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Abstract

Building on recent advancements, this paper introduces the concepts of | and |*-convergence of
sequences in neutrosophic 2-normed spaces, offering a novel generalization of statistical convergence in
summability theory. We explore key properties and unveil the intricate relationship between these two
innovative concepts. Also, we introduce and delve into the concept of | and |*-Cauchy sequences for
sequences, demonstrating the pivotal role of condition (AP) in understanding their interrelationship.
Additionally, we establish that every N2-NS is complete in connection with an ideal within this specific
framework.

1 Introduction

Zadeh [43] is the first prominent pioneering of the introduction of fuzzy set theory as an extension of
classical set theory. Since its inception, it has been continually refined and integrated across various fields of
engineering and science, including population dynamics [4], control of chaos [10], computer programming [12],
nonlinear dynamical systems [18], fuzzy physics [27] etc. An intriguing extension of fuzzy sets, introduced by
Atanassov [1], is known as intuitionistic fuzzy sets, which enhance the traditional fuzzy sets by incorporating
a non-membership function alongside the membership function. Over time, the concept of fuzzy set has
been fascinatingly expanded into new and innovative notions, often referred to as interval valued fuzzy sets
[42], interval valued intuitionistic fuzzy set [2], vague sets [3] and the evolution of fuzzy sets has sparked the
growth of numerous concepts in mathematical analysis. As a comprehensive generalization of these concepts,
Smarandache [36] defined a new idea named as neutrosophic set by introducing the indeterminacy function
to the intuitionistic fuzzy sets, i.e., an element of a neutrosophic set is characterized by a triplet: the truth-
membership function, the indeterminacy-membership function, and the falsity-membership function. In a
neutrosophic set, each element of the universe is defined by its specific degrees of these notions. The concept
of fuzzy normed spaces, introduced by Felbin [9] in 1992, evolved over the years with Saadati and Park’s
[37] introduction of intuitionistic fuzzy normed spaces in 2006, followed by Karakus et al.’s exploration of
statistical convergence [22] within these spaces in 2008, and Kumar et al.’s [23] in 2009 generalization to
ideal convergence. Later on, Bera and Mahapatra explored the notion of neutrosophic soft linear space [5]
and neutrosophic soft normed linear space [6]. Recently, Kirigci and Simgek [24] introduced neutrosophic
normed linear spaces and delved into the concept of statistical convergence, sparking further research into
different types of sequence convergence within these spaces. For additional insights, see [7, 17, 25, 26]. In
2023, Murtaza et al. [29] introduced the groundbreaking concept of neutrosophic 2-normed linear space, a
significant extension of neutrosophic normed space, and explored its statistical convergence and statistical
completeness.

The concept of statistical convergence in sequences was first introduced independently by Fast [8], Stein-
haus [33], and Schoenberg [34], expanding upon the traditional notion of ordinary sequence convergence.
Later, a significant advancement in statistical convergence arose with the introduction of J-convergence of

*Mathematics Subject Classifications: 40A35, 03E72, 46S40.
fDepartment of Mathematics, Vivekananda Satavarshiki Mahavidyalaya, Manikpara, Jhargram -721513, West Bengal, India
fDepartment of Mathematics, The University of Burdwan, Burdwan - 713104, West Bengal, India

134



R. Mondal and N. Hossain 135

sequences by Kostyrko et al. [20]. This concept is based on the notion of an ideal J, a collection of subsets of
the natural numbers. Since its introduction, this pivotal concept has been explored and expanded in various
directions by numerous researchers. [13, 14, 15, 16, 19, 28, 31, 32, 39, 40, 41].

Research on sequence convergence in neutrosophic 2-normed linear spaces is still in its early stages,
with limited progress made thus far. However, the studies conducted to date reveal a compelling similarity
in the behavior of sequence convergence within these spaces. So, keeping potential applicability of the
concept of sequence convergence in mind, within this specific framework, We have introduced the concept
of J-convergence of sequences, extending the existing ideas of statistical convergence. We have explored
several key properties of this newly introduced concept. Furthermore, we have defined the concept of
J-Cauchy sequences and demonstrated their equivalence to J-convergent sequences within neutrosophic 2-
normed spaces. Also, we have analyzed the equivalency of J*-convergence with comparing another pair of
sequences such that one of them is ordinary convergent and collection of those n € N such that another
sequence not coinciding with zero element belongs to an ideal with respect to neutrosophic 2-norm.

2 Preliminaries

Throughout the paper N and R indicate the set of natural numbers and the set of reals respectively. First
we recall some basic definitions and notations.

