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National Tsing Hua University

Calculus I — Midterm

Instructor: Hsuan-Yi Liao

Fall, 2025

Name: AV\QU\)O &

Student ID:

This exam contains 9 pages (including this cover page) and 8 questions.

Total of points is 300.

Time limit: 100 minutes.

Write down your computation or arguments in details unless otherwise stated.

The use of a calculator, cell phone, or any other electronic device is NOT permitted.

The use of books or notes of any kind is NOT permitted.

The use of L’Hospital’s rule is NOT allowed in this exam.
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Calculus I Midterm Fall, 2025

1. Let (a,),., be a sequence, angT € K.
(a) (15 points) Prove thatff lim a, = L, then lim |a,| = |L|.
(b) (15 points) Is there a gent sequence (b,),. | such that lim |b,| = L? Prove your answer. (Hint:

Consider two cases: L=0and L #0.)
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Calculus I Midterm Fall, 2025

2. (30 points) Let (b)), be a convergent sequence such that lim b, # 0. Use the definition of limits to

prove that
1 1
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Calculus I Midterm Fall, 2025

3. Prove the convergence of the sequence:
sin(n) + cos(n)
Vn
n*-3n*+n+2
n—1Tn

(a) (20 points) Prove that the sequence ( ) converges.
n=1

(b) (20 points) Prove that the sequence ( ) diverges.
n=1

(o)

(c) (20 points) Prove that the sequence (cos (%)) diverges.
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Calculus T Miderm DM\ S0 Fall, 2025
S5 Gat<s—tn

4. Suppose that (a,);”, is a sequence such tha 11m a, = a.)Define the average sequence by _ "t’”\{
q ||'f' +a  Me o

e

M
(a) (15 points) Prove that for any € > 0, there exists N, such that for all n > N, the follgwing

inequality holds: X- \g
_ _ _ <
ay+---+ay, N (n—N)(a—¢€) <o < a,+---+ay, N (n— Ne)(a+ 6). 4714 c Oes
n n n n
7
(b) (15 points) Prove that the sequence (o,);. , is also convergent, il}ld limo, = a. \/}
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Calculus I Midterm Fall, 2025
. CoR WS
5. Evaluate the limits. _(//
@ (10 points) lim |x|(x4 _3). — f’~3) - _9
(b) (10 points) hm — MQQ ~ *_*fil _ (=
S oxc | S &
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Calculus I Midterm Fall, 2025

6. (30 points) Let f(x) be a real valued function which is continuous in (—oo, c0). Suppose that

fam +3) B

im — =1.
n—eo sin(nm + %)

Prove that f(x) has infinitely many zeros in the half line (0, +c0).
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Calculus I Midterm Fall, 2025

7. Let ]
sin(x — 7 €Os x)

x2+1

if [x| > 2m,

Jx) =
22

C4m(4m + 1)
(a) (15 points) Prove that f is continuous on (—oo, o).

(b) (15 points) Prove that f is bounded on (—co, 00), i.e. there exists M > 0 such that |f(x)| < M for
any x € (—oo, 00).
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Calculus I Midterm Fall, 2025

8. Let f(x) be a differentiable function.
(a) (15 points) State the definition of f’(x), the derivative of f.
(b) (15 points) Suppose f(x) = x*. Use the definition of derivatives to prove that f’(x) = 3x°.
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