Calculus — Homework 8 (Spring 2026)

1. Recall that the Bernoulli polynomial B,(x) of degree n is the unique polynomial of degree n satisfying the
identity:

x+1
x"
f B,(t)dt = T VxeR.

(a) Show that By(x) = 1.

(b) Prove that
B (x) = By—1(x) forn > 1.

1
(c) Show that f B,(t)dt =0foralln > 1.
0

(d) Using the results from parts (b) and (c), derive the explicit forms of B;(x), B>(x) and B3(x).

2. Let B,(x) denote the Bernoulli polynomial of degree k.

(a) Prove that
By(x) = (=1)"B,(1 - x).

(b) Show that B,,(1/2) = 0 for all odd integers n > 1.

3. Using the properties of Bernoulli polynomials, prove the identity for the sum of cubes:

Jj=

(Hint: Let S (x) = (Ba(x) — BZ(O))z. Differentiate S (x) and relate the result to B3(x).)

0

4. Prove that if Z ay and Z by, are absolutely convergent, then so is Z ¢y, and

k=0 k=0 n=0
k=0 k=0 n=0
where the numbers ¢, are defined by
Cn = arbu_k
k=0

5. Evaluate the following improper integral:

00
f e 192 dy.
0

6. Suppose k € N. Prove that for x > 0, the following improper integral is convergent and satisfies the identity:

00 -t _ ,—(k+1)t 1 1
x—1 e €
e dr=(1+— 4+ —)T(x).
L 1—et ( +2x+ +kx) (X)

7. Recall that for x,y > 0, the Beta function B(x, y) is:

F)I'(y)

1
B(x,y):f0 A0 = dr = Tty

Prove the following properties:

(a) For p,q > 0, show that B(p,q) = B(p + 1,q) + B(p,q + 1).
(b) For p,q > 0, show that B(p,q + 1) = zB(p +1,9).
p

(c) For p,q > 0, show that B(p,q + 1) = %B(p, q).
p+q



n!
pip+1)---(p+n)

(d) For p > 0and n € N, show that B(p,n + 1) =

8. For p, g > 0, prove the following equality:

! _ _ L T(p)X(g)
1,1 _ 1 g _ Hp+g-1
L(1+x)1 (1 - x)7 " dx = 2r*4 Tora)

9. Evaluate the following integrals:

T/2
() f (sin26)'% 46.
0

o 10
b ——du.
(b) jo‘ (1 + u)1000 du

3
(c) f (t—2)(t - 3)*dr.
2

(d) f(a + x)’(a — x)? dx, where a, p,q > 0.

10. Let v,(r) denote the n-dimensional volume of the ball {(x1 ,eeXy) €ER? Z x? < rz}. Note that we have the
j=1
following recursive relation:

V(1) = fr Vo1 (V2 = x2) dx,

4 3

where v|(r) = 2r, vo(r) = nr?, and v3(r) = % Prove by induction that:
ﬂ.n/Zrn

= rEry

/2
(Hint: Use the substitution x = r cos 6 and the Beta function identity B(x,y) = f 2sin>* ! 9cos®' 6d6.)
0

11. Recall that the Legendre polynomial P,(x) of degree n is defined by the formula:

dn

2 n
- D"
2'n! dx" x )

Py(x) =

1
Use the properties of the Gamma function and Beta function to compute the value of the integral f (Pn(x))2 dx.
-1

12. Let a < b be real numbers. Recall that there exists a unique polynomial L,(x) of degree n that satisfies the
following two conditions:

b
(i)fLn(x)x-idx:0f0ra11j:O,l,...,n—1;
a
(i) L,(b) = 1.

We consider the following properties of L, (x):
2x—(a+b)

(a) Prove that L,(x) = P, (
b-a

), where P, is the Legendre polynomial of degree n.

b
f (L)’ dx.

(b) Evaluate the integral:
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