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Abstract

In this paper, we consider vibrating equation of wave type in one-dimensional bounded domain with
complementary past history and fractional damping controls. We establish well-posedness and asymptotic
stability results for the system under some conditions imposed into the relaxation functions.

1 Introduction

In this paper, we are concerned with the well-posedness, smoothness and asymptotic behavior of the solution
of the following wave equation

where ¢ is a positive non-increasing function defined on IR, > 0. ug and u; are given initial data. The
infinite integral term in (P) and vd;""u represent, respectively, the past history (infinite memory) and the
fractional damping. The notation 9;"" stands for the generalized Caputo’s fractional derivative of order a,
(0 < a < 1), with respect to the time variable (see [6]). It is defined as follows

9% (4 = ut(t) for o = ]_7 n > O’
Fu(t) = 7“11_&) fg(t —s)"e = du () ds, for0<a <1, n>0.

During the last few years, many people have been interested in the question of stability of wave equation
with various kinds of (internal or boundary) dampings. To focus on our motivation, let us mention here only
some known results related to the stabilization with finite or infinite memory controls (for further results
of stabilization, we refer the reader to the list of references of this paper, which is not exhaustive, and the
references therein).

In the absence of an internal fractional damping (i.e v = 0) and g satisfies

301,02 > 0: —d19(s) < ¢'(s) < —629(s), Vse R4,

the authors of [5] proved that (P) is exponentially stable.
If ¢ satisfies
35> 0,3p €]1,3/2[: ¢'(s) < —029"(5), Vs € Ry,

it was proved in [9] that (P) is polynomially stable.
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46 Wave Equation with Past History and Fractional Damping Controls

In the presence of fractional damping, the linear wave equation with the generalized Caputo fractional
derivatives has been considered by Ammari et al. in [2]. More precisely, they studied the following problem

u(z,t) — Au(z, t) + v0; " "u(x,t) =0 in Q x (0, +00),
u(z,t) =0 on 99 x (0,400),
u(z,0) = up(x), u(z,0)=wui(x) on .

The authors proved well-posedness and polynomial asymptotic stability as ¢—2/(1=®) (for n > 0). To the
best of our knowledge, a linear wave equation with infinite memory and internal fractional damping has not
been studied yet.

Our goals in this paper are: Investigating the effect of each control on the asymptotic behavior of the
solutions of (P) and on the decay rate of its energy and giving an explicit and general characterization of
the decay rate depending on the growth of g and «.

The paper is organized as follows. In section 2, we give preliminary results and we reformulate the
problem (P) into an augmented system by coupling the viscoelastic wave equation with a suitable diffusion
equation. Then, we convert the system into an evolution equation in an appropriate Hilbert space and prove
the well-posedness of our problem by semigroup theory. In section 3, we study asymptotic stability of above
model and we establish for a smooth solution an uniform decay estimate for n # 0. Furthermore, when
17 = 0, we prove that the energy of the system decays polynomially to zero like as 1/¢.

2 Preliminary Results and Well-Posedness

The integral term represents a history term with kernel g satisfying the following hypothesis:

g : R4 — IR, is a non-increasing differentiable function such that lim, o+ g(s)
exists and there exists ¢ > 0 such that
g'(s) < —cg(s).

Furthermore, we assume that 1 — gg > 0, where gy = O+OO g(s) ds.

(H)

In this section we reformulate (P) into an augmented system. For that, we need the following proposition.
Proposition 1 (see [8]) Let u be the function:
u(€) = €| D/2 —co <€ <400, 0<a<l. (1)

Then the relationship between the ‘input’ U and the ‘output’ O of the system

8t¢(£at) + (52 + n)¢(fat) - U(t)u(f) = Oa —00 < f < 400, n > 07 > 07 (2)
$(£,0) =0, (3)
+oo
O(t) = (m) Hsin(am) [ u€)oe.t) de (W
where U € C°([0,+)), is given by

O =17y, (5)

where . .

(0 = g [ €= ()

We shall need the following lemma in all Sections.

Lemma 1 (see [1]) If A € D, =Q\] — o0, —1], then

oo MZ(&) _ ™ a—1
/_oo An+ &2 %= Far AT
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We introduce, as in [5], the new variables
v(z,t,s) = u(x,t) —u(z,t — s).
This functional satisfies

v(0,t,5) =v(l,t,s) =0in Ry x Ry, (6)
v(z,t,0) =01in 0, 1[xIR 4.
In order to convert our problem to a system of first-order ordinary differential equations, we note the
following:

{3t1/+ Osv —u; = 01in J0, 1[x R4 x R4,

VO (x,8) = v(x,0,s),
U: (u,ut,y,(b)

and
UY = (ug,uy,°,0).

