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Abstract

We define and study the Stockwell transform .7 associated with the Sturm-Liouville operator L :=
2
% % di’ where A is a nonnegative function satisfying certain conditions; and prove a Plancherel
x x
theorem and an inversion formula. We define a reconstruction function f, s, and we prove a Calderén’s
reproducing inversion formula for the Sturm-Liouville-Stockwell transform .#;. We introduce and study
the extremal function f;  := (nI +.7; %)~ #; (k), and we deduce best approximate inversion formulas

for the Sturm-Liouville-Stockwell transform 7.

1 Introduction

The Stockwell transform, also known as the windowed Fourier transform [3], or the Gabor transform [24] is
defined first by using translation, convolution and modulation operators of a single Gaussian to represent
one dimensional signal. The time-frequency resolution is usually associated with the Stockwell transform,
and recently this transform has become the focus of many works [7, 9, 24]. Another fundamental tool in
time-frequency analysis is the Sturm-Liouville-Stockwell transform, which is the aim of the present study.
We consider the second-order differential operator defined on (0, c0) by
> Az) d

_@4_ A(z) dx’

where A is a nonnegative function satisfying certain conditions. This operator plays an important role in the
analysis. For example, many special functions (orthogonal polynomials) are eigenfunctions of an operator
of L type. The radial part of the Beltrami-Laplacian in a symmetric space is also of L type. Many aspects
of such operators have been studied [2, 5, 23, 25, 26]. In particular, the two references [5, 23] investigate
standard constructions of harmonic analysis, such as translation operators, convolution product, and Fourier
transform, in connection with L.

In this paper, we consider the Sturm-Liouville transform

F(H) = / " oa@)f(@)A@@)dz, A >0,

where () is the Sturm-Liouville kernel given in Section 2 below. The Sturm-Liouville transform can
be regarded as a generalization of the Fourier-Bessel transform [14], the Fourier-Jacobi transform [11] and
the Fourier-Whittaker transform [21, 22]. Many results have already been proved for the Sturm-Liouville
transform %, for example, Bouattour and Trimeéche [4] proved a Cowling-Price’s theorem and Hardy’s
theorem, Daher et al. [6] established a Miyachi’s theorem, Ma [12] proved a Heisenberg uncertainty principle
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58 Reconstruction and Best Approximate Inversion Formulas

and Soltani proved a local uncertainty principle [19] and studied the extremal functions on the Sturm-
Liouville hypergroups [20],.... We associate to the Sturm-Liouville transform .% the Lebesgue spaces L? (1)
and L?(v) defined later in Section 2.

Let f,g € L?*(v). We define the convolution product ffg of f and g by

faN) = Z(FHHF T 9)(N), A=0.
Let g € L?(v). The Sturm-Liouville-Stockwell transform is the mapping .#, defined for f € L?(v) by

yg(f)()‘ay) = fﬁgy()‘)a )\,yZO,

where g, is the modulation of g by y defined by

Gy 1= ﬂ( Ty|§*1(g)|2).

Here 71, y > 0 are the Sturm-Liouville translation operators [5, 23] defined in Section 2 below.
Let g € L*(v) be a non-zero function, such that .Z~!(g) € L>(u). For f € L*(v) and 0 < a < b < o0,
we define the reconstruction function f,; associated to ./, by

1 b
) = o / Zo(F) gy (©)du(y). €20,

Let g € L?(v). For any k € L?(v ® ) and for any > 0, we define the extremal function f, associated to
Sy, by

Fox(&) = (I + .75.7) 7 S (R)(€), €=0,

where I is the unit operator and . : L*(v®pu) — #* is the adjoint of ., being #’* the Strum-Liouville-
Sobolev space of order s.

We give many harmonic analysis results related to the Sturm-Liouville-Stockwell transform .. In par-
ticular, we establish a Plancherel theorem and an inversion formula. Next, we prove the following Calderén’s
reproducing formula. That is, the function f,; belongs to L?(v) and satisfies

lim | fap = fllz2w) =0

b—oo

Finally, we give an approximate inversion formula for the Sturm-Liouville-Stockwell transform .#;. Let
s$>3/2when p>0and s > a+ 1 when p=0. Then, for f € 5%, we have

nli%l+ I fo.,cr) = Flloes = 0.

