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Abstract

The main aim of this paper is to introduce the concept of op-point in a dislocated b-metric space
and extend Weston’s characterization of metric completeness to dislocated b-metric spaces in terms of
op-point. We use this new characterization to obtain some fixed point results including the celebrated
Banach Contraction Principle in the framework of 0-complete dislocated metric spaces.

1 Introduction

In 1977, J. D. Weston [17] had characterized metric completeness in terms of the notion of d-point for
lower semicontinuous functions. After that, several authors successfully characterized metric completeness
in terms of fixed point theory (see [8, 9, 10, 11, 12, 15, 16]). In recent investigations, there exist a lot of
generalizations of the concept of metric spaces such as b-metric space, introduced by Bakhtin [2], partial
metric space by Matthews [7], and dislocated metric space by Hitzler et al. [5]. Combining the notions
of b-metric and dislocated metric, Alghamdi et al. [1] introduced another generalization which is called a
dislocated b-metric. They established some fixed point results in dislocated b-metric spaces. In this study,
our main purpose is to introduce the concept of op-point in dislocated b-metric spaces and extend Weston’s
characterization [17] in such spaces in terms of op-point. Finally, we apply this new characterization to
obtain some important fixed point results in O-complete dislocated metric spaces.

2 Some Basic Concepts

This section begins with some definitions, basic facts and properties which will be needed in the sequel.

Definition 1 ([2, 4]) Let X be a nonempty set and s > 1 be a given real number. A function d: X x X —
[0,00) is said to be a b-metric on X if the following conditions hold:

(i) d(z,y) =0 if and only if x = y;
(i) d(z,y) = d(y,x) for allx, y € X;
(133) d(z,y) <s(d(z,z)+d(z,y)) forallz,y, z € X.

The pair (X, d) is called a b-metric space.

It is worth noting that the class of b-metric spaces is effectively larger than that of the ordinary metric
spaces.
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222 0-Completeness in Dislocated b-Metric Spaces

Definition 2 ([14]) A partial b-metric on a nonempty set X is a function pp : X x X — [0,00) such that
for some real number s > 1 and all z, y, z € X:

Do1 v(¥,y) = po(z,y) <= 2 =y;

(Po1)
(Pv2)
(Pv3)
(Pba) < slpy(z, 2) + po(2, y)] — po(2, 2).

The pair (X, py) is called a partial b-metric space.

Taking s = 1 in the above definition, we get the definition of a partial metric space [7]. It is obvious that
if pp(z,y) = 0, then from (py1) and (pp2), it follows that z = y. However, © = y does not imply p,(z,y) = 0.

Definition 3 ([5]) Let X be a nonempty set. A function o : X x X — [0,00) is said to be a dislocated
metric (or a metric-like) on X if for any z, y, z € X, the following conditions hold:

(01) o(z,y) =0= 2z =y;

(02) oz, y) = o(y, z);

(03) o(z,y) <oz, 2) +0(2y).

The pair (X, o) is then called a dislocated metric (or metric-like) space.

It is valuable to note that a partial metric is also a dislocated metric but the converse is not true, in
general. The following example supports the above remark.

Example 1 ([13]) Let X = [0,1]. Then the mapping o : X x X — [0,00) deﬁned byo(z,y) =c+y—uazy

is a dislocated metric on X. But o is not a partial metric on X since p( % '5) =3 ﬁ o( % i =

_
wlen |

Definition 4 ([1]) Let X be a nonempty set and s > 1 be a given real number. A function op : X x X —
[0,00) is said to be a dislocated b-metric (or a b-metric-like) on X if the following conditions hold:

(@) op(z,y) =0 =z =y;
(1) op(x,y) = op(y,x) for allz, y € X;
(7i1) op(x,y) < s(op(x, 2) + op(2,y)) foralz, y, z € X.
The pair (X, op) is then called a dislocated b-metric (or a b-metric-like) space.

It is clear that every partial b-metric space is a dislocated b-metric space with the same coefficient s and
every b-metric space is also a dislocated b-metric space with the same coefficient s. However, the reverse
implications need not hold true, in general.

Example 2 ([6]) Let X =[0,00), p > 1 a constant, and op : X x X — [0,00) be defined by
ob(z,y) = ( +y)", Vo, y € X.

