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The theory of Linear Algebra originated from the study of (systems
of) linear equations such as

p

x1+2xp —5x3 =0

\2X1— X2 =1

which is equivalent to the matrix equation

()

\xs/



Fundamental questions about an equation

@ Does a solution exist?

@ If a solution exists, how many solutions does the equation
have?

@ What are the precise solutions of the equation?



Existence problem for a linear system

Let T4 : R3 — R? be the map which takes

)

X = x | AX,
-
\X3) AK ?\[3
T
1 2 —5\). . :
where A = is the coefficient matrix of (2).
2 -1 0 -

Note that

solution of (2) exists <« b= 0 cim(Ta).



How many solutions
V@ has asl, dan AR<D

The solution set of (2) is a parallel transport of the solution set of
the corresponding homogeneous equation

"
1 2 -5 0
o | = (3)
2 -1 0 0
o) —
whose solution always exists.
Ia(RY= R
Note that
solution set of (3) = ker(Ta)

—_—
which is closed under scalar product and addition. From here, one
can see the importance of vector spaces and linear maps in the

study of linear systems.



Linear maps, vectors and linear systems
linear maps vectors linear system
Tx - ]1@—> R™ column vectors of A Ais an m X n matrix
b € im(Ta) b € span(columns) AX = b has a sol
Ta is onto span(columns) = R™ AX = b has a sol Vb € R™
T4 is one-to-one linear indep columns AX = 0 has a unique sol
ker T4 sol set of AX =0
dimim Ty dim span(columns) rank A (computable)
dim ker Tx :@ rank A size of sol set of AX =0

N



Success of Linear Algebra

Satisfactory answers to the 3 fundamental questions:

@ theoretical aspect: the table

@ computational aspect: row reduction algorithm

Relation between linear maps and matrices:

@ By a basis.

@ Matrix techniques apply to linear maps.



Linear Algebra is the foundation of other math theories:

Advanced Calculus: total differential = linear-map
approximation of the map around a point.
Differentiation: apply Linear Algebra to study local behaviors.

Differential Geometry: study complicated spaces by vector
spaces + gluing techniques

Abstract Algebra: modules, algebras, etc.

Applied Math: apply matrices to many problems (e.g.
algorithms, probabilities, graphs, etc.)

and more......



Main topics of the course

Main topic: tensor products and the relevant topics.

Other topics: several important constructions of vector spaces,
modules, algebras and matrix-valued functions.

Tensor product:

@ important in Algebra, Geometry, Physics, etc.
@ universal property = a kind of generalization of basis