Then (P) is equivalent to the following abstract system:

where A : D(A) C H — H is defined by
u v
a2 | = S () ds) e + f57 g(s)van ds = ¢ 7T (&)l ) (8)
v v — 8 v ’
¢ —(& + )¢ + v(@)u(€)

where ¢ = (7) " !sin(am)y.
We introduce the following phase space (the energy space):

H = Hy(0,1) x L?(0,1) x H* x L*((0,1) x (=00, +00)), (9)
where
{f R, — HL0,1), // ()2 dsdm<+oo} (10)
The domain D(A) of A is defined by
D(A) = {U € H\AU € H,v(z,t,0) = 0,|£|¢ € L*((0,1) x (—o0, +00))}.

‘H is a Hilbert spaces equipped with the inner product defined by

U, 0 = /(v@+(1/0°o ()ds)uzuz dx+/ /m (5)a ()72 (s) ds da
¢ / / " s deds.

Now, the domain of D(A) is dense in H and a simple computation implies that, for U € D(A),

RUAU, Ul fﬂéra/ / asaxuﬁdsd:c</01/+:<£2+n>|¢<x,£>|2d§dx.

Integration by parts, using (H1) and the boundary conditions in (6), yields

1 400 1 p4oo
RAU )= 5 [ () [ owiasas—¢ [ [ (@ v mlote. P deda (1)
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and then, because the kernel g is non-increasing,
R(AU,U)x < 0.

This implies that A is a dissipative operator. Next, we prove that Al — A is surjective. Let F =
(f1, f2, f3, f3) € H. We prove the existence of U = (u,v,v, ¢) € D(A) solution of the equation

(M - AU =F. (12)
Equation (12) is equivalent to
Au—v= f17

o= (1= 7 g(s) ds) e = 5 95w ds + C [T p(€)0(2,€) dE = fo, (13)

AV — v+ 0gv = f3,
A+ (€2 +n)d — v(@)u(€) = fu.

The first equation of (13) gives

v=u— f; € H}(0,1). (14)
The last equation of (13) gives
_ fa@ ) +p@u(x) _ falx,§) | Mu(@)p§)  fi(@)pE)
¢= 2 ) + 3 2 : (15)
E+n+A E+n+A E+n+A E+n+A

The third equation of (13) and (14) give
Osv + Av = Au— f1 + f3.

By integrating this differential equation and using the fact that v(z,0) = 0, we get

V= %(1 —e M) — 1) + /OS T fa(7) dr. (16)
Inserting (14) into (13)s, we get
o0 [e's) —+oo
/\2—(— d>m— Vaa d ,E)dE = A :
u= (1= [ o s ue— [ a@cds+ ¢ [ p©otaode = A+ 1 (a7)

Inserting (15) and (16) into (17), we get

020t (1= [T s

+oo f4($75)ﬂ(§) 71 > = As
R S [ g0 - s,

+ /O - g(s) / ’ AT foo (1) dr ds. (18)

0

= YA+ A+AM+2-¢

Solving equation (18) is equivalent to finding u € D(A) such that
a(u,w) = L(w) Yw € H(0,1), (19)

where the sesquilinear form a : [HJ (0,1) x H}(0,1)] —Q and the antilinear form L : H}(0,1) —Q@ are defined
by

a(u,w) = /Ol(u2 + A+ n)* Huw + (1 - /Ooo g(s)e ds) Uy ) de,
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_ ' a-1 — boptee 1(§)
tw) = [o0en s+ e [T M0

1 o) 1 [e’e) S 1
+= / g(s)(1 — e_’\s) ds/ f1aWy dz — / g(s)/ eMT—9) / f32(T)W, dx d7 ds.
A Jo 0 0 0 0

It is easy to verify that a is continuous and coercive, and L is continuous. So applying the Lax-Milgram
theorem, we deduce that for all w € H}(0,1) problem (19) admits a unique solution u € H{(0,1). Applying
the classical elliptic regularity, it follows from (18) that u € H?(0,1). Therefore, the operator \I — A is
surjective for any A > 0. Consequently, using Hille-Yosida theorem, we have the following result.

fa(z,€&) déw dx

Theorem 1 (Existence and uniqueness)
(1) If Uy € D(A), then system (7) has a unique strong solution

UecC'(Ry, D(A)NCHIR ., H).

(2) If Uy € H, then system (7) has a unique weak solution

UcC' Ry, H).