Also, we obtain the following pointwise approximate inversion formula

im f) o (&) = f(§), £=0.

n—0+

The paper is organized as follows. In Section 2, we recall some results about the harmonic analysis asso-
ciated to Sturm-Liouville operator on (0, c0) (the Sturm-Liouville transform .%#, Sturm-Liouville translation
operators 7,y > 0, Sturm-Liouville convolution product f,...). Section 3 is devoted to study the Sturm-
Liouville-Stockwell .7, for which we give a Plancherel formula, an inversion formula and a Calderén’s
reproducing formula. Finally, in Section 4, we give best approximate inversion formulas for the Sturm-
Liouville-Stockwell transform ..
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2 The Sturm-Liouville Harmonic Analysis
We consider the second-order differential operator L defined on (0, c0) by

. d*  Al(x)

d
L= dz? ' A(z) dz’

where
Az) = 2?1 B(z), o> —-1/2,

for B a positive, even, infinitely differentiable function on R such that B(0) = 1. Moreover we assume that
A satisfies the following conditions:

(i) A is increasing and lim,_,o, A(z) = cc.
A

(i) %/ is decreasing and limg_, o A/((;)) =2p>0.

(iii) There exists a constant 6 > 0, such that

P |

A) =2p+e °*D(x), ifp>0,
Allwr)  2a+1 5, e
@) @ +e °*D(x), ifp=0,

where D is an infinitely differentiable function on (0, c0), bounded and with bounded derivatives on
all intervals [z, 00), for 29 > 0.

This operator was studied in [5, 23], and the following results have been established:
(I) For all A € C, the equation
Lu= _()\2 + p2)u7
{ u(0) =1, «/(0)=0,

admits a unique solution, denoted by ¢,, with the following properties:
o for x > 0, the function A — @y (z) is analytic on C;
e for A € C, the function x — () is even and infinitely differentiable on R.

(IT) For nonzero A € C, the equation
Lu= _()\2 + p2)u7

has a solution ®, satisfying

ei)\x
Dy (x) = Vi(z, A,
with
lim V(z,\) =1.

Tr—00

Consequently, there exists a function (spectral function) A — ¢(\), such that
ea(r) = c(AN)Pa(z) + (=) Ps(2), =0,
for nonzero A € C. Moreover, there exist positive constants k1, ko, k, such that
k[ APF < [e(N)]72 < koA,

for all A such that ImA < 0 and |A| > k.
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Lemma 1 (See [4, 10]) The Sturm-Liouville function px(x); A\,x > 0, possesses the following properties.
(i) lea(x)] <1, for p = 0.
(ii) |oxa(x)] < polx) < C(1+ x)e P*, for p >0, where C is a positive constant.

(i) po(x) =1, for p=0.

We denote by
e ;i the measure defined on [0, 00) by du(z) := A(z)dx; and by LP (1), 1 < p < oo, the space of measurable
functions f on [0, c0), such that

1/p

1l = [/ If(x)lpdu(x)] <o, 1<p<os,

[fllzoe(uy = ess sup [f(z)] < o0;

z€[0,00)

d
e v the measure defined on [0,00) by dv(A) := ﬁ; and by LP(v), 1 < p < oo, the space of
lle

measurable functions f on [0, 00), such that || f||zrq) < co.

The Sturm-Liouville transform is the Fourier transform associated with the operator L and is defined for
fe Lt(p) by

FOW = [ ex@r@dut. Ao
0
Some of the properties of the Sturm-Liouville transform .%# are collected bellow (see [5, 23, 25]).

