Calculus — Homework 1 (Spring 2026)

1. Assume |r| < 1. Prove that lim 7" = 0.
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2. Let(a,);>, and (b,);- | be convergent sequences. Suppose that lim b, # 0.

(a) Prove that there exists M such that b, # 0 for any n > M.
lim a,
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b) P that lim = )
(b) Prove that lim ™ = 7, 7=
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3. State whether the sequence converges and, if it does, find the limit.
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4. Let (ay),., be a bounded sequence of real numbers, and a = lim a,. Recall that
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lim a, = lim (sup{a,,,a,Hl, e }).
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(a) Prove that for any € > 0, there exists N = N, such that a, < a + € for any n > N.
(b) Prove that for any € > 0, there exists a subsequence (a,, )., of (@), such that a, > @ — € forany k € N.
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5. In this problem, we consider the following question: Suppose we know that a sequence (a,);. , satisfies the
condition that for any € > 0, there exists N = N, € N such that |a,.| — a,| < € for all n > N. Can we conclude
that (a,);7 , is a Cauchy sequence?
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(a) Leta, = Z ? Prove that for any € > 0, there exists N = N, € N such that |a,+; —a,| < eforalln > N.
k=1
(b) Prove that the above sequence (a,);., is not a Cauchy sequence.

(c) Let (by),., be a sequence satisfying the following condition:

1
b, — by £ —, Vn e N.
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Prove that (b,);> , is a Cauchy sequence.

6. Let j be a positive integer.
(a) Show that

00

(o)
Zak converges iff Zak converges.

k=0 k=j
o0 o0 j-1
(b) Show that if Z ax = L, then Z a=L-) a.
k=0 k=) k=0

0 oo j-1
(c) Show that ifz a, = M, then Z a, =M+ Z a.
k=j k=0 k=0

7. Let @, B,y € R satisfy the condition that @ + 8 + y = 0. Define
o, ifn=1 mod3;

cp=4pB, ifn=2 mod3;
v, ifn=0 mod 3.

Denote

=

1
Sp = Ck and O, =—(s1+ 52+ +5,).
n



(a) Find a general formula for the value of s,,.
(b) Prove that for x € (0, 1),
i . ax+ Bx +yx3
cpX' = ———————.
1-x3

n=1

(c) Prove that (07,);7, is convergent, and

2 3
. . ax+BxT +yx
lim o, = lim #
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