Definition 1 ([20]) A family I of subsets of a non empty set X is said to be an ideal in X if the following
conditions hold:

1. 0 e7;
2. A,B €7 implies AUB € J;
3. A€T and B C A implies B € 7.
An ideal J is called non trivial if X ¢ J and J # 0.
Definition 2 ([20]) A non trivial ideal 3 C 2% is called admissible if {{z} : x € X} C J.

Definition 3 ([20]) A non empty family F of subsets of a non empty set X is called a filter in X if the
following properties hold:

1. 0 ¢ F;
2. A,B € F implies ANB € F;
3. AeTF and A C B implies B € F.

If J € 2% is a non trivial ideal then the class F(J) = {X\ A : A € J} is a filter on X which is called filter
associated with the ideal J [20].

Definition 4 ([20]) An admissible ideal 3 C 2V is said to satisfy the condition (AP) if for every countable
family of mutually disjoint sets {A1, Aa, ...} belonging to J there exists a countable family of sets {B1,Ba,...}
such that the symmetric difference A; AB; is finite for each i € N and |J;—, B; € J.

Definition 5 Let X C N. Then the natural density of X, denoted by §(X), is defined as

§(X) = lim l|{k <n:keX},

n—oo N

provided the limit exists, where the vertical bars denote the cardinality of the enclosed set.
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Definition 6 ([35]) A binary operation O : [0,1] x [0,1] — [0, 1] is named to be a continuous t-norm if the
following conditions hold.

1. O is associative and commutative;

2. O is continuous;

3. 201 =z for all x € [0,1];

4. 20y < 20w whenever x < z and y < w for each x,y,z,w € [0,1].

Definition 7 ([35]) A binary operation { : [0,1] x [0,1] — [0,1] is named to be a continuous t-conorm if
the following conditions are satisfied.

1. $ is associative and commutative;

2. & is continuous;

3. 200 =z for all x € [0,1];

4. 2Oy < 20w whenever x < z and y < w for each x,y,z,w € [0,1].
Example 1 ([21]) The following are examples of t-norms:

1. 20y = min{z,y};

2. xly = z.y;

3. z0y = maz{x +y — 1,0}. This t-norm is known as Lukasiewicz t-norm.
Example 2 ([21]) The following are examples of t-conorms:

1. 2y = maz{x,y};

2. xQy =z +y—xy;

3. Oy = min{x + y,1}. This is known as Lukasiewicz t-conorm.

Lemma 1 ([37]) IfO is a continuous t-norm, < is a continuous t-conorm, r; € (0,1) and 1 <1 <7, then
the following statements hold:

1. If ry > 7o, there are r3,r4 € (0,1) such that r10rs > o and r1 > rory;
2. If r5 € (0,1), there are r¢,r7 € (0,1) such that r¢Urg > 15 and r5 > r7Or7.
Now we recall the notions of 2-normed space and neutrosophic 2-normed space.

Definition 8 ([11]) Let Y be a real vector space of dimension d, where 2 < d < co. A 2-norm on'Y is a
function |.,.]| : Y x Y — R which satisfies the following conditions:

1. ||z,y|| =0 if and only if x and y are linearly dependent in Y;
2. ||z, yll = ly, z|| for all x,y in Y;

3. |lax,y|| = || ||z, y|| for all a in R and for all z,y in'Y;

4. Mz +y, 2l <z, 2l + |ly, 2| for all z,y,z in'Y.

Example 3 ([38]) Let Y = R*. Define |-,-|| on R? by ||z,y|l = |z1y2 — z2m1|, where x = (z1,22),y =
(y1.92) € R®. Then (Y, ]-,-|) is a 2-normed space.
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Definition 9 ([29]) Let W be a vector space and
Ny = {((e,f),fR(e,f),S(e,f),‘T(e,f)> : (67](.) €W X W}

be a 2-normed space such that No : W x W x RT — [0,1]. Suppose O and < are continuous t-norm and
t-conorm respectively. Then the four tuple X = (W, Ny, O, ) is named to be neutrosophic 2-normed space
(N2-NS) if the following conditions hold for all e, f,g € X, n,{ >0 and 8 # 0.