Theorem 1 (i) L' — L>®-boundedness. For all f € L'(u), Z(f) € L*°(v) and

I (Pl zoe ) < IflLa -

(ii) Plancherel theorem. The Sturm-Liowville transform F extends uniquely to an isometric isomorphism
of L*(p) onto L2(v). In particular,

I fllz2(y = 17 (H)ll2w)-

(iii) Inversion theorem. Let f € L*(u), such that Z(f) € L*(v). Then
f@) = [T @D, ae. o€ 0.00)
The Sturm-Liouville kernel ¢, satisfies the product formula [5, 23]
e = | " or (@, Adu() for .y >0, 1)
where w(zx,y,.) is a measurable positive function on [0, c0), with support in [|x — y|, z + y], satisfying
| ot au) =1, )

w(z,y,2) = w(y,z,z) for z>0, 3)
w(z,y,z) =w(x,z,y) for z>0. (4)
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We now define the generalized translation operator induced by (1). For f € L'(u), the linear operator

Tyf / f :E 'Y, 2 ) (Z)a x,yZO,

will be called Sturm-Liouville translation.
As a first remark, we note that the relations (2), (3) and (4) mean that

Tyf(x) = Tmf(y), {E, y Z Oa
and
| nt@n) = [ s, e 1, 5)
0
Theorem 2 For ally >0 and f € LP(u), p € [1, 0], we have

Iy fllee gy < 1 fllrwy, f € LP ().

Proof. If p = 1, 00, the result follows from (2), (3) and (4). Assume therefore that p € (1, 00) and let p’ be
the conjugate exponent of p, i.e. 1/p+ 1/p’ = 1. We write

f()|w(@,y, 2) = | f(2)[w(z, y, )]/ Plw(z,y, 2)] /7"
Applying Holder’s inequality and (2), we obtain
mf@P < [P e du), oy =0,
0

This gives the result. m

The Sturm-Liouville translation operator is connected with the Sturm-Liouville transform % via the
following formula.

Theorem 3 For f € L?(n) and y > 0, we have

F(ry [)A) = ex()Z(f)(A), A =0. (6)

Proof. Let f € L' N L?(u). Then

FrH0) = / T o f@)on (@)dp(a)

= [T seue s ae)| e @)

By using Fubini’s theorem, (3) and (4) we obtain

Fenm = [ 1] [ et o] aue),

And by (1) we deduce that
F(1y[)A) = ex)-F (H)(N).
Since L' N L?(p) is dense in L?(u), the formula (6) remains valid for f € L?(u). =
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Example 1 (The Bessel case (p = 0), see [1, 14]) In this case A(z) = 2?*T1, « > —1/2 and L is the
Bessel operator denoted by Ay :

@ 2a+1d

dx? x dx

The Sturm-liouville kernel px(x) is the spherical Bessel function jo(Az). In particular po(x) = jo(0) = 1.
The two measures p and v will be denoted respectively by pq and vy and are given by

A, =

) ) )\2a+1
dpala) =2 de - and - dva(N) = (o

The Sturm-Liouville transform is the Fourier-Bessel transform denoted by F,,:
ZalIN = [ dal0e)f@ (), A2 0,
0

The spherical Bessel function jo satisfies the product formula:

JoO)ialO) = [ dal02 a2, A2 0,
0
where wq (2, y, .) is the kernel given by

[(z + )2 = 2% 3[z% — (z —y)?]* %
wa(az, Y, Z) = Qq 220‘*1(3:3;2)20‘ X(|I*y|vm+y)(z)’

Ila+1)
Ay = ———,
C VAl (a+ )
where X (|z—y|,a+y) 15 the characteristic function of the interval (|x — y|,x +y). And the Bessel translation
operator is given by

v f(a) = / " (@ wal@y, 2)dial(z), 2,y > 0.

Example 2 (The Jacobi case (p > 0), see [8, 15]) In this case A(z) = sinh®* ™ (z)cosh® ™ (2), a >
8>-1/2 and p=a+ B+ 1. The Sturm-Liouville operator L is the Jacobi operator denoted by A, g:

2 d

Ay p= i [(2c + 1) coth(z) + (28 + 1) tanh(x)]E.

The Sturm-liouville kernel px(x) is the Jacobi function denoted by (bg\a’ﬁ) (x):
. 1, .
(@) = oFi(G(p = iN), 5 (p+ iN), @ + 1, = sinh(x)),
where o F1(a, b, ¢, z) is the hypergeometric function. In particular

a 1 1 .
g ’B)(‘T) = 2F1(§p, 2P a+ 1, —sinh®(x)).

