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Abstract

The asymptotic behavior of a sequence of improper integrals
/ f(z™)dz, asn — oo
1

is investigated, where f € C[1,00). Using Maclaurin series and Gamma function, we give the asymptotic
power series of this sequence of integrals with the assumption that lim 2?f(z) exists and finite. And
Tr— 00

some examples are presented.

1 Introduction

Asymptotic analysis, also known as asymptotics, is a method of describing the behaviour of limits. Asymp-
totic analysis has a wide range of applications in the fields of number theory, equations, algorithms, and
combinatorial mathematics [1].

Suppose that (2, ),>1 is a sequence of real numbers. The power series Z;io ¢jn~7 is called the asymptotic
power series of the sequence (z,)n>1 (cf. [2, p. 5, Definition 1]), provided, for every integer k > 0,

k
Cj 1
xn:E — +o0 — > as n — o0.
nJ n

Note that an asymptotic power series Z;io cjn’j does not necessarily converge, but such that taking any
initial partial sum provides an asymptotic formula for x,. The idea is that successive terms provide an
increasingly accurate description of the order of growth of z,,. We express the asymptotic power series of x,
in the following notation

One of the well-known results of asymptotic analysis of integrals is the Riemann-Lebesque lemma [3],

which gives the limit of z,, = f: f(z)g(nz)dx. Andrica and Piticari [4] extended this lemma, and gave the
first two terms of asymptotic power series of x,,.

The first two terms of asymptotic power series of y,, = fol f(z™)dx is obtained by Paltanea [5]. Later, all
terms of the asymptotic power series of y,, is obtained by Novac [6] with the assumption that f € C[0,1] be
differentiable at 0.
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The limit of z,, = fol f(z™)g(x)dz is given by Musuroia [7] with the assumption that f, g € C|0, 1]. Later,
the different limit of z, is presented by Andrica and Piticari [8] with the assumption that f,g € C[0,1] and
lir% @ exists. Recently, the asymptotic power series of z, is determined by Andrica and Marinescu [9],

where f, g satisfy the various conditions.
The limit of the sequence of proper integrals w,, = | la f(z™)dx for any a > 1, is provided by Andrica and
Piticari [10] with the assumption that lim zf(z) exists for f € C[1,00). An improper integral [~ f(z")dx
Tr—00

can be transformed into an integral of the form fol f(@™)g(z)dz. In fact, letting = 1/t, we obtain

/100 F@™)da = /01;2 (;) dt.

Due to the discontinuity of f (%n) at t = 0, it is not possible to use the result of Andrica and Marinescu in
[9] for the asymptotic expansion of the improper integral floo f(z™)dz. The key difficulty is how to extract
the parameter n from the integrand function in an asymptotic sequence form. Such an asymptotic expansion
intuitively characterizes those improper integrals which vary with n.

The purpose of this paper is to find the asymptotic power series of floo f@™)dz.

2 Main Results

Now we present the asymptotic power series of floo f(z™)dz.

Theorem 1 Suppose that f € C[1,00), lim x?f(z) exists and it is finite. Then

r—00

o] s Ci
/ f(x”)dxwzij, as n — oo,
1 ="

where co =0, ¢; = ﬁ floo log? ' (t) - @dt forj=1,2....

Proof. Define h : [1,00) — R, h(z) = z?f(z). Then h(z) is continuous, bounded and lim h(z) is finite.

T— 00

And we can find a constant M > 0 such that |h(z)| < M and |z f(z)] < M for all z € [1, 00).
Choose a fixed constant s > 1, and put ¢ = ™. Then we have

SN N AT (O SR B log (1)  f(#)
/1f(x )dx_ﬁ/1 tn'Tdt—E/l exp<n)'tdt.

Computing the Maclaurin series with the Lagrange form of the remainder for exp <loi(t)>, then there exists
6 € (0,1) such that, for K =0,1,...,

/s o — i/sn Xk: log (t) . log"** (1) exp (010g(t)) .@dt
1 1 J=0

jlni (k4 1)Ink+t n t

n

k n .

1 * 1ogj (t) f(t) 1 S kb1 0 f(t)

=D 1 T EPAC)
o jini+t /1 t di+ (k + 1)Ink+2 /1 og" " (1)t " dt,

Letting u = log(t), and by Gamma function [11], we obtain

> log? (¢ B ) .
/1 t2( )dt:/o uw -exp(—u)du =T(j +1) = jl.
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Then

> log! (t) f(t) ., [ log’ (1) ®log/ (t) .
/lfdt—/l : -t-f(t)dth/l Wi = wj

oo log

Consequently, the improper integral f Mdt is convergent. Letting s — oo, one has

k

Z M de — L [ log’ (1) (1)
/lf(m )dx—zj!nHl/ dt + Ry (n),

1

where the remainder

Ri(n) = m /1 log 1 (1) - 14 - @dt.

Now we should estimate this remainder.

1 Xlog"tt (1) sy
Rl = | | Lt R
1 long( t) ey
< g ) | b)a

_ M /oo logk:+1 ( )dt
= Tkt Dk P

M
nk+2’

Thus, we can obtain the asymptotic power series

k
J
fi e =30
=0
where o = 0, ¢; = 257 [ log? (1) - {4t for j =1,2,..., and |B,| < 1. m

3 Examples
In this section we give applications of our main theorem to two specific examples.

Example 1 Consider the asymptotic power series of

e 1
I, = —d
/1 22

€ [1,00), one can see that lim z2f(z) = 1. It follows from Theorem 1 that

r—00

Taking f(x) = I%H, x

oo

o 1 cj
fdxwg L asn— oo
1 X +2 — )
=

where co =0, ¢ = = 1), I IZ%;;+(2£))dx forj=1,2,....

Example 2 Consider the asymptotic power series of

o wn
Jn = ———d
n /1 x3n+$2n+1 z
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Taking f(x) = ssrsgy, then we have lim 22 f(x) = 1. It follows from Theorem 1 that
/1 m ~ Z as oo

where co =0, ¢ = = 1), I 1°§+z2(fl)dx forj=1,2,....

4 Conclusion

Our calculating presents the asymptotic power series of the integral sequence floc f(z™)da. This result is a

symmetric complement to Novac ([6]) ’s of fo ™dx.

Our results are important for those improper 1ntegralb that cannot be computed exactly. Our asymptotic
power series provides a complete and insightful description of the integrals as the parameter n varies.

In the next work, we will consider the asymptotic power series of the more general sequence of integrals

S fam)g(x)da.
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