3 Stability of the System

3.1 Strong Stability of the System

In this subsection, we use a general criteria of Arendt-Batty [3] and Lyubich-Vu [7] to show the strong
stability of the Cy-semigroup e** associated to the system (P) in the absence of the compactness of the
resolvent of A. Our main result in this part is the following theorem.

Theorem 2 The Cy-semigroup e is strongly stable in 'H, i.e, for all U° € H, the solution of (7) satisfies
: tA770 _
i [[e 400 5 = 0.

For the proof of Theorem 2: First we will prove that the operator A has no eigenvalues on the imaginary
axis. Then, we will establish that o(.A) N4IR is countable. The proof for Theorem 2 relies on the subsequent
lemmas.

Lemma 2 A does not have eigenvalues on ilR.

Lemma 3 We have

o(A)N{i\, AeR, X #0} = 0.

Let us first prove Lemma 2.
Proof of Lemma 2. From (8) we get that (u,v,v,¢)T € Ker(A) C D(A) if and only if

—v =0,
= (1= J57 9(s) ds) tew = [~ 9()va ds + C 27 (&) d(w, €)dg =0, (20)
—v+ 0sv =0,

(€% +m)¢ — v(x)u(€) =0.
This implies that v =0,¢ = 0 and

1 +oo
/ g’(s)/ |0,v|* ds dz = 0.
0 0
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Due to hypothesis (H), it follows that

1 “+o0
/ g(s)/ |0,v|? ds dz = 0.
0 0

v =0.

This implies that

Then, we have
u=cr+c.

As u(0) = u(1) = 0, we deduce that w = 0. Thus U = 0.
Let us suppose that there is A € IR, A # 0 and U # 0, such that AU = ¢AU. Then, we get

ixu—ov =0,

iAo = (1= [ 9(5) ds) ttae — [ 9(5)aw ds +C [2 u(€)(w, €)d = 0, (21)
AV —v+0sv = O

M¢+@2+m¢—v@M@)=0

Then, from (11) we have

6=0 (22)
and
0,v =0. (23)
From (21)4 and (21)1, we have
u=v=0 (24)
Hence, from (21)3 we obtain
v=0 (25)

Thus U = 0. This concludes the proof of Lemma 2. m

Now, we prove Lemma 3.
Proof of Lemma 3. We will prove that the operator i\l — A is surjective for A # 0. For this purpose, let
F = (f1, f2, f3, f4)T € H, we seek U = (u,v,v,$)T € D(A) solution of solution of the following equation

(i — AU = F. (26)
Equivalently, we have the following system
i)\u —v= fl,

AV — v+ O y—fg,
A+ (& +m)p — v(@)u(€) = fa.

The function u satisfies the following equation

(=2 + iy AN+ 1) u — (1 - / g(s)e ds> U
0

L OnE)
o E24n+iA

MY dsfrant [ TNy (7) dr ds,
9()(1 — ™) ds frp + / o(s) / AT o () dr ds (25)

= @A+ )T AN+ fo— C/
1 o0

)
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Then
1 [eS) )
/ (=A% + iy A(@X + ) YHuw + <1 - / g(s)e ™ ds) Uy W, ) dx
0 0

1
- /( (ix+ 1) 1f1+zAf1+fzwdfc—C// €+7f)+Af (2,€) dew da

e’} 1
/ —e_i’\s) ds/ f12Wy dx—/ g(s)/ ei’\(T_S)/ f32(T)W, dx dr ds
>\ 0 0 0 0

for all w € H}(0,1). We can rewrite (28) as

B(u,w) = l(w), Yw € Hy(0,1), (29)
where
B(u,w) = By (u, w) + Bz (u, w)
with
(%) By (u, w fo z'y)\ (X +n)* Huw + (1= [ g(s)e ™ ds) u,w,) de,
Ba(u, w —fo Nuw de,
and
1
w = @i e[ e dgm e

1 s} ) s 1
+—= g(s)(1 — 670\5) ds/ f12W, dx — / g(s) / e MT—5) / f3a(T)W,, dx d7 ds.
i Jo 0 0 0 0

Let H=1(0,1) be the dual space of HE(0,1). Let us define the following operators

B:HLN0,1) — H-1(0,1) B;:HL0,1) — H-(0,1) i€ {1,2}

(%) u — Bu u +— B;u
such that
(5% %) (Bu)w = B(u,w), Yw € H(0,1),

(Biu)w = B;(u,w), Yw € H}(0,1), i € {1,2}.

