Calculus — Homework 8 (Spring 2025)

1. Calculate the first order and second order partial derivatives.

(a) f(z,y) =32% —ay +y. (c) f(z,y,2) = zsin(z —y).
(b) flz,y) = a”e7V. (d) f(z,y,2) = P

2. Calculate.
(8) Find £,(0,¢), f,(0,), fuy(0,€), furu(0,€) and fuy,(0,¢) given that f(z,y) = e Iny.
(b) Find f,(0,37), fy(0,37), fyy(0,37) and fuyay (0, $7) given that f(z,y) = e *sin(z + 2y).
(c) Find £.(1,2), £,(1,2) and fuu(1,2) given that f(z,y) = x%}?

3. Show that the functions u and v satisfy the Cauchy—Riemann equations

uy(:c,y)zvy(x,y) and Uy(I,y)i—’Ux(I,y)

These equations are fundamentally important in the study of functions of a complex variable.

(a) u(x,y) =22 —y?% v(z,y) = 2zy. (Also compute (z + yv/—1)2.)

(b) u(z,y) = e® cosy; v(z,y) = e*siny.

(¢) u(z,y) = 2 In(z? +¢?); v(x,y) = arctan %

(d) u(z,y) = %; v(z,y) = % (Also compute ;)
24y 2 +y (z +yv-1)

4. Let g be a twice differentiable function of one variable and set

f(z,y) =g(z+y) +g(z —y).
Show that
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5. Let f be a smooth function of two variables. Show that
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0, (z,y) = (0,0).
(a) Find the second order partial derivatives of f.
(b) Show that
0% f 0% f
7. Find the gradient.
(a) fz,y) =32" —ay+y. (¢) f(z,y,2) = zsin(z —y).
(b) f(z,y) =a%ev. (d) f(z,y,2) =22V

8. Find the gradient at p.
(a) f(z,y) =22 —3zy +4y* F=(2,3).
(b) flz,y) =2z(x—y)~" P=(3,1).



(c) f(z,y,2) = e Tsin(z +2y); p=(0,1 ™ 47r)
(d) f(z,y,2) = cos(zyz?); p=(m, 1, —1).

9. Find the directional derivative at the point p’ in the direction .
() fley)=a®+3y%  p=(L1), d=L(1,-1).

(b) f(z,y) = z%y + tany; p=(-1,7/4), U= %(1 —2).
(©) flz.y.2) =ay+yz+za;  p=(L,-11), @=5(1,21).
(d) f(z,y) = (z+y>+2°)% p=(1-11), a=(1,1,0).
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