<u/a2
Q Q Q

This contradiction shows case (ii) cannot happen either. This finishes our proof. O

we obtain

Proof of Theorem 3.6 : We first prove the result under the extra condition that o €
C*(Q). Suppose that (u,v) is a positive solution of (3.5) with A € [m, M], where 0 <
m < )\?1 < M < p. By Lemma 3.5, there exists C' > 0 independent of A and (u,v) such
that v < C,v < C on . By standard elliptic regularity, u,v € C?(Q2). An inspection of
the proof of Theorem 3.1 shows that we can use ||v||oo < |Jullo < C and the same results
of [LN] and [LNT] to obtain a positive lower bound for u and v that is independent of
A € [m, M] and (u,v), say

u(z) > c,v(z) > ¢, Vo € Q.
Note that these arguments are not affected by a(z) =0 on D.
Now define
O={(u,v) €C(YxC(Q):c<u<C,e<v<C}

and
AN u,v) = ((FA+ 1) Hu+ M — av® — Buv), (A + 1) (v + v — po®/u)).

We find that deg(l — A(A,-), 0,0) is well-defined and independent of A € [m, M].
At A =m € (0, \P"), by [O] (see also [DL]), the degenerate logistic problem

—Au =mu — a(z)u® in Q, u,lsq =0

has a unique positive solution ug. We now notice that the argument in the proof of
Theorem 3.1 can be used for our present case once we replace u} there by wg here.
Therefore, there exist 0 < my < M, such that every possible positive solution of (3.5)
with A = m belongs to Oy, where

Op = {(u,v) € C(Q) x C(Q) : mg < u < My, mg <v < My},

and deg(I — A(m,-),0y,0) = 1. Since any possible positive solution of (3.5) with A =m
belongs to O N Oy, by the properties of the degree,

deg(I — A(m,-),0,0) = deg(I — A(m, -), Oy, 0).
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Therefore,
deg(I — A(\,+),0,0) =1, VA € [m, M].

This implies that (3.5) has a positive solution in O for every A € [m, M].

If o is only in C(€), then we can find a sequence of C'* functions a, such that a,, — «
in C(Q) and o, = 0 on D™ = UL, D?, o, > 0 on Q\ D", where each D is a small
neighborhood of D; and D_;l N D? = () when i # j, )\f)? — )\le as n — oo. Therefore, for
each fixed large n and A € [m, M|, by what has been proved above, (3.5) with « replaced
by «, has a positive solution (u,,v,). By Lemma 3.7, u,, v, are uniformly bounded from
above by some positive constant C. Using this and results in [LN] and [LNT] as before,
we can obtain a uniform positive lower bound for u,,, v,, say u,, v, > c¢. Then from elliptic
regularity we deduce that (u,,v,) has a subsequence that converges to a positive solution
of (3.5), as in the proof of Theorem 3.1. Therefore, (3.5) has a positive solution for each
A € [m, M]. Since m > 0 can be arbitrarily small and M can be arbitrarily close to p,
this finishes our proof. Il

Remark 3.8. We do not know whether (3.5) has a positive solution for every > 0 when
A> > AP

The nonexistence result, Theorem 3.5, provides us a chance of constructing positive
solutions of (3.5) with prescribed patterns. More precisely, if we perturb the degenerate
a(z) in (3.5) by a(z) + € with small positive €, then by Theorem 3.1 we know that the
perturbed (3.5) has a positive solution (u., v¢); Theorem 3.5 suggests that if A, u and [ are
chosen suitably, then as € — 0, the function pair (u., v.) has no finite limit and hence may
exhibit sharp spatial patterns. This is indeed the case but we are unable to determine
the exact location of the pattern in the general case. To overcome this difficulty, we are
led to the study of the behavior of 3;(\) as A\ — co. Let us recall that for u € (0, \[")
and A > AP 3 = 3;(\) is the unique solution to

A=A5081), j=1,....m,

where V), is given by (3.9).
Let us fix p € (0, \P1) and define V, = A"V, Uy = A~'U,, where U, is given by (3.8)
with & = m. We easily see that U, satisfies

(3.17) ~AU = \U(1 — a(z)U) in Q\ D, Ulsp = 00, U,|sq =0,
and VA satisfies

(318) —AV = MV(l - ONz)\(ZL’)V) in Q, V;,|aQ = 0,
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where
G (2) = 0, reD,
M 1/Ux(z), =€ Q\D.

