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Calculus II — Exam 1 — Solutions

Instructor: Hsuan-Yi Liao CDM"% mi Sta\(eSJ

October 13, 2026 200 S&K(BKJ le 7&

Student ID:

Sin(&*) +C

s X A5 RK o §

Average
Average (except zero)

Quartile 0
Quartile 1
Quartile 2
Quartile 3
Quartile 4
g
FETH
AEI60% A
o A

The total number of points is 300.

Time limit: 100 minutes (10:10-11:50).
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Write down your computations or arguments in detail unless otherwise stated.
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Calculus 11 Exam 1 — Solutions October 13, 2026

Throughout the exam, n denotes a positive integer.

1. Determine the boundedness and monotonicity (i.e. increasing or decreasing or neither) of the
sequence with a,,, as indicated.

(a)

n+(-1)"
- .
Solution: If n is odd, then a, = 1 — 1/n, while if n is even, then a,, = 1 + 1/n. Thus

(8 points) a, =

3

Oﬁan§§ foralln > 1,

so the sequence is bounded. Since
0< 5 > 2
1 2 2 3 3 9

it is neither increasing nor decreasing.
n

4+ 1

Solution: The terms are positive, and

(8 points) a, =

apr 2047+ 1)
a, 4141

<1 (n>1),

because 4"t +1—2(4"+1) = 2-4"—1 > 0. Therefore the sequence is strictly decreasing.
Moreover,

2
0< an, S a; = g,
so it is bounded.

(8 points) a, = v/n? + 1.

Solution: Since (n +1)2+1 > n?+ 1, we have a,41 > a,. Thus the sequence is strictly
increasing. Also,
a, = Vn?+1>n— oo,

so it is unbounded.

Page 2 of 11



Calculus 11 Exam 1 — Solutions October 13, 2026

2. State whether the sequence converges and, if it does, find the limit.

477,
a) (12 points) a,, = ———.
(a) (12 points) —
. 1 n2+1 .
Solution: Let b, = — = o Since vVn?2+1<n+1landn+1 < 2" for every n > 1,
Qp, n
A 1
0<b,<—=——0.
—4n  2n

Given any M > 0, for all sufficiently large n we have 0 < b, < 1/M, and hence a,, = 1/b, >
M. Thus a, — 400, so the sequence diverges.
4100n

(b) (12 points) a, = o

Solution: Put A = 4'% which is a fixed positive constant. Then a, = A™/n!, and
An1 A

= — 0.
a, n—+1

Choose an integer N such that A/(N + 1) < 1/2. For all integers m > 0,

1 m
0< aN+im < an <§> — 0.

Thus the sequence converges to 0. Alternatively, consider the series

o An
>
n=1
The ratio of consecutive terms is Cwﬂ N\Q/
/ ’
At A GZ@N» = -?@N)ﬁ(xl
An /nl n—+1 ’ ‘Q(é) Em:{

so this series converges by the ratio test. By &he n-th term test, its ternjs tend @ é?%ence

6%\72@5&“ Sr\ (Iﬁgo\x % Sn & l

(c¢) (12 points) cos e’ dz.

\) tion: ?(ce Leos(e)] <1, NOTE @W\: ex) @Q@S @J eig

1
det olan|< |Cosd|dx< 1x:——>0
=(se) &
The sequence therefore converges to 0 by the pinching theorem.
2
(d) (12 points) a, = nsin —. * A
n Cas@

Solution: Using 111% sint/t = 1, we obtain
—

o]

_ ,sin(2/n)
=2

The sequence converges to 2.
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Calculus 11 Exam 1 — Solutions October 13, 2026

3. Evaluate the following limits as x — oo.

In(z2 +1
(a) (12 points) lim In(z* + 1)

T—00 T

Solution: The quotient has the form co/oco. By L’Hopital’s rule,

llm — = l1Im
T—00 €T T—00 ,I‘2 -+ 1

In(z? +1) . 2z _ 0]

' ‘ 3 2z
(b) (12 points) xh—>120 (1 + ;)
Solution: Let y(z) = (1 + 3/x)*" for x > 0. Taking logarithms and putting ¢t = 3/z, we
have

In(1+41¢
lim Iny(z) = lim 2zIn(1 +3/x) =6 lim (1 +1) = 6.
T—00

T—$00 t—0+ t

Here the last quotient tends to 1, for example by L’Hopital’s rule. Since

lim Iny(z
lim y(z) = lim e Y(E) = gr—oo y(@) = 66,
Tr—r0o0 Tr—r 00
the required limit is .
T+ cosx
12 points) lim ——
(c) (12 points) lim —
Solution: We have
T + cosx 1 cosx COS T 1
—_— == < ——0 — )
% ST 2:(:‘—2:5 (z = 00)

Therefore the required limit is [1/2|.