We need to prove that the operator B is an isomorphism. For this aim, we divide the proof into three steps:
Step 1. In this step, we want to prove that the operator B; is an isomorphism. For this aim, it is easy to
see that B is sesquilinear, continuous form on H}(0,1). Furthermore

RBy (u,u) = (1—/ g(s)cosAsds) ||um|\2—|—'y)\§]?( A+ )™ 1) Hu||2
0

<1 - ™ 4(s) ds> a2,

o0 2

Y]

where we have used the fact that

Thus By is coercive. Then, from (x*) and Lax-Milgram theorem, the operator Bj is an isomorphism.
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Step 2. In this step, we want to prove that the operator By is compact. For this aim, from (x) and (x * *),
we have
Bz (u, w)| < cllullLz0,1)|wllL2(0,1),

and consequently, using the compact embedding from H{(0,1) to L?(0,1) we deduce that By is a compact
operator. Therefore, from the above steps, we obtain that the operator B = B; + Bs is a Fredholm operator
of index zero. Now, following Fredholm alternative, we still need to prove that the operator B is injective
to obtain that the operator B is an isomorphism.
Step 3. Let u € ker(B), then

B(u,w) =0 Yw € H;(0,1). (30)

In particular for w = u, it follows that

N ula0.0) + AGA + 1)l 2o, = (1 - [T atege ds) IR

Hence, we have that i\ is an eigenvalue of the operator A. Then, according to Lemma 2, we deduce that
u = 0 and consequently Ker(B) = {0}. Finally, from Step 3 and Fredholm alternative, we deduce that
the operator B is isomorphism. It is easy to see that the operator [ is a antilinear and continuous form on
H}(0,1). Consequently, (29) admits a unique solution u € Hg(0,1). By using the classical elliptic regularity,
we deduce that U € D(A) is a unique solution of (26). Hence iA — A is surjective for all A € IR*. m

3.2 Exponential Stability (for n # 0)

In order to establish the exponential energy decay rate, we need the following theorem.

Theorem 3 ([10]) Let S(t) be a Cy-semigroup of contractions on Hilbert space with generator A. Then
S(t) is exponentially stable if and only if

p(A) D {if: B eR} =iR
and
T |81 = A) e < 0.
Our main result is the following.

Theorem 4 The semigroup Sa(t),~, is exponentially stable, i.e. there exist positive constants M > 1 and
w > 0 independent of Uy such that ~

E(t) = [Sa(®)Usll3, < Me™"|Uo|hay ¥t >0.

Proof. Given F = (fi, f2, f3, f1)T € H, let U = (u,v,v,¢)T € D(A) be the solution of the resolvent
equation (iA] — A)U = F, for A € R, i.e.,
iAu—v = fi,

A0 — (1= [ 9(5) ds) ttaw = J;™ 9()aw ds +C [2 T w(€)d(w, E)dE = fo, (31)
AV — v+ 0sv = f3,
NG+ (€ + M) — v(@)u(€) = fa.

Taking the real part of the inner product of (¢A\I — A)U with U in H, we get
|Re(AU, U) 3| < U |l3|| F |- (32)
Using (11), we deduce that

1

1 +oo 1 ptoo
-- | 4 dpv|*dsd ? ,2)|2dédz < ||U|l3|| F || 33
5| o0 [ onlasaec [ (@ vl asds < U1 Pl ()
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Using condition (H) into (33), we obtain

1 “+o00
/ o(s) / 10,02 ds da < |U ]| Pl (34)
0 0

Multiplying (31)s by @ in LZ(R 4, Hy ), then using the fact that [Ju||2 = gol|u. |5, we get

1 “+oo 1 1 “+o0
wlly = [ [T owaadsars X[ g dsas
Z)\ 0 0
—+o0
// $)(f3 — f1)Uzs ds dz. (35)

Using integration by parts, condition (H) and the fact that v(z,0) = 0, we get

1 1 —+o0 +00
7)\/ / 9(8)Vsaliy ds dx = **/ / $)Vyly ds dx.
0 0

Applying Holder’s inequality in L?(0,1) and L?(0,+0c0), then using (33) and that lims .o +/g(s) exists, we

obtain
1 1 +oo li . 4o 1/2
’/ / 9(8)VsaUy dsdx| < s —0 (/ / DIPAE dsdm) |tz |2
Ao Jo D
< (HU||H||FHH)1/2”U [2- (36)
Using (34), we get
1 +oo +o00 1/
[ amamasas) < alf?( / [ uzﬁdsdx) s
o Jo
2
< g (Ul Fllo) 2l (37)
+oo 1 /
i / | a6 = 1t dsds] < ol + gl Pl (39)
Using (35), (36), (37) and (38), we deduce that
2 C
[uzllz < CIUl#l|Fll3 + W”UHHHF”H + <5 BE ”F”H (39)