Lemma 3.9. lim,_, Ux(z) = 1/a(x) uniformly on any compact subset of Q\ D.

Proof. For arbitrary € > 0 and 9 € Q\ D, we can find a small open ball Bs(zg) of radius
§ and center zy such that Bs(z) C Q\ D, and

la(x) ™t — afxg) Y <€, Vo € Bs(xg).

Denote by a* and a, respectively, the maximum and minimum of a(z) on the closure of

Bs(zp) and consider the auxiliary problems

(3.19) —Aw = Aw(1l — o*w) in Bs(xo), w|oBsze) = 0,
and
(3.20) —Az = Xz(1 — a,z) in Bs(x0), 2|oBs(ze) = 0©-

By Lemmas 2.2 and 2.3 of [DM], we find that (3.19) has a unique positive solution wy
for all large A and wy(z) — 1/a* as A — oo uniformly on Bj/(x0); (3.20) has a unique
positive solution zy for every A and zy(xz) — 1/a, as A — oo uniformly on Bj/s(xg). By
Lemma 2.1 of [DM](which is valid for C' functions), we deduce

wy < Uy < zy in Bs(zo).
Therefore, we can find A, > 0 sufficiently large so that
1o —e < Up(z) < 1/a, +€, YA > A\, Vz € Bs)a(o).
This implies that
|Un(x) — 1/a(z)| < 26, YA > A,V € Bs)a(o).

Hence Uy(z) — 1/a(x) as A — oo uniformly in Bjs(7p). By a standard finite covering
argument, this implies that Uy (z) — 1/a(z) as A — oo uniformly on any compact subset
of Q\ D. O

Lemma 3.10. As A\ — 0o, &y — a uniformly on Q.

Proof. For small § > 0, let us denote
As={r €Q:d(z,00) <6}, Bs={x € Q\ D :d(z,0D) < §}.

Since &, = a = 0 on D and by Lemma 3.9, @ — « uniformly on compact subsets of Q\ D
as A — oo, it suffices to show the uniform convergence on As, and Bs, for some small

positive dy.
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Let us now fix §y small. For any given ¢ > 0, we can find 6 € (0,dy) such that
Qs 1= maxg, @ < ¢/3. By Lemma 3.9, we can find A; > 0 large enough such that, for
A> A,

1/Ux(z) < 2a(z) < 205, Vo € 0'By == {x € Q\ D : d(z,dD) = §}.

Therefore U, is an upper solution to the problem

—Au = Au(1 — 2asu) in Bs, ulop; = 1/(204),
which has a unique solution u = 1/(2as). By Lemma 2.1 of [DM], we deduce Uy > 1/(2as)
in Bs. Therefore, for A > Ay,

| (z) — a(z)| < an(z) + a(zr) < 3as <€, Vo € Bs.

By Lemma 3.9, we can find Ay > A; sufficiently large such that

lan(x) — a(z)] <€, VA > Ay, Va € Bs, \ Bs.

Therefore, a)y — a as A — oo uniformly on an-
It remains to prove the uniform convergence on As,. We argue indirectly. Suppose
there exist a sequence x,, € Z(;O and a sequence of increasing numbers )\, — oo such that

G, () — az)| = €0 > 0.

By Lemma 3.9, on 9'A4s, = 0As, \ 09, Uy, (z) — 1/a(z) uniformly. If we denote
g = inf Ay, O and o® = sup Agy then we easily see that for all large A, U, is a lower
solution to

—Au = (1l — (ap/2)u) in Ay, ulora,, =2/, uyloa =0,

which has a unique solution u = 2/ay. Therefore we can apply Lemma 2.3 of [DL] to
conclude that U \, < 2/ag on Ag, for all large n.

A parallel consideration shows Uy, > 1/(2a°) on Ag, for all large n. Therefore
{ax, (z,)} is a bounded sequence that has a subsequence converging to a positive constant.
Without loss of generality we assume

ay, (Tn) = Gy, Ty — T, a(x,) — @ = a(x,).