1. 0<R(e, f;m) <1,0<8(e, f;m) <1 and 0 < T(e, f;n) <1 for every n > 0;
R(e, f3m) +8(e, f3m) + T(e, f;m) < 3;
R(e, f; 77) =1 iff e and f are linearly dependent;
R(Be, fin) = Rle, f; ) for each B 0;
Rle, fim)OR(e, g5 ¢) < Re, [+ gin+C):
R(e, f;-) : (0,00) — [0, 1] is a non-increasing function that runs continuously;
hmn%oc CR<67 fim)=1;
R(e, fim) = R(f,esm);

.%.OON.@:F”%‘\PSN

S(e, f;m) =0 iff e and f are linearly dependent;

8(Be, fin) = 8(e, f; 1) for each B #0;

8(e, f;m)08(e,95¢) = 8(e, f +g;n+();

12. 8(e, f;+) : (0,00) — [0,1] is a non-increasing function that runs continuously;
13. lim, o0 8(e, f37) = 0;

14. S(e, fim) = 8(f,esm);

15. T(e

16. T(Be, f3m) = T(e, f; k) for each B #0;

17. T(e, f;m)0T (e, 9:¢) = T(e, f + gim +C);

18. Tle, f;-) -

19. lim, o0 T(e, f31) = 0;

20. T(e, fim) = T(f,esm):

21. If n <0, R(e, fin) =0, S(e, fim) =1, T(e, fin) = 1.

In this case, No = (R, 8,T) is called neutrosophic 2-norm on 'W.

~
S

11.

G 77) =0 iff e and f are linearly dependent;

(0,00) — [0,1] is a non-increasing function that runs continuously;

Definition 10 ([29]) Let {l,}nen be a sequence in a N2-NS X = (W,N3,00,$). Choose € € (0,1) and
1> 0. Then, {l,}nen is named to be convergent if there exists a ng € N and lo € W such that

R(lp —lo,z3m) >1—e, S8(ln—1lo,z;m) <e and T(l, —lo,2z;m) <€
for alln > ng and z € X which can be said that

lim R(l, —lo,z;nm) =1, lim 8(I, —lo,2z;m) =0 and lim T(l, —lo,2;m) = 0.

n—oo n—o0 n—oo

In this case we write Ny — lim,,_.o0 I, =l o7 1, Nz, lo and ly is called Na-limit of {1, }nen.
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Definition 11 ([29]) Let {lx}ren be a sequence in a N2-NS X = (W,N2,00,). Choose € € (0,1) and
1> 0. Then, {l;}ren is said to be statistically convergent to £ if the natural density of the set

Ale,n)={k<n: Rl —&zn) <l—cor8(lx—&zn) >cand T(lp — & 2z;m) > €}
is zero for every z € X i.e. §(A(g,n)) =0.

Definition 12 ([29]) Let {l,}nen be a sequence in a N2-NS X = (W,N3,00,$). Choose € € (0,1) and
n > 0. Then, {l,}nen is named to be Cauchy if there exists mg € N such that

R(lp —lmyz;m) >1—¢, 8(lp —lm,2z3m) <e and T(l, —lm,z;m) < e
for all n,m > mqg and z € X.

Definition 13 ([29]) Let {lx}ren be a sequence in a N2-NS X = (W,No,0,), € > 0 and n > 0. Then,
{lg}ken is named to be statistical Cauchy if there exists ng € N such that

1
lim — {k <n:R(lg —lny,2;m) <1—¢ or Sl — lng,2;m) =€ and T(ly — ln,,2;m) > €} =0

n—oo N

for every z € X or equivalently the natural density of the set
Ale,n) ={k <n: Rl —lng,z5m) <1 =€ or 8l —lng, 2;m) > € and T(ly, — lny,23m) > €}

is zero, i.e., §(A(e,n)) = 0.

3 Main Results

Throughout this section J stands for an admissible ideal of N. Y, Ny and X stand for 2-norm, neutrosophic
2-norm and neutrosophic 2-normed space respectively unless otherwise stated. First we introduce the notion
of J-convergence in neutrosophic 2-normed spaces.

Definition 14 Let {l,}nen be a sequence in a N2-NS X = (W, No,0,). Then, {l,}nen is named to be
J-convergent to & € W if for each € € (0,1) and n > 0 the set

{neN:R(I,—&zn) <l—cor8(l,—&zn) >cand T, — & z;m) >e} €7

for every z € X. In this case, we write J(Na) — lim,, oo l, =& or 1, IN2), ¢ and & is called I(No)-limit of

{ln}nen
We now present a demonstration of this concept by the following example.

Example 4 Let W = R? and (R?,||,-,||) be a 2-normed space with 2-norm defined as in Ezxample 5. We
take t-norm and t-conorm as alJb = ab and ab = min{a + b, 1} for a,b € [0,1]. Let J be a class of subsets
of N such that natural density of each subsets is zero. Then, J becomes a non trivial admissible ideal on N.
Now choose € € (0,1) and z,y € W,n > 0 with n > ||z,y||. Now we consider

.y .yl
=———— TJ(x,y;mn) = ——.
iy Py R Lk e

Then No = (R,8,7) is a neutrosophic 2-norm on W and the four tuple X = (W,No,[0,) becomes a
neutrosophic 2-normed space. Now we define a sequence {l }neny € X by

-

n
Rz, y;m) = ———, S(z,y;m) =
@y = ey @y

,0) ifn=m?(m € N),
,0)  otherwise.
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Now for z € X and £ = (0,0), we have
Ale,m) = meN:R(U,—&zn) <l-cor8(l,—&zn) >e,Tl,—&z;n) > e}
= {neN:n=m?}.
Since ({n € N:n=m?}) =0, A(e,n) € J.
From Definition 14, we can easily prove the following lemma. So, we omit details.

