
Calculus — Homework 1 (Spring 2026)

1. Assume |r| < 1. Prove that lim
n→∞

rn = 0.

2. Let (an)∞n=1 and (bn)∞n=1 be convergent sequences. Suppose that lim
n→∞

bn , 0.

(a) Prove that there exists M such that bn , 0 for any n ≥ M.

(b) Prove that lim
n→∞

an

bn
=

lim
n→∞

an

lim
n→∞

bn
.

3. State whether the sequence converges and, if it does, find the limit.

(a) an = 2n + 22/n.

(b) an =
(1
n

)n+1
.

(c) an =
ln(n + 1)

n
.

(d) an =
3100n

2n!
.

(e) an =

∫ 0

−n
e2x dx.

(f) an = n2 sin
π

n
.

(g) an =
(n − 1

n

)n
.

(h) an =

∫ 1/n

0
cos ex dx.

(i) an =
(1
2
+

1
n

)3n
.

4. Let (an)∞n=1 be a bounded sequence of real numbers, and α = lim
n→∞

an. Recall that

lim
n→∞

an = lim
n→∞

(
sup{an, an+1, · · · }

)
.

(a) Prove that for any ϵ > 0, there exists N = Nϵ such that an < α + ϵ for any n ≥ N.
(b) Prove that for any ϵ > 0, there exists a subsequence (ank )

∞
k=1 of (an)∞n=1 such that ank > α− ϵ for any k ∈ N.

5. In this problem, we consider the following question: Suppose we know that a sequence (an)∞n=1 satisfies the
condition that for any ϵ > 0, there exists N = Nϵ ∈ N such that |an+1 − an| < ϵ for all n ≥ N. Can we conclude
that (an)∞n=1 is a Cauchy sequence?

(a) Let an =

n∑
k=1

1
3√k

. Prove that for any ϵ > 0, there exists N = Nϵ ∈ N such that |an+1 − an| < ϵ for all n ≥ N.

(b) Prove that the above sequence (an)∞n=1 is not a Cauchy sequence.
(c) Let (bn)∞n=1 be a sequence satisfying the following condition:

|bn − bn+1| ≤
1

n(n + 1)
, ∀n ∈ N.

Prove that (bn)∞n=1 is a Cauchy sequence.

6. Let j be a positive integer.

(a) Show that
∞∑

k=0

ak converges iff
∞∑

k= j

ak converges.

(b) Show that if
∞∑

k=0

ak = L, then
∞∑

k= j

ak = L −
j−1∑
k=0

ak.

(c) Show that if
∞∑

k= j

ak = M, then
∞∑

k=0

ak = M +
j−1∑
k=0

ak.

7. Let α, β, γ ∈ R satisfy the condition that α + β + γ = 0. Define

cn =


α, if n ≡ 1 mod 3;
β, if n ≡ 2 mod 3;
γ, if n ≡ 0 mod 3.

Denote

sn =

n∑
k=1

ck and σn =
1
n

(s1 + s2 + · · · + sn).



(a) Find a general formula for the value of sn.

(b) Prove that for x ∈ (0, 1),
∞∑

n=1

cnxn =
αx + βx2 + γx3

1 − x3 .

(c) Prove that (σn)∞n=1 is convergent, and

lim
n→∞
σn = lim

x→1−

αx + βx2 + γx3

1 − x3 .
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