By Lemma 3.9, we necessarily have z, € 02. Our assumption implies that |&. — a.| >
€ > 0.

We now define W, (z) = Uy, (z, + Ao Y ?z) and apply a standard blowing up argument.
We find that W,, — W uniformly on any bounded subset of T, where T is the entire R
or a half space of RV, and W satisfies

(3.21) —AW =W —a,W? 1/(22°) < W < 2/ap in T, W(0) = 1/,

and in case T is a half space, W, |sr = 0, where v is the outward unit normal of 0T
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However, by Theorem 1.2 of [DM], the only positive solution of
(3.22) —Aw =w — a,w? in RN

is w = 1/a, which does not satisfy the last part of (3.21). Therefore 7" must be a half
space. But the boundary condition on 97" implies that the even extension of W across 0T,
which we denote by W, is a positive solution of (3.22). Therefore we must have W = 1/a,
which yields a contradiction to the last part of (3.21) too. This shows that we must have
&, — « uniformly on Ag, as A\ — oo, as we wanted. The proof is now complete. Il

Lemma 3.11. As A\ — 0o, Vi — V in CY(Q), where V is the unique positive solution of
(3.23) —AV =pV (1 —a(z)V) in Q, V,|sq =0.

Proof. Let {\,} be an arbitrary sequence that converges to oo, and denote V, = ‘N/,\n.
Since p < AP') we can find a small § > 0 such that DY :={z € RN : d(z,D;) < 0} has

J— PR )

smooth boundary, DS N D) = () for i # j, and p < /\f)j for j=1,...,m.
Let a’(z) be a continuous function such that o’(z) = 0 on D° := U7, DS, and 0 <

o’(z) < a(x)/2 on Q\ D%. By our choice of § and the main result of [O], the problem

(3.24) —AV = uV(1 = a®(@)V)in Q, V,|oga =0

has a unique positive solution V°. From Lemma 3.10, we see that &, > o’ on Q for
all large n. Therefore, for such n, V, is a lower solution to (3.24). Clearly, for large
M > 1, MV? is an upper solution of (3.24) and MV?® > V,. Therefore, the unique
positive solution V? must satisfy V, < V? < MV? in Q for all large n. Hence {||V,||c}
is a bounded sequence. It follows now from the equation for V,, and standard elliptic
estimates that {\N/n} is bounded in W%P(Q) for any p > 1. Therefore, by passing to a
subsequence, V,, — V in C'(Q) and V is a nonnegative solution of (3.23). Let M > 0 be
a large constant such that ||y, [|loc < M for all n. Then V,, is an upper solution to

—AV =pV(1—MV)in Q, V,|sq =0,

which has a unique positive solution V' = 1/M. Since any small positive constant oy is a
lower solution of this equation, we must have V, > 1 /M > oy in Q. Therefore V>1 /M
in Q and V is the unique positive solution of (3.23). Since A, is an arbitrary sequence
converging to oo, we can conclude that Vy — V in C'(Q) as A\ — oo. d

Theorem 3.12. Let V be as in Lemma 3.11. Then

lim 3;(\) = 5° := (min V)"
A—00 D
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Proof. For fixed 8 > 0, denote p1” (A) = AL (BAV)/A. We easily see that p17()\) is the
first eigenvalue of the operator —A\"'A+ 3V over D; under Dirichlet boundary conditions.
Therefore, by its variational characterization,

A [ VeI + [, BV ¢
D . D; D; R
3.25 i(\) = f s s > V.
(3.25) i) seH (D,)\(0) Jp, ¢ - ﬁr%ljn

On the other hand, for any m > ming V, we can find a small ball By C D; such that

V < m on By. We now let ¢ be a smooth nonnegative function with support in By and
satisfying [ Bo ¢3 = 1. Then we find

N?j()\) < )\_1/ |V¢0\2 + fm — [m as A — oo.
D;

Together with (3.25), this implies that
lim 4" (A) = fmin V.