Theorem 1 Let {l,}nen be a sequence in a N2-NS X = (W, Ny, 0, ). Then, for each e € (0,1),7 > 0 and
for every z € X the following statements are equivalent:

1. I(Ng) = limy, oo b, = &;
2. {neN:R(I,—&zn) <1-cted, {neN:8(,—&zn) >ct€Tand{n e N:T(,—¢& zn) >} €J;
3. {neN:R(U,—&zn)>1—cand 81, — &, z;m) <&, T(l, — &, z3m) <e} € FI);

4. {neN: R, =& zn) >1-e} €FI),{neN:8(,-&zn) <ec} € FI) and{n e N: T(l,,—-& z;n) <
e} e F(J);

5. I(N2)—limy, 0o R(1n—&, z;m) = 1, I(N2)—lim,, .00 8(1,—E, 2;m) = 0 and I(N2)—limy, 0o T, =€, 23 1) =
0.

Limit of a sequence-convergence is very important tool in mathematical analysis. So, keeping this fact
in mind, we exhibit the uniqueness of J-limit of a sequence in relation to Ns.

Theorem 2 Let {l,,}nen be a sequence in a N2-NS X = (W, Ny, 0, ). If INg) — limy, o0 by, = &, then
IJ(Na)-limit of {ln}nen is unique.

Proof. If possible, let J(No) —lim,, o0 I, = £ and I(Ng) — lim,, o0 I, = @ with £ # «. For a given ¢ € (0, 1),
choose o € (0,1) such that (1 —0)0(1 —0) > 1—¢ and 0o < . Then, for every > 0 and z € X, the sets

{nEN:R(Zn—@z;n) <1l—ocor8(l,—¢&zmn) >0 and ‘T(ln—f,z;g) 20} eJ

and
{neN:R(ln—a,z;n) <l-oor8(,—a,zmn) >oand T(ln—g,z;g) 20} ed.

Consider the sets
Bri(o,n) = {nGN:fR(ln—ﬁ,z;g) <1l-o};

Bro G,U):{neN:R(ln—a,z;g)Slfg};

Bsi(o,m) = {n € N:8(ly — € 259) > o);
Bsa(o,m) = {n € N:8(ly — . 259) > o;
Bri(o.n) = {n € N: T(ly — €21 5) > o);
Byo(o,n) = {n € N: T(l, — v, 2 g) > o}

Then, by Theorem 1, we have all of Bg1(c,n), Bra(c,n), Bsi(o,n), Bs2(o,n), Byi(c,n), Bya(o,n) belong
to J. Let

Bx.s,7(0,m) = [Bxi(o,n) UBx2(c,n)] N [Bsi(c,n) UBs2(a,n)] N [Bri(o,n) U Bya(o,n)].

Then, Bx s,7(c,n) € J. Hence, B s 5(0,n) € F(J). So, let k € B 5 5(0,n). Then, there arise three possible
cases:
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1. k€ B, (o,n) N BG,(0,m).

2. k € Bg, (o,

1
(o,m) N Bgy(0,n).
3. k€ BS (o,m) NBSy(o,m).
1

If k € BG,(0,n) N BS,(0,m), we have
R(E —a,z:m) > R(ly — €, 2 g)DfR(lk — o,z g) >(1-0)01-0)>1—c.

Since ¢ > 0 is arbitrary, we have R(§ — «, z;1) = 1 which yields £ — a = 0 ie. £ = a. If we take
k€ Bg,(o,m) NBgy(o,n), we get

S(€—a,z;m) < S(ly — €, 2 g)osuk — o,z g) < oo <e.

Since € > 0 is arbitrary, we get 8({ — «, z;1) = 0 which yields £ —a = 01ie. { = a. For k € B, (o,n) N
36’2(03 77)7
T(€ — o zim) < Tl = 6,2 ) 0T — @,z 9) <000 <e.

Since € > 0 is arbitrary, we get 8(§ — a, z;1) = 0 which gives £ — a = 0 i.e. £ = «. This contradicts the fact
¢ # a. Therefore, J(N2)-limit of {l,, },en is unique. =

Now, we find out the relationship between ordinary convergence and J-convergence with regard to Na.