Then (X, 0p) is a dislocated b-metric space with coefficient s = 2P~ but it is neither a partial b-metric space
nor a b-metric space. Indeed, for any 0 < y < =, we have

0# op(z,7) = (z +2)" > (z +y)" = op(2,9)-
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Example 3 ([6]) Let (X,0) be a dislocated metric space and op(z,y) = (o(x,y))?, where p > 1 is a real
number. Then oy, is a dislocated b-metric with coefficient s = 2P~1,

Definition 5 ([1]) Let (X, 04) be a dislocated b-metric space with coefficient s, and let (x,) be a sequence
i X and x € X. Then

(7) (xn) converges to x if and only if lim, oo op(xn, x) = op(x,x). We denote this by lim,,_, x, = x or
Xy — x(n — 00).

(1) (x,) is Cauchy if imy, p—oo 0p(Tn, Tm) ezists and is finite.

(7i1) (X, 0p) is said to be a complete dislocated b-metric space if for every Cauchy sequence (x,) in X, there
exists x € X such that

lim op(Tp,zm) = lim op(z,, ) = op(z, x).

Definition 6 A sequence (z,,) in a dislocated b-metric space (X, o) is called 0-Cauchy if

lim op(xp,zm) =0.
n,m—00

The space (X, o) is said to be a 0-complete dislocated b-metric space if every 0-Cauchy sequence in X
converges to a point x € X such that op(x,x) =0, i.e.,

lim op(zp,Tm) = Um op(xy,,z) = op(z,z) = 0.

n,m—oo n—oo

Remark 1 The definition of a 0-complete dislocated metric space (X,0) can be obtained from the above
definition by taking s = 1.

Remark 2 If (X,0}) is complete, then it is 0-complete.

The converse assertion of the above remark may not hold good, in general. The following example
supports the above remark.

Example 4 The space X = [0,00) N Q with op(x,y) = max {z, y} is a 0-complete dislocated b-metric space
with coefficient s = 1, but it is not complete. Moreover, the sequence (x,) with x, = 1 for each n € N is a
Cauchy sequence in (X, 0p), but it is not a 0-Cauchy sequence.

3 A Characterization of 0-Completeness

Definition 7 Let (X, 04) be a dislocated b-metric space. A function ¢ : X — R is called lower semicontin-
uous if, for each sequence (z,) C X converges to a point x € X with op(x,x) = 0, we have

o(x) < liminf p(z,).

n—oo

Definition 8 Let (X, 0}) be a dislocated b-metric space with coefficient s > 1 and h: X — R be a function.
A point xog € X is called a oy-point for h if for every point x € X other than xq,

h(zo) — h(z) < éab(xo,x).

Taking s = 1 in the above definition, we get o-point in dislocated metric space (X, o). In case of metric
spaces (X, d), the above op-point reduces to d-point.
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Example 5 Let X = [0,00) and let op(z,y) = (x +y)?, Vz,y € X. Then (X,0p) is a dislocated b-
metric space with coefficient s = 2. Let h : X — R be defined by h(x) = x? for all x € X. Then,
h(0) — h(z) = —2? < %Ub(O,x) for every x € X with x # 0. Therefore, 0 is a op-point for h. We now
consider another mapping g : X — R defined by g(z) = I—; for all x € X. Then it is easy to verify that every
point of X is a op-point for g.

Theorem 1 If the dislocated b-metric space (X,o0p) with coefficient s > 1 is 0-complete then any lower
semicontinuous function h : X — R which is bounded below has a op-point.

Proof. For any point x; € X, we can construct a sequence (x,) in the following way:
For each n € N, let

cn = inf{h(z) : h(z,) — h(z) > icfb(glcn,;n), Ty # x}

52
and let x,,+1 be a point such that
h(.’L‘n) - h(anrl) > 5n+10'b(xn7-rn+1) (1)
and
h(pi1) < cp+n7h (2)

We now clarify that if the set {h(z) : h(zy,) — h(z) > Loy(zn, x), ©, # x} is empty, then for every z € X

other than z,,

1 1
h(zyn) — h(z) < ?Ub(xn,m) < gab(xn,a?).

So, in this case x,, becomes a o,-point for A and the theorem is proved. Therefore, we assume that the set

{h(x) : h(zy,) — h(z) > S%Ub(a?n,x), Ty, # T}

is nonempty.