J

By Lemma 3.11, for any given € > 0, we can find A, > 0 large enough such that
V(z)—e < Vi(x) < V(x)+e Vo eQ VN> A,
Therefore,
MIBV) | WBAR)  WT(BAV — eBN) MT(BAV + )
A A A ’ A
= (1" () — €8, 1" (A) + €8).
Since € is arbitrary, it follows that

AP (BVA)
320 i 20— 20 = g

Since

we easily see from (3.26) that
lim G;(\) = (min V)~

A—00 D,

This finishes our proof. U

Corollary 3.13. Suppose that 1 € (0,A]") and 3 € (0, max{B°, ..., 32}). Then there
exists A > 0 such that (3.5) has no positive solution for A > A.

Proof. By our assumption, 3 < [37° for some 1 < j < m. By Theorem 3.12, we can find
A > 0 such that 3;(\) > 3 for A > A. Therefore A > A3 (BV3) for A > A. Due to (3.10),
this implies that (3.5) has no positive solution for A > A. O
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Remark 3.14. Our results in this subsection provide interesting contrast to those in
section 2 of [DD], where the Lotka-Volterra model

—Au = M — alx)u? — Buv, x € Q,
(3.27) —Av = pv — v? + duv, x € Q,
u=v=0, x € 092,

was considered. Here we have modified the notations in [DD] to match the notation for
(8.5). Assume that A, 3,d are positive constants, u is allowed to be negative, and o(x)
is continuous and positive on Q\ D, and is identically zero on D = Dy. It is shown in
[DD] that (3.27) behaves as if a(x) is a positive constant when X < AP while essential
changes occur once X > NP, namely, the range of the other parameters for the existence
of positive solutions is greatly enlarged when A\ > AP. For (5.5), under such conditions
for a(z), by results of this subsection, when A < AP, similarly to (3.27), it behaves as if «
is a positive constant, but for the case X\ > AP, in sharp contrast to (3.27), the behavior of
(3.5) has an essential change in that the range of the other parameters for the existence
of positive solutions is greatly reduced. This difference has important consequences in
terms of existence of patterned solutions (see Remark 3.20 later). We wish to point out
that these different effects of a(x) on the two models are not due to the Dirichlet boundary
conditions in (3.27); similar results can be proved for (3.27) under Neumann boundary
conditions.

3.3. Positive solutions with prescribed patterns. Throughout this subsection, we
assume that () is as in subsection 3.2, that is, a(x) is continuous over (2, is positive on
Q\ D, and a(x) =0 on D = UL, D;. Moreover, we assume that

e (0.A7"), B € (0,min{f, ... B }).
Therefore, in view of Theorem 3.12, there exists A > 0 such that

B <Bi(N), VA>A, j=1,2 ... m.

We now fix A > A and consider the following perturbation of (3.5),

—Au = \u — [a(z) + €u* — fuv, = € Q,

(3.28) —Av = pv(l = 2), x €€,

u, = v, =0, x € 01,
where € > 0 is a positive constant. By Theorem 3.1, (3.28) always has a positive solution.
Denote by (ue, ve) an arbitrary positive solution of (3.28), we want to show that as € — 0,
(ue, ve) exhibits a clear spatial pattern. To this end, let {¢,} be an arbitrary sequence of

positive numbers decreasing to 0 as n — oo, and denote (uy,, v,) = (U, , Ve, )

Lemma 3.15. Asn — 00, u,(x) — oo uniformly on D.
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Proof. Let ay(z) be defined as in (3.9). We easily see that
—Av, < po,(1 — ay(z)vy,) in Q.

Therefore, v, is a lower solution to (3.9), which has a unique positive solution Vy. On the
other hand, for any constant M > 1, MV, is an upper solution of (3.9) and MV, > v, if
M is large enough. It follows that v, < V), < MV, in €.

By our choice of X\ and (3, we have

(3.29) A> A8V, j=1,2,...,m.
Let U,, be the unique positive solution of
—Au+ BVau = M — [a(x) + €,]u? in Q, u,|oq = 0.

By Theorem 2.2 (iii) of [DL], (3.29) implies that U,, — oo uniformly on D as n — oo. (To
avoid confusion, let us note that the D;’s in [DL] are closed sets, and therefore correspond
to D; here.)

Since v,, < V), we deduce from the equation for u,, that
—Auy, 4+ BVau, > Auy, — [oz) + €,)u’ in Q.