The two measures p and v will be denoted respectively by i3 and ve g and are given by

%)

e, p(x) = sinh®* T (z) cosh® ! (z)dz  and dva,p(A) = Irlea s VB
a,p

where

TEAT(L(1 +i)))
C(3(p+iN)T(5(p+iX) =)

a,8(A) =



F. Soltani and Y. Zarrougui 63

The Sturm-Liowville transform is the Fourier-Jacobi transform denoted by Fq g:

FaplN) = [ e @) (@) o p(@), A0,

0

The Jacobi function ¢§\a,ﬁ) satisfies the product formula:

¢\ ()0l (y) = / 3 (w52, 9, 2) dpta p(2), A w,y >0,

where wa (T, Yy, .) is the kernel given by

B [cosh(z) cosh(y) cosh (z)] (@ +A+1 2va—1
Wapl®:9:2) = T Y Sinh(y) s () D)

11
X 2F1(Oé+6,0[—6,0[+5,5(1—B))X(|x,y|7m+y)(2),

where
cosh? () + cosh®(y) 4 cosh?(z) — 1

2 cosh(z) cosh(y) cosh(z)

And the Jacobi translation operator is given by

B =

P08 f(z) 1= / F(2was (@, 2o p(z), 2y > 0,

3 The Sturm-Liouville-Stockwell Transform

Let f,g € L?(v). We define the convolution product ffg of f and g by
Fa) = F(F7HH T 9)) (V) (7)
In the same way as in ([13, page 238]), we obtain the following assertions.
Lemma 2 (i) For f € L*(v) and g € L*(v), the function fig belongs to L*(v), and
T (ftg) =7 (HF(9)-
(ii) Let f,g € L?>(v). Then ftig belongs to L?(v) if and only if F~*(f).7 1(g) belongs to L?(u), and
F N (ftg) = FUNF Ug),  in the I(u) — case

(iii) Let f,g € L*(v). Then

[ im0 am = [T1F 2 (@rF 0 @) due),
0 0

where both sides are finite or infinite.

We assume that g € L?(v) and y > 0. The modulation of g by y is the function

Gy 1= ﬂ( Ty|§*1(g)|2).

From (5) and Theorem 1(ii) we have

lgyllz2w) = llgll2)- (8)
Let g € L?(v). The Sturm-Liouville-Stockwell transform is the mapping .#, defined for f € L?(v) by
(NN y) == figy(N), Ay >0 9)

The Sturm-Liouville-Stockwell transform .#; possesses the following property.
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Lemma 3 Let f,g € L?>(v). Then

oA y) = /Ooo ex(@)Z () (@)1 |7 9) P (@) dpu(=).

Proof. From Theorem 1(iii) and (7) we have

o\ y) = /Ooo ox(@)Z 7 (f)(@)F " (gy)(@)dp(2).
We obtain the result from the fact that
T Hgy)(x) = /74| T 1 (9)|2(2). (10)
The lemma is proved. =

Theorem 4 (Plancherel formula) Let g € L?(v) be a non-zero function. Then, for all f € L*(v), we
have

17D 2 wew = 9llL20) [l L2 -

Proof. From Lemma 2(iii) and (9), we obtain
/ / YO y)Pdr(Ndu(y) = / h / " | Fhgy ()P (N du(y)
- / / D)P1F " (g,) @) 2du(z)duly).

Using Theorem 1(ii), (5), (10) and Fubini-Tonelli theorem, we deduce

/Oo /Oo|yg<f><A,y>|2du<A>du<y> - / / Z () @) Pyl 7 ()P () du) dudy)
0 0

Il 2111720

The theorem is proved. m

Theorem 5 (Inversion formula) Let g € L?(v) be a non-zero function. For all f € L' N L?(v) such that
F~Yf) € L*(n), we have

— [ At @), €20

1O = oo

Proof. By Lemma 2(i), we have .%;(f)(.,y) € L*(v). Then by (7), we obtain

(N v)tgy(€) = /Ooo e(2).7 NI (N ) (@) F gy) (@)dp(z).