Theorem 3 Let {l,}nen be a sequence in a N2-NS X = (W, Ny, 0,0). If 1, Mo, lo, then 1, JMNa), lo.

Proof. Since I, RAER lo, for every € € (0,1) and n > 0 there exists ng € N such that R(l,, — lo,z;n) > 1 —¢,

S(ln —lo,z;m) < e and T(I,, — lp, z;m) < € for all n > ng and z € X. This shows that
{neN:R(U, —lo,z;m) <1—cor 8y, —lo,z;m) > &, Tl —lo,z;m) > e} C{1,2,...,m0—1}.
Since J is an admissible ideal and {1,2,...,n9 — 1} € J,
{neN:R(, —ly,z;n) <1—cand 8(l,, —lo,z;n) > ¢,T(,, —lo,z;m) > e} €7J.

Therefore, 1, JMNa), lp. m

Remark 1 The converse of Theorem 3 is not true. If we take the same neutrosophic 2-normed space X
defined as in Example J and a sequence {l,}nen € X given by

Lo (n,0) if n=k*keN),
"7 (0,0)  otherwise.

Then, {l,}nen is I(Na)-convergent to (0,0) € X, but it is not ordinary convergent with respect to Ny on 'W.

We shall explore that J-convergent sequences with respect to No obeys the algebras of J-limits in the
following theorem.

Theorem 4 Let W be a real vector space. Let {l,}nen and {p,}nen be two sequences in a N2-NS X =
(W, No,0,). Then, we have

1. If INo) — limy— oo Iy = lo, I(N2) — limy,—0o P, = po and I(Na) — limy, oo Iy + pr. = lo + Po-
2. If I(Ng) — limy, 00 I, = lo, I(N2) = limy, o0 B, = Blo for each 5 # 0.
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Proof. For a given ¢ € (0,1), choose o € (0,1) such that (1 — o)1 —0¢) > 1 —¢ and 00 < e. Since
I(Ng) — limy, o0 Iy = lp and I(Ng) — lim,,—, o pr, = po, then for every nn > 0 and z € X, the sets

{nEN:R(Zn—lo,z;g) <l-ocor S(ln—lo,z;g) > o and ‘T(ln—lo,z;g) 20} €J

and

{n € N: R(pn — po, 2; g) <1—o0or 8(pn — po, 2 g) > o and T(p, — po, 2; g) > a} €.
Let

Ax s.5(0,n) = [Az1(o,n) UAg2(o,n)] N [Asi(o,n) UAsz(o,n)] N [Agi(o,n) UAse(o,n)]
where

Azi(m) = {n € N: R(lp = lo, %5 9) < 1= 0};
Asz(.m) = {n € N: Rip, —po.z:5) < 1—o};
Asi(o,n) = {n € N:8(ln—lo, %) = o};
Asa(o.n) = {n € N:8(ps —po,z 3) > o);
Azi(o,m) ={n € N: Tl —lo,%59) = o};

Q) >0}

-ATZ(UW) = {Tl eN: T(pn — Po, =5 5/ =

By Theorem 1, we get Ags,7(0,n) € J. Then, A% g 5(0,m) € F(J) and hence A 5 5(0,m) # 0. So, let
n € A% s 5(0,n). Then, we have

Rl +pa = (o +po)zim) > Rl = lo, 2 )OR (P — po, =4 5)
> 1-—0)0(1-0)>1—c¢,

8(ln +pn — (lo+p0),z3m) < S(Zn—lo,Z;g)OS(pn—po,Z;g)

< oo <e,
and

T(ln+pn—(lo+po),zin) < T(n—lo, 2 g)OT(pn — Do, Z; g)

< oo <e.
This shows that
{n eN:R(lp + pn — (lo +po),z;m) <1 —cor 8(ln +pn — (lo+po),2;m) > €

and
Tl +pn— (lo+p0),2m) > e} CArs7(0,n).

Consequently

{n € N:R(ln +pn = (lo +po), 25m) 1= or 8(Un +pn — (lo +po), z3m) > €
and T(ln, + pn — (lo +po), z;m) > e} €J.

Therefore, J(Na) — lim;, 00 Uy, + pn = Lo + Po-
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Since J(N2) — limy, o I, = lo, then for every € € (0,1),n7 > 0 and z € X the set

{nEN:ﬂ%(Zn—lo7 —)<1—¢eor 8, —lo, 2 )>Eand‘3'(l l07z;|g)>5}63

18] 18]

i.e.
{n e N: R(BL,, — Blo,z;m) <1 —¢ or 8B, — Blo,z;n) > € and T(Bl,, — Blo,z;m) > e} € 7.