Hence, by a simple comparison argument similar to that leading to v, < V) above,
U, > U, >U,_1 > ..>U; in Q. It follows that u,, — oo uniformly on Dasn—oo. O

Theorem 3.16. {(u,,v,)} has a subsequence, still denoted by (uy,,vy), such that
U, — U in CY(©) for any subdomain w satisfying @ C Q\ D,
Uy, — 00 uniformly on D, v, — ¥ in C*(Q),
where u 1s a positive solution to
(3.30) — Al = Mi — ax)@? — Buv in Q\ D, it|op = 00, Ty|sq = 0,
and v is a positive solution to

(3.31) AT = (1 — &(2)0) in Q, Tyloq =0,

where o
G(z) = 0, reD,
B 1/a(z), »€Q\D.
Moreover,
(3.32) ADIB) = A, j=1,2,....,m.

Remark 3.17. Note that (u,v) is determined by (3.30), (3.31) and (3.32) altogether, and
Theorem 3.16 implies that there is at least one positive solution (4, ) to (3.30)-(3.32),
provided that p € (0, \P"), 3 € (0, min{B°, ..., 6°°}) and A > A.
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Proof of Theorem 3.16: By the proof of Lemma 3.15, we find that
0<v,<Vy, 0<1/u, <1/U, <1/U;in Q, ¥n > 1.

Therefore, {—Awv,} and {v,} are both bounded sets in L>°(Q2). By standard elliptic
estimates, it follows that {v,} is bounded in W*P(Q) for all p > 1. Hence, subject to a
subsequence, v, — ¥ in C*(Q).

Let U, denote the minimal positive solution of

—Au = \u — a(x)u? in Q\ D, ulsp = 00, uylaq = 0.
By Lemma 2.3 in [DL], we obtain
(3.33) un(z) < Ux(z), V2 € Q\ D, n=1,2,...

For small 6 > 0, let us denote Ds = {x € Q : d(z, D) < §}. Then, by (3.33) we find
that {u,[g\ p,} is a bounded sequence in L>(2\ Ds). Therefore we can apply standard
elliptic regularity results (up to 02 but away from dDs) to conclude that {un|g p,,} is
compact in C1(Q\ Das).

We now use a diagonal process to extract a subsequence of {u,} that converges in Q\ D.
Let {0,} be a sequence of small positive numbers decreasing to 0 as n — oo. Then we
can find a subsequence {ul} of {u,} that converges to some u' in C*(Q\ Das,). From
{ul} we can find a further subsequence {u2} that converges to some u? in C1(Q\ Das,).
In general, for k = 1,2, ..., we have a subsequence {u**1} of {u*} that converges to some
w1 in CY(Q\ Das,,,). Clearly we must have u* = u**! on Q\ Das,. Therefore, if we
define @(z) = u*(x) for x € Q\ Das,, k = 1,2, ..., then @ is well-defined in Q\ D, and
u" — @ in CY(Q\ Djs) for every small § > 0. In other words, {u,} has a subsequence
which we still denote by u,, that converges to @ in C*(Q\ Ds) for any small § > 0.

Now from the equation for u,, and the fact that v, — 9 in C*(Q), we find

— Al =\l — ax)@* — Bad in Q\ D, ,|sq = 0.

By the proof of Lemma 3.15, we have u,, > U,. But we know from Theorem 2.2 of [DL]
that, as n — oo, U, — U, uniformly on ﬁ\ Ds for any 6 > 0. It follows that @ > Uy, and
hence u|spp = co. Thus we have proved that u satisfies (3.30).

