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National Tsing Hua University

Calculus (IT) — Final exam

Instructor: Hsuan-Y1 Liao

Spring, 2026

Name: AT\QU\ pJ\(\

Student ID:

This exam contains 9 pages (including this cover page) and 9 questions.

Total of points is 300.

Time limit: 100 minutes.

Write down your computation or arguments in details unless otherwise stated.

The use of a calculator, cell phone, or any other electronic device is NOT permitted.

The use of books or notes of any kind is NOT permitted.

Distribution of Marks
Question | Points | Score
1 40
2 20
3 30
4 30
5 40
6 30
7 30
8 40
9 40
Total: 300




Calculus (II) Final exam Spring, 2026

1. Let (a,),., and (b,);, be convergent sequences. Suppose that lim b, # 0.

(a) (20 points) Prove that there exists M such that b, # O for any n > M.
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(b) (20 points) Prove that r}l_}IElo b_ = m b,
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Calculus (II) Final exam Spring, 2026

—
2. (20 points) Suppose that the ser{es Z |ax| is convergent. Prpve that the series
=1
(78
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3. Does the series converge absolutely, converge conditionally, or diverge? Explain your reasoning. (Here,
[x] denotes the greatest integer less than or equal to x.)
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Calculus (II) Final exam Spring, 2026

4. Let f(x) = xsin x.

(a) (15 points) Find the Taylor expansion of f(x) at 7_2r

(b) (15 points) Use the Taylor expansion of f(x) to find the value of f!'99(%).
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ke
5. Find the interval of convergence. LOZ) \ C\.»b \ QGH j:
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Calculus (II) Final exam Spring, 2026

X
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(a) (15 points) Expand f(x) in a power series.

(b) (15 points) Differentiate the series and prove that
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Calculus (II) Final exam Spring, 2026

7. (30 points) Let f(x) = cos® x. Define

2

F(co,c1,¢2,d1,d>) =f dx.

Co . .
f(x)— = —cjcosx —d;sinx —cpcos2x —d, sin2x
2

Find the minimum value of F. (Hint: You may use the identities cos(4x) = 8 cos* x — 8 cos? x + 1 and
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Calculus (II) Final exam Spring, 2026

8. Let f(x) be the periodic function with period 2 such that f(x) = x* for x € (-x, ).
(a) (20 points) Find the Fourier series of f(x).
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.7 7
9. Recall that for x,y > 0, the Gamma function is [ CX* \5 =X l CX)
I'x)= f tx—le—[ dt, = Q’X —-\) l
' C
and the Beta function B(x, y) is defined as: 6 Q wLav\ o GN )
! F(0r'(y)
B(x,y) = f A = d = =——=.
Y= F(x+y)

Prove the following properties:
(a) (10 points) For p,q > 0, show that B(p,q) = B(p+ 1,q) + B(p,q + 1).
(b) (10 points) For p > 0 and n € N, show that

n!
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(c) (20 points) Show that I'(1) = V.
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