Multiplying (31)2 by u and integrating over (0,1) we get

—A2||u%+(1—/0 9(s) >||Ua:||2 // uxuzdsdm+</ /m Oz, €)dg da
= /Ol(fz-l-z')\fl)udm. (40)

Using Cauchy-Schwarz inequality, we get

400 +oo 2 7 1 ptoo 3
ol €) de da| < (/Oo :f;df) . (/ /- (£2+n)l¢(w,£)2dxd£)
1 +oo 2 %
< ﬂ< / ) ;f;ds) lll 2oy (T | F ll20) 2. (41)
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Hence, from (31)1, (40), (39) and (41), we obtain
[v]lz20,1) < CIU | Ella + C|IF (13, (42)

Since n > 0, we have

1 1 —+oo
11172 ((0,1)x (—o0,00)) < 5/0 / (€ + )l (, ) dE dz < cl|U 3| F |- (43)

Finally, by using (39), (42), (34) and (43), we get
IGAT = A) "y < C.

Applying Theorem 3, we obtain that
E(t) < Me™“" Ul -

3.3 Polynomial Stability (for n = 0)
3.3.1 Lack of Exponential Stability

Theorem 5 The semigroup generated by the operator A is not exponentially stable.

Proof. We shall show that i\ = 0 is not in the resolvent set of the operator A. Indeed, noting that
(rsinam, 0,0,0)7 € H, and denoting by (u,v,v,$)? the image of (xsinzw,0,0,0)T by A~!, we see that
bz, &) = —|¢|* 5 zsinar. But, then ¢ & L2((0,1) x (—o0, +00)), since o €]0, 1[. So (u,v,v,¢)T & D(A).
]

By Theorem 5, 0 is a spectral point. Therefore it is convenient to have the following generalization of
Theorem 3 at hand:

Theorem 6 ([4]) Let S(t) be a bounded Cy-semigroup on a Hilbert space H with generator A. Assume that
o(A)NiR = {0} and that there exist ¥ > 1 and v > 0 such that

is] — -1 — O(‘S‘_ﬁ)a s —0,
st = ) v = { D)

|s| — oo.

Then there exist constants C,tg > 0 such that for all t >ty and Uy € D(A) N R(A) we have
1
leAUo|? < CF||U0||%(A)mR(A)v

where ¢ = max{d,v}.
Our main result is the following.

Theorem 7 The semigroup Sa(t),~, is polynomially stable and

B(t) = 1S40, < O 100 aynnca
Now, from (31)s, we obtain
v(@)p(€) = (X + & +n)¢ — fa(x,6). (44)
By multiplying (44) by (iX + €2 +1)~2|¢], we get

(A + & +n0)2o(@)p@)E] = (A + & +n) 7 el — (X + € +n) 2 [€] fa (2, ). (45)
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Hence, by taking absolute values of both sides of (45), integrating over the interval | — oo, +o00[ with respect
to the variable ¢ and applying Cauchy-Schwarz inequality, we obtain

Slo(@)| < VU ( / +°° g%ﬁ’dff Loy ( /- " hwer dg) g (46)

where
2a T

+oo ] 3 |1_
=| [ e = e

+oo %
u=([ e ) = Gl

—00

oo 3 s\ 1/2
v= ([ e erae) = (T o)

— 00

Thus, by using the inequality 2PQ < P? + Q?%, P > 0, Q > 0, again, we get

32/01 fo(a)? d < 22 (/01/_+:(§2+?7)|¢|2d§dm> e (/01 /_;Oolf4(w,§)|2d€dw)- (47)

We deduce that For A near 0, we have from (47)

1

/0 ()2 dz < AU 1| Fll# + el A~ F 3, (48)

“+o0 2 “+oo 2

Il < / o( |2da:/ dé + 2 / / Wa@ P e g
|i )\ 5 |2 liX + €32
[e’e] “+ o0 2
< /Iv )P d / O // |f4x§|d§dm

(P\|+§ (JA] + €2)2

< 4(1-a) || 1Z2(0.1) N @72 4 47|~ N FallZ2 0,1y x (—o0,00))- (49)

sin

Then
101172((0,1)x (—ooro0y) < X THIU M Fll2e + e[\ 721 FII3

Finally, we deduce that

C
GAL — A) Y|y < s A0

Applying Theorem 6, we obtain that

1
E(t) < C;HUOH%(A)mR(A)-
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