Consider now 1/u,. From Lemma 3.15 we easily see that 1/u, — 0 uniformly on D.
By our above discussion, we have 1/u, — 1/ uniformly over Q\ Ds for every small § > 0.
Since u, > U, > U, for all n > 1, we have 1/u, < 1/U; in Q\ D. Therefore, by the
dominate convergence theorem, we have 1/u, — & in L?(2) for all p > 1. We now easily
see from the equation for v, that

“AG = pi(1 — &(2)5) in Q, T,]p0 = 0.
This verifies that v satisfies (3.31).
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It remains to prove (3.32). To this end, we denote 4, = u,/||tn||oo. Then
—Au,, < A\, in 2,

and as in the proof of Lemma 3.7, this implies that, subject to a subsequence, i, — 4
weakly in H'(Q) and strongly in LP(Q) for every p > 1, and @ # 0. From (3.33) we find
that @ =0 on 2\ D. Multiplying the equation for u,, by ¢;/|un|le, Where ¢; € C*(D;)
and has support contained in Dj, integrating by parts over D; and then letting n — oo,

we obtain

/ ViV, = / (A — Bi)id;.
Dj Dj
This implies that u|p, is a nonnegative solution to

(3.34) —Au = (A= B0)u in Dj, ulpp, = 0.

Clearly (3.32) follows from (3.34) if we can show that [p, # 0.
Since A > AL’ (BV4), the problem

(3.35) —Az+ Viz =Xz —2"in Dj, zlpp, =0

has a unique positive solution ¢;. On the other hand, it is easily seen that z, := €,u,
satisfies

~Az, = A2y — 22 — Bopzn > Az — 22 — BVaz, in Dy, zulap, > 0.
Therefore, by Lemma 2.1 of [DM], we deduce
(3.36) €nlly, > 0; in D; Vn > 1.
On the other hand,
—Az, = Az — e, ax) + 1]22 — Bupz, < Az, — 22 in Q.

Therefore by a simple comparison consideration, z, is not larger than the unique positive

solution z = A of the problem
~Az=MXz—22in Q, z,]s0 =0,
that is, €,u, < A. Hence ||u, |l < A/€,. Using (3.36), we obtain
Un /||t oo > €nttn /A > 6;/Xin D;.

It follows that @ > 6;/A in D;. Thus we have A = )\?j (B0). The proof is complete. O

Theorem 3.16 implies that for all large n, (un,v,) is close to a function (u*,v*) of the
form u*(x) = oo on D, u*(x) = G(x) on Q\ D, v* = ¥ in €, where (@, 7) solves (3.30)-
(3.32). Clearly wu,, develops a sharp pattern over 2: its value over D is much bigger than
that over the rest of 2. However, v,, does not develop into a sharp pattern. The following

result further describes the profile of u,, for large n.
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Theorem 3.18. Suppose that (u,,v,) converges to (u,v) as in Theorem 3.16. Then
€ntty, — w in C(Q), where w =0 on Q\ D, and on each D;, j =1,...,m, w is the unique

positive solution of
—Aw = w — w® — Biw in D;, wlsp,; = 0.
Proof. From the proof of Theorem 3.16, we find that
0;(z) < eyup(x), Yo € D;, Yn > 1,

where 6; denotes the unique positive solution of (3.35). We also find from there that
entty, < A Hence ¢y < €,]|unl|o < Co for some positive constants ¢, Cp and all n. We
may assume that €,||u, || — & € [co, Co] as n — oo. Therefore, by the proof of Theorem

3.16, e u, — &G in LP(Q) for any p > 1. When restricted on D, z, := €,u,, satisfies
—Azp = (X — Bon)z, — 22,

whose right hand side has a bound in L* that is independent in n. Therefore, by standard
interior elliptic estimates, we can conclude that 2, — &4 in the C! norm over any compact
subset of D. By (3.33), we find that z, — 0 uniformly on any compact subset of Q2 \ D.

Claim 1. Foreachj=1,...m, n, =nl := maxpp; z, — 0 asn — oo.

Arguing indirectly we assume that there exists 1 < 5 < m, a sequence z,, € dD; and
some dg > 0 such that z,(z,) > dy for all n > 1.

For each small § > 0, let D§ denote the d-neighborhood of D; and consider the problem

(3.37) —Au = M —u® — B(0 — d)u in D?, U’aD;? =0.