Page 4 of 11



Calculus 11 Exam 1 — Solutions October 13, 2026

4. Evaluate the integrals.

o dx
20 point _ .
(a) (20 points) /_1 22+ 5z +6
Solution: Factor the denominator and use partial fractions. To find the coefficients, write
1 A B

@+2)(2+3) z+2 2+3

Then 1 = A(x +3) + B(x +2),s0 A=1 and B = —1. Hence

1 1 1 1
22+55+6 (r+2)(x+3) z+2 x+3

/ML:lim/b( Lo >d:z:
1 224546 oo \x+2 x+3
= lim [In(z + 2) — In(z + 3)]°,
b—o0
= lim (In(b+2) —In(b+3) +In2)

Consequently,

b—o0
2
= bli}r?o (lnzig +1n2) =|In2]|,

because (b+2)/(b+3) = 1and In1=0.

Page 5 of 11



Calculus 11 Exam 1 — Solutions October 13, 2026

Question 4 (continued). Evaluate the integrals.

1
(b) (20 points) / rlnzdx
0

Solution: Recall the integration by parts formula

/udv:uv—/vdu.

Take u = Inz and dv = xdx. Then du = dx/z and v = 2%/2, so
x? 22 dv  2? 1 z? x?
/xlnxdm—;lnx— 7?—Elnx—§/asd:ﬁ—?lnx—z+0

The integral is improper at 0, so evaluate it as

1 1
/ rlnzdr = lim zlnzdz.
0

a—0t J,

Also, lim+ 2?Inz = 0; for instance, L’Hépital’s rule gives
z—0

Therefore

1 2 271
/ zlnzdr = lim {x—lnx—x—}
0 2 a

a—0F 4
_ L (a_zlna_@_z)
4 2 4
1 1
R

Page 6 of 11



Calculus 11 Exam 1 — Solutions October 13, 2026

Question 4 (continued). Evaluate the integrals.

(c) (20 points) /OO _ dx

2z —2z '
o ¥ te

Solution: Recall the substitution formula: if u = g(x), then

[ Flang @iz = [ Fuya,

with the endpoints changed to their corresponding u-values. Use u = €2%, so du = 2e** dv =
2udz and dr = du/(2u). Since e~** = 1/u, the integrand becomes

dz Cdu/(2u)  du
e fe2e 4+ 1/u 2(1+u?)
The substitution sends z = —o0,0,00 to u = 0,1, 00, respectively. We check the two
improper integrals separately:
/0 d:l: 1 ! du 1 1 [ t ]1
———— = lim ———— = lim = [arctan u] .,
o € e a0 Joa 2(1 +u?) a0 2 ¢
1 <7r 0) om
- 2\4 -8

2b

/00 _de lim /6 _du lim 1 larctan u]e%
0 e +e ™ oo ), 2(14u?) b2 !
o lymoomy o
T2 (5 B Z) )

Both converge, so the required integral is

7T+7T_7T
8 8 |4

Page 7 of 11



Calculus 11 Exam 1 — Solutions

October 13, 2026

‘b

5. Determine whether each improper integral converges or diverges

(a)

(b) (

(18 points) /

rand is undefined
an antiderivative isIn | In Z7.

Solution: The inte
x > 0 z#£1

k=X 7
, /1 = lim (In(In2) — In(Ina))

zlnx  a—1+

,\‘
/me = lim (In|Inb| ~ In(In2)) =

—0Q,

= 4-00.

we i, 2l

2 dr  e— \ [ PVDilBW\OI:C T-p KQ'\K =0

& the integral must be spli

Neither (Jne—sided improper integral converges. Therefore the given integral diverges. The

two infinite quantities cannot be cancelled.

VL,

(18 points)

Solution: For x> 1, we have x + 1 < 2z, and therefore

0§”+1<m— V2

2 = p2  p3/2
Since \/_
peTE do = 2v2 < 00,

the given integral converges by comparison.