But by Lemma 2(i) and (10), we have

Thus,
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Therefore, by Fubini’s theorem, Theorem 1(iii) and (5), we deduce that

/ (N v)igy (§)duly) Igliz<u>/ooo<ﬂs($)9l(f)(x)du(x)
= lglli2w)f(©)-

This completes the proof of the theorem. m

In the following we establish a reconstruction formula for the Sturm-Liouville-Stockwell transform .7.
Let 0 <a <b< oo and let f € L?(v), we define the reconstruction function f, s associated with ., by

(&) = 7, du(y), €>0.
Fan(©) |gu%4/ Wigy ©)duly), €20

Theorem 6 (Reconstruction formula) Let g € L?*(v) be a non-zero function, such that F1(g) €
L% (). Then, for f € L*(v), the function f,p belongs to L*(v) and satisfies

i [ fos = 12 = 0. (1)

b—oo

Proof. By Lemma 2(ii), .7, (f)(.,y) € L?(v), then by (7), we obtain

(N v)tgy(€) = /Ooo e(2).7 NI (N ) (@) F (gy) (@)dp(z).

But by Lemma 2(ii) and (10), we have

F U Iy(Hy) (@) = Z7HH@)F gy (@) = FHN) (@)1 T Ha) P (2). (12)
Thus,
yg(f)(-,y)ﬁgy(ﬁ):/o pe(@)F ) @)y |7 ) () dp(2),
and

1 bopoe a—1 ag—1 2
h**ﬁaa;ll;%@/ (D@7, |71 (9)2 (@) du(x)dpu(y).

Then, by Fubini’s theorem we get

fan () = /OOO pe(2)F () (@) Kap(@)dp(z), (13)

where

b
— [ nlF WP @),

Kop(z) = 75—
HgHiz(y) a

From (5), it is easy to see that
HKa)bHLoo(‘u) <1.

On the other hand, by Holder’s inequality, we deduce that

2 1 b b a—1 2 2
mmw|sm;al/u@]M]mJ<M@mww
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Hence, by Theorem 2 we find

2

b %)
1KaolZegy < #[/ du(y)] [T 1F 0wl )

HgHLz(y)
2
17 o)~ ’
| )
912 a
Thus K, € L N L%(p). Therefore and by (13), fop = Z (Kup-Z *(f)) and by Theorem 1(ii), fop € L*(v)

and
Jﬁl(fa,b) = Ka,bjil(f)-

From this relation it follows that
I fap = flZ20) = /0 . Z 1 @)P(1 = Kap(x))*dp().

But by (5) we have
111% Kop(xz)=1, forall x>0,

b—oo

and
\Z7H ) (@) P - Kop(2)? < [Z7HF) ()2, forall x> 0.

So, the relation (11) follows from the dominated convergence theorem. m

Example 3 (The Bessel case (p =0), see [1]) Let f,g € L?(uua) the Bessel convolution of f and g is
given by

fragta) = [ 072 a0)dnalt), >0,
Let g € L?(110) and let y > 0. The modulation of g by y is the function:

(20‘F(oz1—|— 1))2‘%( 1 Zalo)l).

For f,g € L*(ua), the Bessel-Stockwell transform is given by

gy ‘=

Fns(F)@y) = fhagy(z / FO72 g, () dualt), vy > 0.

The Bessel-Stockwell transform .7, 4 has the following properties:

Fng(Dla) = | o) Za (NN Z@P ) e

and
|- og (D22 (paora) = 192 (ua) 11 22 (o) -

Let 0 < a<b<oo and let f € L*(pua), the reconstruction function f,p associated with the Bessel-Stockwell
transform %, 4 s given by

ablz) = Ya o dl/a y z = U.
fasl) |g|w)/ A Wat(dals), =20
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4 Approximate Inversion Formulas

In this section, by using the theory of the modified Sturm-Liouville transform .%, and building on the ideas of
Saitoh [16, 17, 18], we give best approximate inversion formula for the Sturm-Liouville-Stockwell transform
7, Pointwise approximate inversion formulas for .7, are also discussed.

Let s > 0. We define the Strum-Liouville-Sobolev space of order s, that will be denoted ¢, as the set
of all f € L?(v) such that (14 22)%/2p5 ! (2)F~1(f) € L?(n). The space #° is equipped with the norm

0o 1/2
e = | [ 0+ 0%l D) aute)
Lemma 4 Let s > 3/2 when p >0 and s > a«+ 1 when p =0. The space F° satisfies the inclusion
F A € LA LR (),

and has the reproducing kernel

ko= [ ) ‘”(‘?fjfﬁﬁow dulx). A& >0,

Proof. Let s > 3/2 when p > 0 and s > a+ 1 when p = 0, and let f € 5. From ([10, Lemma 21]), we

have
- For p > 0,

Ax) ~ e** (x — 00).
- For p =0,

Az) ~ 22T (2 — o0).