In other words, in above construction, we have considered none of xz,, as a op-point for h. Because, if z,
is a op-point for h, then we have nothing to prove. It follows from condition (1) that the sequence (h(z,)) is
nonincreasing in R. Also, it is bounded below by assumed hypothesis. So, the sequence (h(z,,)) is convergent
and hence it is Cauchy.

For m > n, we have

h(@a) = h(@n) = hi@n) = h(@asr) + (@ns1) = (@)
R h(-Tme) — h(.’L‘m71) + h(l’mfl) - h(wm)

> §"[s0y(Tn, Tnt1) + 520, (Tnits Tnio)
Fo s ey (@0 T 1) + S™ T 0 (T 15 T )]
> 50p(Tn, Tnt1) + 8204 (Tnt1, Tni2)
o s oy (@0, 1) + 8™ oy (T 1, T
> op(Tp, Tm). (3)

Hence,
o (T, Tm) < h(zy) — h(Tm) — 0 as m, n — oo.

This proves that the sequence (z,,) is 0-Cauchy in (X, 0}). By 0-completeness of (X, 0y), it follows that the
sequence (x,,) converges to a point 2o € X such that op(2zg,x0) = 0. Thus, op(2y, o) — op(x0,zo) = 0. We
now compute that for each y € X,

op(20,y) < slop(xo, Tn) + ob(Tn, y))]-
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This implies that

op(zo,y) < slimsuplop(zo, Tn) + 0(Xn, y)] = slimsup op (24, y).
n—oo n—oo

Therefore, for each y € X, we have

. 1
lim sup o4 (zn, y) > —op(20,y)- (4)
n—00 S
From condition (3), it follows that
h(zy) < h(z,) — op(Tn, Tm) (5)

for all m > n. By using conditions (4), (5) and lower semicontinuity of the function h, one can obtain that
h(zo) < liminfh(z,,)
< liminf [h(x,) — 0p(Tn, Tm)]

m— 00

h(xn) — lim sup O—b(l‘na xm)

1
< h(zn) — —0op(Tn, 20)
s
for all n > 1. Thus,
1
h(zy) — h(zo) > gab(acn,xo) for all n > 1. (6)

If 20 is not a op-point for h, then for some x(# xo) € X, we have
(o) — h(a) > ~oy(z0,7) > 0 (7)
Using conditions (6) and (2), we obtain
h(z) < Mpyi1) + h(z) — hzo) < cn +n7" + h(z) — h(xo). (8)

In view of condition (7), we can choose n in such a way that condition (8) ensures that h(z) < ¢j.
From conditions (6) and (7), it follows that

h(zx,) — h(x) h(zy) — h(zo) + h(zo) — h(x)

Y

1
g[ab(mn; xo) + op(x0, )]

0,

\%

which implies that h(z,) > h(z). So, x, # z. Moreover,

h(zy) — h(z) > %[ab(xn,xo) + op(z0,x)] > S%Ub(l'n,{l}), T, # .

It now follows from the definition of ¢, that h(z) > ¢, which contradicts the fact that h(z) < ¢,,. Thus, zg
is a op-point for h. =
The following theorem is an immediate consequence of Theorem 1.

Theorem 2 If the dislocated metric space (X,o) is 0-complete then any lower semicontinuous function
h: X — R which is bounded below has a o-point.

Proof. The proof can be obtained from Theorem 1 by taking s=1. =
The following is the result of Weston [17].
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Theorem 3 If the metric space (X,d) is complete then any lower semicontinuous function X — R which
is bounded below has a d-point.

Proof. The result follows from Theorem 1 by taking o, =d. =

Remark 3 It is worthy to mention that the main result is obtained under the weaker assumption that the
gwen dislocated b-metric space is 0-complete. Moreover, the result remains valid in complete b-metric spaces
and 0-complete partial b-metric spaces.

4 An Application in Fixed Point Theory

In this section, we give an application of our main Theorem 1 in fixed point theory. We assume that (X, o)
is a dislocated metric space and h : X — R is a function.

Remark 4 When o and h are given, a relation “ < ” can be defined on X as follows:
x < y if and only if h(y) — h(z) > o(x,y).
This relation orders X. In fact, “ <7 is transitive, antisymmetric, but it is not reflezive.

