Calculus — Homework 3 (Spring 2026)

1. Does the series converge absolutely, converge conditionally, or diverge? Explain your reasoning. (Here, [x]
denotes the greatest integer less than or equal to x.)
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2. Let f be a function which can be differentiated infinitely many times on (-1, 1). The n-th Taylor polynomial
of f(x)is
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The n-th remainder of f(x) is

R, (x) = f(x) — Py(x).
(a) Prove that
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for each x € (-1, 1).
(b) Find Py for f(x) = VI + x.
(c) Show thatif f(x) = V1 + x, then

|Ra(x)| < 3—\/25 Vxe(-1/2,1/2).

3. Prove that, for x € (0, 1),
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4. Expand g(x) in the powers of x — 1 and specify the values of x for which the expansion is valid.
(@) g(x)=3x>—2x> +4x+ 1. () g(x) =In(1 + 2x).

(b) gx)=x".

5. Let v(x) be a non-negative continuous function on [a, b] with a < b. Suppose there exists some xy € [a, b]
such that v(xy) > 0. Prove that
b
f v(x)dx > 0.