Therefore and by Lemma 1, the integral [° Mdu(x} is convergent. Then the inclusion follows

0 (14+22)®
from the inequality

1Z 1Py < Csll flloes,

On the other hand, from Theorem 1(iii), we have

where
1/2

By Lemma 1, we get
0o /2
|pe (@) P05 () '
HKS(,QH%”S = [/0 ﬁdﬂ(@ < (s < 00.
Moreover,

(K ©)er = / T F () @) (@)du(z) = £(6).

This completes the proof of the lemma. m
Let g € L?*(v). By Theorem 4, the mapping .¥, is bounded from % into L?(v ® u), and

1<Zs(lz2wew < lgllzzo)ll flle:-

Let n > 0. We denote by (.,.)p s the inner product defined on the space #° by

(s Byn.oee i=n(f, By + (4 (), T4 (W) L2 wen)-
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We assume that g € L?(v). By Theorem 4, the inner product (., .}, »: can be written
<fa h>77,<%05 = 77<fa h>%”5 + HgH%2(u) <f5 h>L2(lI)'

Let n > 0 and let g € L?(v). Let s > 3/2 when p > 0 and s > o+ 1 when p = 0. The space . equipped
with the norm ||.||,,,s= has the reproducing kernel

Ks,n,g<A,§>—/O°°( (@) ”‘”‘;” dula), A& >0,

n(l +22)s "“Po(x HgHLz(y)

Therefore, we have the functional equation
(I + 5 L) Ksng(,€) = Ks(1,€), £2>0,

where I is the unit operator and . L*(v @ p) — A% is the adjoint of ..
For any k € L?(v ® u) and for any n >0, we define the extremal function f; , by

Fon&) = (I + .77.7) 7 S (R)(€), €=0. (14)

The function f;, is the unique solution (see [16]) of the Tikhonov regularization problem

. 2 2
Jnt {nllF13e + 1k = Z5 (Dl Eem

This function possesses the following integral representation.

Theorem 7 Let s > 3/2 when p > 0 and s > o+ 1 when p = 0, and let g € L?*(v). Then for any
ke L?(v® p) and for any n > 0, we have

/ / pe(@)od (@) F k(.. 1) (@) VTl T (G P (@)
W1+ 22) + @9,

fax(€) dp(z) dp(t).

Proof. From Lemma 4 and relation (14), we have

k@ = Al + 5 S Ly (k) Ko, €)) e
= (Fyk), (0] + L7 F) T K (. 6))ee
= <yg* (k), Ksmyg(-a §)) s
Hence
f;,k(g) = <ka yg(Kﬁmyg('a §)>>L2(u®,u)- (15)

e (x)ph(x)
T+ + A5,
1(ii), it follows that K, 4(.,€) belongs to L?(v), and

belongs to L' N L?(p). Then from Theorem

By Lemma 1, the function z —

pe(2)0 (@)
na+ a2 + R @9,

z > 0. (16)

jil(Ksm,g(-ag))(x) =
By Lemma 3 and (16), we have
Sy Eang DO = [ @ P (Koo ) F T @ P@ua

Y VN 05 (2)\/Te|F ~g)|*(x) P
— /0 () e ( )n(l+x2)5+<p3(x)|\9|\%2(u)du( !
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Therefore,

[T N N LR
s @= [ [ oot N e dute (auto)

Thus, by Fubini’s theorem, we obtain the result. m

Remark 1 Let s > 3/2 when p > 0 and s > a+1 when p =0, and let g € L?(v). Then for any k € L?>(v®u)
and for any n > 0, we have

() 1£5O)] < 55 llkl 2o, € >0,
(it) | fy il < 51kl L2wen) -
Proof. (i) Indeed, from Theorem 4 and (15), we have

(8] 1Nl L2w@m 17 (K .6 (- )l 22 (v )