Therefore, 3(N3) — lim,, o 8l,, = Blp. This completes the proof. m

Now, we proceed with the notion of J*-convergence in a neutrosophic 2-normed space X.
Definition 15 Let {l,}nen be a sequence in a N2-NS X = (W, No,0,). Then, {l,}nen is named to be
J*-convergent to & € X with regards to Ny if there exists a set X = {m3 <mg < --- <my < ---} CN such
that X € F(J) and Ny —limy o0 lim,, = &. In this case, we write 7*(Na) — lim,, oo l, =& o1, JT(N2), ¢ and
¢ is called T*(Na)-limit of {ln}nen.

We establish the intricate relationship between the two innovative concepts of J and J*-convergence using
the condition (AP) in neutrosophic 2-normed spaces.

Theorem 5 Let {l,,}nen be a sequence in a N2-NS X = (W, N2, 0,). If I*(Ng) — limy 00 Iy, = &, then
I(Na) — limy o by = £.

Proof. Since J*(N2) — lim, o I, = &, there exists a set X = {m; < ms < -+ < my < ---} C N such
that X € F(J) and No — limg 00 b, = £ i.e., for every ¢ € (0,1),7 > 0 there exists ng € N such that
R, — & 25m) > 1—,8(lm, —&,25m) <& and T(m, — & 2z;m) < e for all k > ng and z € X. So,

{mi e N: R(lyn, — &, 2;m) <1—c€or 8(lm, —& 2;m) >cand T(ly,, —& 2;m) > €}

C {ml,mg, R ,mno_l} .
Now, let H = N\ K. Then, we have

{neN:R(I, —&zn)<1l—cor 8, —& z;m) >ecand T(l,, — &, 2;m) > €}
CJ‘CU{ml,mQ,...,mno,l}.

Since J is an admissible ideal, therefore
{neN:R(I,—¢&zn)<l—-cor8(,—&zn) >ecand T, — &, 2z;mn) > e} € 7.
This shows that J(Ng) — lim, oo l, = €. ®

Remark 2 In general, the converse of Theorem 5 is not true which can be illustrated by the following
example.

Example 5 We consider the neutrosophic 2-normed space defined as in Ezample /. Let N = J, D; be a
decomposition of N such that for any p € N each D; contains infinitely many i's where i > p and D;ND, =0
whenever © # p. Let J be the class of all subsets of N which intersects only a finite number of Dis. Then J
becomes a non trivial admissible ideal of N. Now we define a sequence {ly}ren € X by Iy = (3,0) if k € Dy.
Now for z = (21, 22) and £ = (0,0) we have

n "
Rk =& zm) = = — 1,
n+ k2l 0+t

Mzl Jeold
T2l 4+~ 7+ |0

—0
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a2l _ Jeal
n n

Since I is an admissible ideal, therefore J(Na) — limg_, 00 I, = &.

Now, if possible, let 7*(N2) — limg_,o0 I, = &. Then, there exists a set K ={ky < ko < -+ <kp <---} C
N such that KX € F(J) and Ny — limy,—oo I, = &. Since K € F(J), there is M € T such that N\ X = M.
Now by the construction of J, there is j € N such that M C U D;. But then D11 C X and therefore
lg,, = (j41-17 0) for infinitely many k,, € KX which contradicts Ny — hmmHoo = &. Therefore, {li}ren is
not J*(Na)-convergent to £ € X.

— 0 as k — oo.

Tl =& 2m) =

Generally, a question arises that uder which condition does the converse of the Theorem 5 hold good?
The following theorem establishes this important fact.

Theorem 6 Let {l,,}nen be a sequence in a N2-NS X = (W, Ny, [0, ). If T satisfies the condition (AP) and
I(Na) — limy o by = &, then 3*(Ny) — limy, oo Iy = £.

Proof. Suppose that J satisfies the condition (AP) and J(N2) — lim,, o0 I, = & Then, for each € € (0,1)
and n > 0, the set

{neN:R(I, —&zn) <l—cor8(,—&zn) >cand T, — & 2z;m) > e} €7

for every z € X. Now, we define

- Or =
1+ j+1

1 1
AjZ{neNil—‘<R(ln—§,zm)<1— <8(ln — & zm) < - and
j j

1 1
?<T( =& zm) < j}~

Clearly {A1, A, ...} is countable and pairwise disjoint and each A; € J. Since J satisfies the condition (AP),
there exists a countable family {B1, Bo, ...} of subsets of N belonging to J and A; AB; is finite for each ¢ and
H =, B; € J. Now from the associated filter of J there is M € F(J) such that M = N\ J{. It is sufficient
to prove the theorem that the subsequence {l,},enm is convergent to & with respect to Ny. Let ¢ € (0,1),
1 >0 and z € X. We choose ng € N such that nio < ¥. Then, clearly

