problem 10 in h.w. 6 :

Suppose f is analytic in the semi-disc: |z| < 1, Im z > 0, continuous on |z| < 1, Im z > 0, and real on the semi-circle

|zl =1, Im z > 0. Show that if we set

f(z), |2/<1, Imz>0,
9(z) =
f(1/2), |z >1, Imz>0,

then g is analytic in the upper plane { z € C | Im z > 0}.

10
FAMRFL AR B b G EF IR

bR AGDIR Y 0 iEE G gisanalyticon 2] <1, Imz >0 » A - 8 analytic 2 & & AEE T B &R
differentiable - + % [ 3% 237 BE5H1T analytic » F]¢* > 4% £ analytic on [2| <1, Im 2 >0 » H 5§ &4 analytic on an
open set containing |z| < 1, Im z > 0 » 4opt - %k > 1‘% #rZEHP analyticon |z] > 1, Imz >0 » #* 2 3] “gis
real on the semi-circle ”

ERERE EF o BB IERE g A semi-circle b enghid e B GEE > b oG LR it P ke
FA RIS R LR E A g U A 2| <

1, Imz>1 > ERafal” 4 Vv REEo

20

PAEAEe- B E AR P B RN R BB S AP RER S E SRS 0 £ * Schwartz F & 232 extend ¥
Y- s 2 f8f % P Sdhinverse i w ko RS EP EH Y kendBcTEED ¢ TR g

Ak BELA T - B RE: Let

S1={ze€C]||?z| <1, Imz> 0}, C={zeC||z|]=1,Imz>0}, Se={ze€C||z/>1, Im=z>0},
Dy ={zeC|Rez<0, Im z >0}, L={z€eC|Rez<0,Imz=0}, Dy={2€C|Rez<0, Im z <0},
S=5,UDUS;y, and D = D{ULU Ds.
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i
> is analytic at every z € C, z # —i, the function ¢(z) = i is an analytic on C\ {—i}
z+1 z+1

Since

For z € C, we have |z —i| < |z + | if and only if Im z > 0, therefore ¢(z) € D(0,1) if and only if z € S, and
p(z) € C\ D(0,1) if and only if Im z < 0, z # —i.

. B z—i o —i(w+1) 1 _ —i(w+1)
Solving w = ¢(z) = S e obtain z = o1 for w # 1, therefore ¢~ (w) = 1 defined on C\ {1}.
)z —i 2_1)—i2R
Since ¢(z) = (z = )(z 1) = (I=] ) — i 2Re Z, we have Im(¢(z)) > 0 if and only if Re z < 0, and hence ¢(D;) =

|z + 4|2 |z + 4|2
S1, ¢(D32) = Ss.
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we obtain that
h(e™'(2)) = [(1/2) = g(2)
for all z € S5.
= g(z) = h(¢~1(2)) for all z € S, and hence g is analytic on S. O
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Let z € S5. Then for w € S,

g(w) —g(z) _ f(/w) = f(1/2) _ (f(l/w) f(1/5)> .

w—z w—z w—z

Since f is analytic on S; and 1/z € S, we have

f/w) - f(1/z) _ f(1/w) - f(1/z) -1
(1/w) — (1/%2) WZ

w —

W

1
tends to f'(1/2) - — as w — 2.
z
’ — 1 . .
= ¢'(2) = f'(1/2) —, and hence g is analytic on Sa.
z
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For zg € C, z € 51, g|s,uc = f, by the continuity of f at zy, tends to 0 as z — zg.
1

Let T(z) = 1/2. Then for each 7 > 0 and each 6 € [0,2x], T'(re?) = r~'e*’, and therefore T'(z) = z for every z € C,
T(Sz) = 51, and T(Sl) = SQ.

Since g|s,uc = f o T|s,uc, which is continuous on Sy U C, we have g(z) — g(20) as z — zg, z € Sa.
For zg € C, since both of  lim g(z) and  lim g(z) are equal to g(zp), we have the continuity of g on C.
z—20, 2€ES2 z—20, 2€S2

Therefore ¢ is a continuous function defined on S.
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For a rectangle path I in S. Since g is analytic on S7 and on Ss, and continuous on S, the integral faR g(z)dz =0

for every rectangle R with R C S;UC or R C So UC.

Therefore we way assume I lies in { z 44y | (z,y) € [-1,1],(0,1] }, otherwise we may write [.g(z)dz as
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where 7, 71, 72, and 3 are as the following figure.
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We may also decompose fv into two parts as the following figure, then we estimate each part.
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Let T' = OR be a rectangular path, where R ={ z + iy | (z,y) € [a,b] X [¢,d]} C [-1,0] x (0, 1].

For a partition { xo,...,2, } With a = 29 < 21 < --- < z, = b of [a,]], let y; = ,/17173 for each j, and let

Ry ={x+iy| (z,y) € [tp—1, 2] X [yj-1,9;] }-
Then Ry ; C S1UC for k> jand Ry ; C S, UC for k < j.
= Jr9(z)dz =37, faRM g(2) dz.
Since g is uniformly continuous on R, for every € > 0, there are § > 0 such that
lg(z) — g(w)| < e Vz,we€R with |z—w| <.
Let the partition { xo,..., 2z } of [a,b] be chosen so that |z —w| < § for every z,w € R; ; for each j.

Let OR; ; = fyj(l) + 73(.2), 753),754), where *yj(k) are line segments as the following figure:
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Then
w;
[ o@ds [ =| [ gt i) - gt i) de
Vj Vj Tj—1
< [ oG+ gy — glo+ i) do
o
< / edr =e(x; —xj_1)
Tj-1
for each j.

Similarly, we have

<e(y; —yj-1)

[ o@ds [ o
Y Y

for each j.
= |[r9(2)dz| < e(b—a)+e(d—c) < 2e
Since € > 0 is arbitrary, the integral is 0.

Similarly for integrals of g on rectangular paths in [0, 1] x (0, 1], therefore the integral of g on every rectangular part

in S is 0.

By Morera’s theorem, g is analytic on S. O



