
Advanced Linear Algebra — Homework 4 (Fall 2022)

1. Recall that an element x in V ⊗W is called a simple tensor if x = v⊗w for some v ∈ V , w ∈ W . Show
that a simple tensor v ⊗ w ∈ V ⊗W vanishes in V ⊗W iff v = 0 in V or w = 0 in W .

2. Let V be a vector space over k. Construct isomorphisms between V , V ⊗k k and k ⊗k V . Justify your
answers.

3. Let V,W be vector spaces over R, and let v ∈ V and w ∈ W . Determine the following equations in V ⊗W
are true or false. Explain your answers.

(a) (v + w)⊗ (v − w) = v ⊗ v − w ⊗ w.

(b) (v + w)⊗ (v + w) = v ⊗ v + w ⊗ v + v ⊗ w + w ⊗ w.

(c) (v + 2w)⊗ (v + w) = v ⊗ v + w ⊗ (2w).

(d) (2v + w)⊗ (v + 3w) = 2 · v ⊗ v + 6 · v ⊗ w + w ⊗ v + 3 · w ⊗ w.

(e) (6v)⊗ w = (2v)⊗ (3w) = 2 ·
(
v ⊗ (3w)

)
= 6 · v ⊗ w.

(f) v ⊗ w + v ⊗ w = (2v)⊗ w = v ⊗ (2w).

(g) 2 · (v ⊗ w) = (2v)⊗ (2w).

4. Let v1, · · · , vn ∈ V and w1, · · · , wm ∈ W the vectors with the properties

V = span {v1, · · · , vn}, and W = span {w1, · · · , wm}.

Prove that
V ⊗W = span {vi ⊗ wj | i = 1, · · · , n, j = 1, · · · ,m}.

5. Let µ : R× R → R be the multiplication map, i.e.,

µ(x, y) = xy,

for any x, y ∈ R. Prove that there exists a linear map µ̃ : R⊗ R → R such that

µ̃(x⊗ y) = µ(x, y),

for any x, y ∈ R.


