Calculus — Homework 3 (Fall 2025)

1. Let(a,),., be a bounded increasing sequence, and @ = sup{a,, a», as, - - - }. Prove that lim a, = a.

n—oo

2. Let (a,),., be a bounded sequence, and A, = {a,, dy41,- - }.

(a) Prove that lim a, = inf{supA, | n € N} and lim a, = sup{inf A, | n € N}.
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(b) Leta = m a,. Prove that for each € > 0 there exists N, such that a,, < a + € for any n > N..
(c) Prove that if (ap,);,_, be a convergent subsequence of (a,);, then lim a;, < a.
m—oo

(d) Prove that for each € > O there exists n, such that a,, > @ — €.

(e) Prove that there exists a subsequence (a,, )., of (a,),., such that hm 0 dy, = a.

(f) Prove that there exists a subsequence (az )2, of (@), such that lhm az, = lim a,.

n—-oo
(g) Prove that if (az,,),._, be a convergent subsequence of (a,),- |, then lim @, < lim a;, < lim a,.
n—00 m—o00 n—oo

3. Let (a,);, and (b,);., be bounded sequences.

(a) Prove that 11m (a,, +b,) < 11m a, + lim b,.

n—oo
(b) Prove that there exist bounded sequences (a,);, and (b,);”, such that l1m (an +b,) # l1m a, + hm b,.
4. Let (ay),”, be a bounded sequence, and A, = {ay, dp+1,- - }-

(a) Suppose that (a,); , is convergent and lim a, = a. Prove that for each € > 0, there exists N, such that
n—oo

a—€e<SsupA, <a+e
for any n > N..

(b) Suppose that (a,),- , is convergent and 11m a, = a. Prove that lim a, = lim a, = a.

n—oo
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(c) Suppose that 11m a, = lim a, = a. Prove that (a,) "
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-~ , is convergent and lim a, = a.
n—oo

5. Let a, b be real numbers such that a < b. Define a sequence (x,,)°

Xpp1 = =Ly >,

Prove that (x,);”, is convergent.
6. Suppose that (a,);- | is a sequence with the properties:

(i) There exist M, N > 0 such that a, < —M for alln > N.

(i) The sequence (a2)°° , is a Cauchy sequence.
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7. Suppose that (a,);- , is a sequence such that lim a, = a. Define the average sequence by
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a
Prove that the sequence (a,);, is also a Cauchy sequence. (Hint: a — b =

ap+---+a,
op= ——.
n

(a) Prove that for any € > 0, there exists N, such that for all n > N, the following inequality holds:

a+---+a n—Ng)(a—¢€ a+---+a n—Ng)(a+e
| o, =NJ@-9 - _a v (=No@+e)
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(b) Prove that the sequence (07,),- | is also convergent, and lim o, = a.
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c) Prove that there exists a divergent sequence (a,);., whose associated average sequence (07,):> | is conver-
g q =1 g q =1
gent.