)
Since 7 < Vi and A > AL?(BV4), we find that for all small § > 0, A > )\fj (B(v—9)). Hence
(3.37) has a unique positive solution us. By the uniqueness and a standard regularity and
compactness argument, we can easily show that

(3.38) us|p, — w; in C*(D;) as § — 0,

where w; is the unique positive solution of (3.37) with § = 0. For each fixed § > 0, by
our discussion above, z, — 0 uniformly on 8D§/ ®. Hence z, < u; on 8D]5-/ ? for all large

.82 )
n. Moreover, in Dj/ , zp satisfies
2 2 ~
—Azp, = Azp — 25 — Pupzn < A2y — 2z — B(0— 6) 2y,

provided that n is large enough, since v, — © uniformly on €. Therefore we can apply
Lemma 2.1 in [DM] to conclude that z, < us in D?/ ? for all large n. In particular, for all
large n,

us(xy) > zp(Ty) > 0.
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This implies that maxsp; us > 0o for all small § > 0. Clearly this contradicts (3.38), and
the proof of Claim 1 is complete.
Claim 2. z,, — w; uniformly on D; for j = 1,2,...,m, and z, — 0 uniformly on Q\ D.
Let 6, = B|lvy — 9]|co- Then §, — 0 as n — oo. A simple upper and lower solution

consideration shows that the problem
—Aw = (A + &,)w — w® — fow in D;, wlop, =1,

has a positive solution w”. By Lemma 2.1 of [DM], the solution is unique. It is then
easily shown that w"” — w; uniformly on Ej as n — 00.
One easily checks that, for all large n,

~Azy, < (A +0,)20 — 22 — Bz, in D;, z, <w" on 0D;.

By Lemma 2.1 of [DM], it follows that
zp, < w" in Dj.

On the other hand, the problem
—Aw = (A= §,)w — w® — fow in D;, w|op, =0

has a unique positive solution w™ and w"™ — w; uniformly on D; as n — oco. Since

~Az, > (A= 6,)z, — 22 — B2, in Dj, zn|ap, > 0,

we can apply Lemma 2.1 of [DM] to obtain z, > w™ in D;. Therefore,

w" < z, <w" in D; for all large n.

It follows that 2, — w; uniformly on D; as n — oo. This proves the first half of Claim 2.
To prove the second half of Claim 2, we consider the problem

(3.39) —Au= (A4 6,)u — u? — fou in \ D, ulop = &n, Uyloq =0,

where &, = maxyp z,. By what has just been proved, we know that &, — 0 as n — oo.
It is easily seen by a lower and upper solution argument that (3.39) has a unique positive
solution 2. A standard regularity and compactness argument shows that z" converges
uniformly to 2*° which is the maximal nonnegative solution of the problem

(3.40) —Au = \u—u® — Biuin Q\ D, ulsp =0, u,lsq = 0.

It is well known that 2*° = 0 when A < )\?\D(ﬁvi) and z* is the unique positive solution
of (3.40) in the remaining case.

Applying Lemma 2.3 of [DL] we find that 2z, < 2" in Q\ D. Therefore, for any sequence
{z,} € Q\ D satistying d(z,, D) — 0, we have, as n — oo,

(3.41) Zp(Tn) < 2"(2n) < |[2" = 27| Lo (\0) + 27 (2n) — 0.
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We have already proved that z, — 0 uniformly on any compact subset of Q\ D. Combined
with (3.41), we find that 2, — 0 uniformly on Q\ D. This finishes the proof for the second
half of Claim 2 and hence the proof of the theorem. O

It seems worthwhile to point out that if (u.,v.) is a positive solution to (3.28), then
(ze,ve), with z, = eu,, is a positive solution to the predator-prey model

—Az =Xz — e ta(z) + 1]z* — Bzv, x € Q,
—Av = pu(l — €2), x € ),
z,=v, =0, x € 0.

Remark 3.19. Theorem 3.18 implies that for small € > 0, z. exhibits a sharp pattern
over Q: it is close to 0 over Q\ D, and is close to a continuous positive function over D.
Note that v, is close to a continuous positive function over the entire ). By choosing D
suitably, we see that rather arbitrary patterns can be realized by z..

Remark 3.20. [t is easy to check that if we perturb the classical Lotka-Volterra model
(3.27) by replacing a degenerate a(x) with a(x) + €, then no positive solution (ue,ve) of
the perturbed (3.27) develops a sharp pattern as € — 0. In fact, it is easy to show that

(ue,ve) is close to a positive solution of the unperturbed (3.27) when € is small.
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