<
< klleewew gl L2 o)1 Ksm.g (5 ) L2

From Theorem 1(ii) and (16), we deduce

FAFAC3] &l 22 s 191 L2 17~ (B g (5 )22 )

> |pe ()5 (x)
kll 2 2(y / dp(x
H HL ( ®#)H9HL (v) l 0 [77(1+332)S +</%($>H9H%2(U)]2 /L( )

IN

1/2

IN

2
Since [77(1 +2%)° + 3(@)l9l 72,y | = 4n(1 + 2%)°¢5(2) 9172 (), we obtain the required result.

(ii) The function

P A [ F )@V AF TGP @u),
DT,

n(1 +22)* + o3(

belongs to L' N L*(p). Then by Theorem 7, it follows that f;, belongs to L*(v), and

g —17 p* ) — <Pg(33) > g—1 T | . Z -1 2(p
PG = s ey T D@V TP @,

Thus, by Hélder’s inequality and (8) we have

¢o(@)llgll7z ()
(1 +22)* + 93 (@)llgll3 .,

|7 () @) <

5 |17 @)

Thus,
. el [ :
e < [ v e T [T 1E 0P| o
1 '] '] 1 9 B 1 9
< o [T 1E @ R0)] due) = 1M

which ends the proof. m

We establish approximate inversion formula for the Sturm-Liouville-Stockwell transform .7;.
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Theorem 8 Let s > 3/2 when p > 0 and s > o+ 1 when p = 0, and let g € L*(v). For f € %, the
function f;,yg(f) belongs to F° and satisfies

nli]%l+ I fo.,cr) = Flloes = 0.
Proof. By (12) and Theorem 7, we have

v(2)F 1 (f) (=)
1+22)* + 93 (2)]9l 72,

du(z), y=0. (17)

1 )€ = g2, / celo)—

Since .# ~1(f) € L' N L?(u), from Theorem 1(iii) and (17), we deduce that

[e’e) 1 $2 sﬁ‘fl T
i ® = 10 = = [ o) S dute). (19)
Thus, ) L
s o (12 F @)
F Unrn = D0 = e el
Consequently,

C e PR e @l F )P
i = e = | A e AT

Using the dominated convergence theorem and the fact that

n2(1+ 2205 (@) F () (@)
1+ 22 + 3@ N9,

dp(x).

< (L +2*) 0 (@) 7 @),

we deduce the result. m

Remark 2 Let s > 3/2 when p > 0 and s > a+ 1 when p = 0, and let g € L*(v), and let f € 5. By
(18), we have

o) (©) = F(©)] < /0 h n(”(”"” VIZZWD@L g0,

1+ 22 + @9l

Using the dominated convergence theorem and the fact that

T a1 P
M+ 2 + R@elag, =7 D@

we obtain the following pointwise approximate inversion formula

lim f} o (&) = f(§), £=0.

n—0+

Example 4 (The Bessel case (p =0)) Let s > a+ 1. The Bessel-Sobolev space of order s, that will be
denoted ¢, is the set of all f € L?(ua) such that

1/2

£l = [/O L+ 2| Fa(HN)Pdra(V)| < 0.
The Bessel-Sobolev space F; has the reproducing kernel

_ [T Ja(Az)ja(Ay)
Ks(xay)—/o Wdl/a()\)a z,y > 0.
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Let n >0 and let g € L?(j1). If the Bessel-Sobolev space F° is equipped with the inner product

(fsh)n.oes = n(f, h)es + H9H%2(ya)<f, h)r2(u.)s

then JZ° has the reproducing kernel

* ja(A)a ()
m”@m:/
no o 1+ + gl

Then, we have the functional equation

dva(N), x,y>0.

(TII + yfigy‘lvg)K&ﬁvg(" y) = KS(') y)a Yy > Oa

where 75 )2 L (jio @ vo) — 05 is the adjoint of S 4.
For any k € L?(jio @ Vo) and for any n > 0, the extremal function Jo k18 given by

Fow() = (I + .75 o Fa) T3 4(B) (), y > 0.

This function is the unique solution of the problem

. 2 2
Jnf {73 + 1 = s (Do |

and has the following integral representation

N e N R N A
= [ D022+ 0,

v, (N)dva (t).
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