10.

Complex Analysis — Homework 7

Read the topological definitions of fundamental groups and simply connected spaces.

. Let D be an open connected set in C. Show that, for any zg,z; € D, there exists a piecewise C' curve

v :[0,1] = D such that v(0) = zo and (1) = z;.

A set S is called star-like if there exists a point o € S such that the line segment connecting o and z is
contained in S for all z € S. Show that a star-like region is simply connected. In particular, every convex
region is simply connected.

. Let D = {z € C: z # 0} be the punctured plane. Show that the curve

v :[0,1] = D, y(t) = e*™*
is not homotopic to a constant curve.
Suppose that f is analytic in D = {z € C : |z| < 5,z # £2}, and that C, C}, Cs are the circles
C={4ei6:0§0§2ﬂ'}, (o ={—2—|—ew:0§0§27r}, C’gz{2—|—ew:0§0§27r}.
Show that
/ f(z)dz = f(z)dz+ f(z)dz.
C Cy Cs

Define a function f analytic in the plan minus the non-positive real axis and such that f(z) = z* on the

positive axis. Find f(4), f(—4). Show that f(Z) = f(z) for all z.
Suppose f(z) — oo as z — zg, where z( is an isolated singularity of f. Show that f has a pole at z.

Suppose f : C — C is an entire one-to-one function. Show that f(z) = az + b for some a,b € C.

1
Suppose f is analytic in the punctured plane z # 0 and satisfies | f(z)| < v/|z| + —=. Prove f is constant.
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https://en.wikipedia.org/wiki/Fundamental_group
https://ncatlab.org/nlab/show/simply%20connected%20space