Definition 9 A point z¢ in (X, 0) is said to be a minimal point w.r.t. < if and only if © <K x¢ implies
Tr = XZg-

Theorem 4 A point of X is a o-point for h if and only if it is a minimal point w.r.t. <.
Proof. Let zg € X be a o-point for h. Then,
h(zo) — h(z) < o(x,x0), ¥V z € X and = # xo. (9)

Now x < z¢ implies that h(zo) — h(z) > o(z,z0). This gives that © = zy. Because if © # zp, then by
condition (9) it follows that h(xo) — h(z) < o(z,z¢), a contradiction. Therefore, z( is a minimal point w.r.t.
<.

Conversely, let ¢ be a minimal point w.r.t. <. Then = < xg implies that x = xo. That is, x < x does
not hold for all x € X with © # xo. Therefore, h(xo) — h(x) < o(z, o) for all x € X with © # x¢. This gives
that zq is a o-point for h. =

Theorem 5 If a function f: X — X is such that it may be possible to choose o and h so that the relation
< has the property that fx # x implies fx < x, then any o-point for h is a fixed point for f.

Proof. Let xyp € X be a o-point for h. Then,
h(zo) — h(z) < o(x,x0), ¥V € X and = # xo. (10)
If fzg # xg, then by hypothesis fry < x¢ which implies that
h(zo) — h(fxo) = o(fxo,20),

which contradicts the condition (10). So, it must be the case that faxg = . This shows that zq is a fixed
point of f. m

We now apply Theorems 2 and 5 to prove Banach Contraction Principle in 0-complete dislocated metric
spaces.

Theorem 6 Let (X,0) be a 0-complete dislocated metric space and let f : X — X be a mapping satisfying
the following condition:

o(fx, fy) < ao(z,y) (11)

for all x,y € X, where 0 < o < 1 is a constant. Then [ has a unique fized point u(say) in X with
o(u,u) =0.
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Proof. Let h(z) = So(fxz,x), where # = 2= > 0 and z € X. We first show that h : X — R is a lower
semicontinuous function. Let y,, — y in (X, o) with o(y,y) = 0. Then, lim, o o(y,yn) = o(y,y) = 0. We
have to show that

h(y) < liminf h(y,).

n—oo

By using condition (11), we have

h(y) Bo(fy,y) < Blo(fy,yn) + 0 (Yn,y)]
B [a(fy, fyn) + U(fy7L7 yn) + U(yna y)]
Blaa(y,yn) + o(fynsyn) + 0 (Yn, )]

Bla+1)o(y, yn) + h(yn).

IAINA

This gives that,
h(y) < liminf h(y,).

n—oo

Thus, h is a lower semicontinuous function on a 0-complete dislocated metric space (X, o) which is also
bounded below. Therefore, Theorem 2 ensures the existence of a o-point u(say) for h.
We now show that fx # x implies fx < x. Let fx # x. By using condition (11), we obtain

h(z) = h(fz) = Blo(fr,z) - o(f’x, fz)]
B [O’(f:L‘,I’) - OLO'(fLE,LE)]
= fl-a)o(fz,z)
= o(fz,z).
Thus f satisfies the condition that fx # z implies fr < z. By applying Remark 5, it follows that the

o-point u for h is a fixed point for f in X. For uniqueness, let v € X be another fixed point of f. Then, by
condition (11), we get

Y]

o(u,v) = o(fu, fv) < aoc(u,v).

Since 0 < a < 1, it follows that o(u,v) = 0 and hence u = v.
Moreover, o(u,u) = o(fu, fu) < ao(u,u) gives that o(u,u) =0. ®
We now give an example in support of the above theorem.

Example 6 Let X =[0,1] and 0 : X x X — [0,00) be defined by
o(z,y)=x+y, Yo,y € X.

Then (X, 0) is a 0-complete dislocated metric space. Let f : X — X be defined by

2
fﬂc:L, Ve € X.

1+
Then,
22 Y2
oz fy) = fotly=11 410y
T n y
= x [ —
1+=x 1+yy
1
< §(fﬁ+y)
1
= ia(xvy)

for all xz,y € X. Therefore, all the conditions of Theorem 6 hold good and 0 is the unique fized point of f
in X with 0(0,0) = 0.
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Remark 5 [t is valuable to note that the last result of this section is obtained under the weaker assumption
that the given dislocated metric space is 0-complete.
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