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National Tsing Hua University

Calculus (II) — Exam 1

Instructor: Hsuan-Yi Liao

Spring, 2025

Name:

Student ID:

e This exam contains 11 pages (including this cover page) and 9 questions.

e Total of points is 300.

e Time limit: 100 minutes.

FERNEFFSHBRHE - REAEENATARE - BZMEINRBR—RMSERRE2EHEBICEND 217
Sl

BRI EFEeLearn £y "Bonus-Exam1"3Z » BB IR 1EF RS ZWEIREEI04 8 17H (3BIU)23:59 - ERX
ER T ERBIREExam 13572048 » I B 21 EHRVARIE -

Onestion | Painte | Seare

Average 193.618
Average (except zero) | Exam’ 195.107
Quartile 0 % 0
Quartile 1 168.5
Quartile 2 a0 204
Quartile 3 231
Quartile 4 E £ 280
fEE o 52.7584
FEZTH 130
RZ60% A 21 0 44
WO AE S 0




Calculus (IT) Exam 1 Spring, 2025

1. State whether the sequence converges and, if it does, find the limit.

1 1
(a) (10 points) a, = o ImT3
— 1\n
(b) (10 points) a,, = (n ) .
n
4100n
(c) (10 points) a, = —
n!

(d) (10 points) a, = n?sin T
n
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Calculus (IT) Exam 1 Spring, 2025

2. (10 points) Prove that In(Inz) = o(lnx).

3. Does the integral converge or diverge? Explain why.
/2
(a) (15 points) / tanz dx.
0

® 2+ cosx

(b) (15 points)/ ——dx.

T xT

Page 3 of 11



Calculus (IT) Exam 1 Spring, 2025

4. Evaluate the integrals.
*° 1

(a) (15 points)/ —dx.

x —x
_c & te

1
(b) (15 points) / rlnzde.
0
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— \pey‘jes d}\le\@
Calculus (IT) 2 \av_\ Cort Z l&)h\ Spring, 2025

Exam 1 7 pring,
c 3 G ey
5. Does the series @utely converge,)conditionally converge or diverge? Explain why.
= Ink oo |
(a) (15 points) — S .
= 2 ¢ e
00 =c¢
. Ink
(b) (15 points) Ex \ -0
k=1 —_ =
s ok
(c) (15 points) ZW >
k=1
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Calculus (IT) Exam 1 Spring, 2025

(d) (15 points)
(e) (15 points)

(f) (15 points) ZM
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Calculus (IT) Exam 1 Spring, 2025

6. Let f be a function which can be differentiated infinitely many times on (—1,1). The n-th
Taylor polynomial of f(z) is

™)

xT .

Pu(z) = £(0) + f'(0)x + %(!0)5”2 T

The n-th remainder of f(z) is

(a) (15 points) Prove that
Rala) =5 [ 190)- @t

for each z € (—1,1).
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Calculus (IT) Exam 1 Spring, 2025

(b) (15 points) Show that if f(z) = /1 + x, then

|Ro(x)| < g, Ve (—-1/2,1/2).
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Calculus (IT) Exam 1 Spring, 2025

7. (20 points) Prove that

COST = N (_1)k1172k
=2 (2k)!
k=0

for any real number x.
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Calculus (IT) Exam 1 Spring, 2025

8. This question aims to show that every bounded sequence has a convergent subsequence.

Let (ax)32, be a bounded sequence. Define
an = sup A,,

where A, = {an, ani1,anyo, -} and sup A, is the least upper bound of the set A,. In other
words, the number a, is characterized by the properties: (i) a, is an upper bound of A,, i.e.
a, > ay for any k > n; (ii) if M is also an upper bound of A, then a, < M.

(
(

a) (10 points) Prove that the sequence (a,)5, is a decreasing sequence.

b) (10 points) Prove that the limit lim @, exists.

n—oo

(c) (5 points) Prove that there exists a subsequence (ax, )<, of (ax);2, such that

lim a, = lim a,.
j—ooo n—00

Page 10 of 11



Calculus (IT) Exam 1 Spring, 2025

9. A sequence (ay)72, is called a Cauchy sequence if for each ¢ > 0, there exists N such that
|ak — al| <e€

whenever k,[ > N.
(a) (10 points) Prove that every Cauchy sequence is bounded.
(b) (10 points) Prove that if a Cauchy sequence has a convergent subsequence, then it converges.

(c¢) (5 points) Prove that every Cauchy sequence converges.

Page 11 of 11



Examl1

1 MB4E

o 1~3: BR1Z 7R
o 4~5: BlfEm
¢ 6~9: FZ M

2  Problem 1

State whether the sequence converges and, if it does, find the limit.

100n
(c) an =1+

o KA ARYEIZAE A ratio test ciEE AR
BB B

A

# lim, . a

L]
. .
becaus n?sin — 4 ( lim n?
n n—00

3  Problem 2

Prove that In(Inz) = o(Inz).

I A B AR T IER B ﬁ%nmmt“mﬁ;%ﬁé B IFRAR

e
X

=\

J -~
>0

. . LT
) diverge, lim n?sin — diverge.
i n—o0 n -

i In(lnx)
z—o0  Inx
B AT Ao F o BRI exp o Rf5l4n T 4&
I I 1 I . ¥
im —% = lim —2 == e lim oxp(nz) — lim = = A 0O @-('Q
g—oo Ina?  z—oo2lnz 2 z—oo exp(lna?)  z—oo a2

4 Problem 4

(a) Evaluate the integrals.

/ P — dx
N e

o R&H & Cauchy principal value (38K A RFEX L & —4F) °
- % \ﬁk —00 % 2| ¢ v c # 3| 400 MBABMES

QO \ (
-00 % &8 > S &
0

(] < A
— f

b



5 Problem 5

o BIMLALE] O REIEAFRIICAL

o BEUCHIARARMOTRAFE -

o Comparison test & ZEZWRABHREXLHAAM K A > BA kK ERBEEN -

o Integral test % R0 B I MR L AE T A B AL BHIVABER - RAE b RBI A @8- -
o A% Alternative test a9 ARTIR - FRAIF X SR BRI RARG I I L4EA -

o Limit comparison test % % §* #9&MRLA BIFE - BRAEH KA O BF R —L &4 -

« Ratio test #= Root test #{ AWM/ 1 - REBGEMRATE I 1 & R A -

o sin RIEIE o

6 Problem 7

Prove that

CoOsST = i (_1)kl’2k
2 (2k)!

o ZRYRAXAAHBRBEAL - GHRRFEHFIRARL °