{neN:R(I,—¢&zn) <1—-90o0r8(,—&zn) >9and T(l, — & z;m) >0}

C{nGN:fR(ln—g,z;n)gl—lorS(l —&,z 77)>iand’J'( —&, 2 17)21}
no g no

no+1

c J A
=1

Since A;AB;, i =1,2,...,n9 + 1 are finite, there is py € N such that
no+1 no+1
(U ’Bi>ﬂ{n€N:n>pU}:<UAi>ﬁ{n€N:n>p0}. (1)
i=1 i=1

Now, if n > pg and n € M, n ¢ |[J/°" B;. So, by equation (1), n ¢ [JI°7"A;. Therefore, for every n > po
and n € M we get R(l, — &, z;m) > 1 =9, 8(I, — &, 2z;m) < and T(l,, — &, z;m) < ¥ for every z € X. Since
¥ € (0,1) is arbitrary, we have J*(N3) — lim,,_,o I, = & This completes the proof. m

Now, we discuss on the equivalency of J*-convergence with comparing another pair of sequences such
that one of them is Na-convergent and collection of those n € N such that another sequence not coinciding
with zero element belongs to an ideal with regard to Nj.
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Theorem 7 Let {l,}nen be a sequence in a N2-NS X = (W, Ny, [, ). Then, the following statements are
equivalent:

1. 9 (Na) = limyy oo I = &.

2. There exist two sequences {t,}nen and {wytnen in X such that l, = t, + wy, t, N, ¢ and {n € N:
wy, # 0} €7, 0 being the zero element in W.

Proof. First suppose that (1) holds. Then there exists a set X = {m; < may < --- <my < ---} C Nsuch
that X € F(J) and Ny — limp 00 Iy, = & i€,

Ry =& zm) >1—¢€, 8(ln— & 25m) <eand T(l, — & z3m) < ¢ (2)
whenever n € K. Now we define the sequences {t, }nen and {wy, }rnen as follows:

mnsy .f )
{ = l 1 neX 3)
¢, ifn e Xe,

and wy, =1, —t,¥n € N. Let € € (0,1) and n > 0. Then for each n € X¢ and z € X we have
fR(tn 75,2;77) ::R(evz,n) =1>1 — &,

S(tn —&,2m) =8(0,z;m) =0 < ¢

and
Ttn —&2;m) =T(0,2;m) =0 < e.

Therefore, using (3) and (2) we get ¢, Xz, &. From (3) we have

{neN:t, #1,} CX°
= {neN:l,—t,#0} CX°
= {neN:w, #0} C X"

Therefore {n € N: w, # 6} €.
Assume that the condition (2) holds. Then, clearly the set {n € N : w,, = 0} € F(J) must be infinite.

Let X = {n € N: w, = 0}. Since t, Na, & and t, =1, for n € K, No — limpex noooln = £ Hence
J*(N3) — limy, o0 1, = €. This completes the proof. m

Now, we define the notion of J-Cauchy sequence and nurture it with convergence in ideal context within
neutrosophic 2-norm.

Definition 16 Let {l,,}nen be a sequence in a N2-NS X = (W,N2,0,0) and € € (0,1),n > 0. Then,
{ln}nen is named to be I-Cauchy with regard to No if there exists ng = no(e) € N such that the set

Ale,n) ={n eN: R, —lny, 2;m) <1—€ or 8l —ln,,25m) > € and T(ly, — lp,,25m) > e} €7
for every z € X.

Definition 17 Let {l,}nen be a sequence in a N2-NS X = (W,N2,0,0). Then, {l,}nen is named to be
J*-Cauchy with regard to Ny if there exists a set X = {m; <mg < -+ <my < ---} CN such that X € F(J)
and the subsequence {l,,, } is an ordinary Cauchy sequence with regard to Na.

Theorem 8 Let {l,}nen be a sequence in a N2-NS X = (W, N2, 0, 0). If {ln tnen is T*-Cauchy with regard
to Ny then {l, }nen is I-Cauchy with regard to Na.

Theorem 9 Let {l,,}nen be a sequence in a N2-NS X = (W, Ny, [0, ). If T satisfies the condition (AP) and
{ln}nen is I-Cauchy with regards to No then {l,, }nen is J*-Cauchy with regard to No.
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Theorem 8 and Theorem 9 can be proved in the line of Theorem 5 and Theorem 6 respectively. So, we
omit details.

Now, we proceed with the investigations of relation ship between J-Cauchy sequence and J-convergence
with respect to the neutrosophic 2-norm No.