Page 8 of 11



Calculus 11 Exam 1 — Solutions October 13, 2026

6. Does the series converge absolutely, converge conditionally, or diverge? Explain your reasoning.

(a)

(o)

3+sink
(12 points) Z —_— .
— Vk+2

Solution: For every k > 1, we have 3 +sink > 2 and k + 2 < 3k. Thus

34sink 2 2 1
VE+2 T VE+2 T VB VE

Since Z 1/ Vkisa divergent p-series with p = 1/2, the given series diverges by comparison.
k=1

N e
(12 points) kz: R
=1
Solution: Put by = 5%/k! > 0. Then

lim 2L g

5
2 —0<1l
k—oo by k—)rlgo k+ 0<
The ratio test shows that Z b, converges. As all terms are positive, the series converges
absolutely.
: — (=1)*
12 t .
(12 points) Z Ik

k=2
Solution: Let b, = 1/(klnk) for k£ > 2. The terms b, are positive, tend to 0, and decrease,

since p . | .
nx +
— | — )| =<0 > 2).
dx (xlnx) 2?2(Inx)? (r=22)

The alternating-series test therefore gives convergence. However,

zlnxr b

/OO dr_ _ lim (In(Ind) — In(In2)) = +o0.

By the integral test, Z 1/(kInk) diverges. Hence the given series converges condition-

k=2
ally.
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Calculus 11 Exam 1 — Solutions October 13, 2026

Question 6 (continued). Does the series converge absolutely, converge conditionally, or diverge?
Explain your reasoning.

(d)

= In %

12 points —1)F——.

(12 points) 31

Solution: Let b, = (Ink)/k. Then by > 0 for k > 2, and by — 0. Furthermore,

d (Inz 1—Inz
%(m)_ o <0 (x >e),

so by, decreases for k > 3. The alternating-series test applies to the tail; the finitely many
initial terms do not affect convergence. On the other hand,

/°° Inz (Inb)? — (In 3)? _

——dz = lim +00.

T b—oo 2
Thus the series of absolute values diverges by the integral test. The given series converges
conditionally.

(12 points) i(—l)kk‘ sin(1/k).
Solution: rlfl:é magnitudes of the terms satisfy
|(=1)*ksin(1/k)| = ksin(1/k) = Sml(/% — 1.
The terms therefore do not tend to 0, so the series diverges by the necessary condition for
convergence.

(o)

(12 points) Z %\/]{%2)

Solution: For every k& > 1,

sin(rk/2) ‘ _ 1

k’\/E — k»3/2 :
The p-series Z 1/ k%2 converges because 3 /2 > 1. By comparison, the given series con-
k=1

verges absolutely.
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Calculus 11 Exam 1 — Solutions October 13, 2026

7. Let f(z) =sinz.

(a) (8 points) Write the Taylor expansion of f(x) at 0 up to the term in x*, with remainder
denoted by Rs(z). Show your computation.

Solution: We have
f'(x) = cosz, f"(z) = —sinx, O (x) = —cosz,

and hence
fO)y=0,  fO) =1 f0)=0,  f0)=-1

Taylor’s theorem gives

sinz = f(0) + f(0)z + %('())xz - wxz‘ + R3(x)
= — %3 + Rs(x).

(b) (8 points) Use Taylor’s theorem to show that
4
x
Ry < 2
for every real number x.

Solution: By Taylor’s theorem, for each real number x there is a number ¢ between 0 and

x such that (g
_ fWe) 4 sinc 4
Rs(x) = YR
Since |sin¢| < 1,
| sin ¢ |z |*
| Rs(x)| = T|93|4 S Sr

(c¢) (8 points) Use the expansion in part (a), with the remainder term omitted, to approximate
sin(1/10). Express your approximation as a fraction in lowest terms, and show that its

| is 1 h .
absolute error is less than 100000

Solution: Taking = 1/10 in part (a), we obtain
11 /1\> 59
in(1/10) &~ — — = [ — | = —.
sin(1/10) ~ 75— 3 (10) 6000

By part (b), the absolute error satisfies

. 599
sin(1/10) — 5000| = |R5(1/10)]

1 /1\* 1 1
< (=) = < .
=24 \ 10 240000 100000
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