Calculus — Homework 7 (Spring 2024)

1. Find the length of the curve.
(a) y(t) =t7+ 2t327, fromt=0tot=38.
(b) 4(t)
(c) F(t) = tT+ In(sect) 7+ 3k, fromt=0tot= T
(d) 7(t)

2. Let

(t) =e'(costT+sint]), fromt=0tot=r.

t) = (tsint + cost) 7+ (sint — tcost) 7+ 1v/3 ¢ k, fromt=0tot=_2r.

Y(t) = 3costT+ 3sint 7+ 4tk,  t>0.
(a) Let
t
s(t) = /0 |7 (u) || du.

Show that s is a one-to-one function, and find its inverse function 7(s).
(b) Let

Show that

(The parametrization s is called the parametrization by arc length.)

(¢) Find the length of the curve
R(s), 0<s<L.

3. Calculate the first order and second order partial derivatives.

(a) f(z,y) =32" — 2y +y. (©) f(z,y,2) = zsin(z —y).

(b) f(z,y) =%, (d) flz,y,2) = =",

4. Calculate.
(8) Find £,(0,€), f,(0,), fuy(0,€), Furu(0,€) and fuy.(0,¢) given that f(z,y) = e Iny,
(b) Find f,(0,37), f,(0,37), fyy(0,37) and fuysy (0, 27) given that f(z,y) = e % sin(z + 2y).
(c) Find f,(1,2), £,(1,2) and f..(1,2) given that f(z,y) = %

rTy

5. Show that the functions u and v satisfy the Cauchy—Riemann equations

up(z,y) = vy(z,y)  and  uy(z,y) = —va(2,y).

These equations are fundamentally important in the study of functions of a complex variable.

(a) u(x,y) =22 —y?% v(z,y) = 2zy. (Also compute (z + yv/—1)2.)

(b) u(x,y) = e* cosy; v(z,y) = e*siny.

(c) u(z,y) =+ In(z? + ¢?); v(x,y) = arctan %

(d) u(z,y) = %; v(z,y) = % (Also compute ;)
2 +y 2 +y (z+yv—1)

6. Let g be a twice differentiable function of one variable and set

flz,y) =g(z+y)+g(x—y).

Show that
0 _ oy

dr2  Oy?’



7. Let f be a smooth function of two variables. Show that

Pf _ Pf _ f

0220y  O0xdydxr  Oydx?’

8. Set

1'2 + y2
0, (z,y)

xT 2 —x2
f(x,y) = {y(y) (z,y) # (0,0),

(a) Find the second order partial derivatives of f.
(b) Show that
0% f
0xdy
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(0,0) # 5.5-(0,0).