Theorem 10 Let {l,}nen be a sequence in a N2-NS X = (W, N2,00,5). If {lntnen is I-convergent with
regards to No, then {l, }nen is I-Cauchy with regards to Na.

Proof. Let {l,}nen is J-convergent to £ € X and ¢ € (0,1) be given. Choose o € (0,1) such that
(1-0)0(1 —-0)>1—¢and 0{o < e. Then, for every n > 0 and z € X, the set

Ao, n) ={n e N:R(l, — &, 2 )<1—00r8( £7zg)>oand7( e )>a}eﬂ

Then A¢(o,n) € F(J). So A%(c,n) # 0. Then there is ng € A°(c,n). Now, we define
Ble,n) ={neN:R(l, —lng,2;m) <1—cor 8(ly —lny,2z;m) > € and T(l,, — Ly, 2;m) > €}.
It is sufficient to prove the theorem that B(e,n) C A(o,n). Let k € B(e,n). Then we get
Rl — lngz3m) <1 —cor S(l — lng,25m) > € and T(ly — lny, 2;m) > €

Case-i: We consider R(lx —ln,, 2;1) < 1—e. We show R(lp—§, 2z; ) < 1—0. If possible, let R(lx,—&, z; 2) >
1 — 0. Then, we have

1—e> Rk —lng,z;m) = Rk — &, 2; g)DfR(an —&,z g) >(1-0)d1—-0)>1-—c¢,

which is not possible. So we have R(Ix —§,2;4) <1 — 0. Hence k € A(o,7), i.e. B(e,n) C A(o,n).
Case-ii: We consider 8(ly — Iy, 2;1) > €. We show 8(I, — £, 2; %) > 0. If possible, let 8(Ip —&,2;3) < 0.
Then, we have

Egs(lk_lnnaz§n) Ss(lk—f,&g)os(lno &, 7; ) <J<>U<5

which is not possible. So we have 8(Iy, — &,2; %) > 0. Hence k € A(o,n), i.e. B(e,n) C A(o,n).
Case-iii: If we consider T(ly — ln,, 2;m) > € then in the similar way as Case-ii we can show that B(e,n) C

Ao, n).
Hence, {I,}nen is I-Cauchy with regard to No. This completes the proof. m

Theorem 11 Let {l,,}nen be a sequence in a N2-NS X = (W, N2, 00, ). If {in tnen is I-Cauchy with regard
to No, then {l, }nen is I-convergent with regards to Na.

Proof. Let {l,}nen is J-Cauchy with regards to Ny but not {l, }nen is J-convergent to £ € X with regards
to Na. Then for € € (0,1) and n > 0 there exists ng = ng(e) € N such that

Ale,n) ={n eN: R, —lny, zm) <1 —cor 8(ln —lny,z;m) > € and T(l, — Uy, 25m) >t €7
for every z € X. And,

fB(e,n):{nEN R, — &, 2; §)>1—50r8( —& 2= )<aand‘T( - &,z ) }EJ.

So, B°(e,n) € F(J). Since,
R(ln_lno7z7n>22y(l 57 2 )>1_€

and
S(ln, — lng,z3m) <28(l, — &, 2; ) <&,
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we see that T(l, —ln,,23n) < 2T(l, — &, 2;9) < e if

1—¢
2

9 9
(Sl = €.z9) < 5 and Ty &, 9) < 5.

:R(ln —&,z; g) >

This implies A°(e,n) € J which leads to a contradiction because {l,,}nen is J-Cauchy with regard to No.
Therefore, {l,}nen is J-convergent with regards to Ny. This completes the proof. m

Definition 18 A N2-NS X = (W, No, [0, ) is named to be I-complete with regard to No if every I-Cauchy
sequence is J-convergent with regards to Na.

Remark 3 In the light of Theorem 10 and 11, we see every neutrosophic 2-normed space is J-complete.

Conclusion and Future Developments

Incorporating the latest advancements, this paper has unveiled the innovative concepts of J(Ns) and I*(Na)-
convergence, presenting a groundbreaking generalization of statistical convergence within summability theory.
We have delved into the key properties and revealed the intricate relationship between these two pioneering
concepts using the condition (AP). In this work, we have explored the concept of J(N3) and I*(Nz)-
Cauchy sequences, highlighting the critical role of condition (AP) in understanding their interrelationship.
Furthermore, we have established the completeness of every N2-NS within this ideal-driven framework.
Research on sequence convergence in neutrosophic 2-normed linear spaces is still in its early stages, with
limited progress made thus far. Building upon the insights gained from this research, future studies may
extend this notion to encompass lacunary sequences and A-density, further exploring its connections to
multiple sequences within the framework of No. This concept can also be applied to convergence-related
challenges across various branches of science and engineering, offering valuable insights and solutions.
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