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Abstract

The main goal of this study is to construct extremal solutions for a class of fractional differential
equations with maxima. We also give some examples to show what our results mean.

1 Introduction

The purpose of this work is to study the existence and uniqueness of solutions for the following problem

{ (“DFu)(t) = f(t,u(t), ,dnax u(s)), t€J=[0,T], W

U(t):<ﬂ(t)a te [—T,O],

where C@S@ is the Caputo fractional derivative of order a with 0 < « < 1,7 > 0andr > 0, f : JxRxC — R
with C' = C ([-r,T],R) and ¢ : [-r,0] — R are continuous.

It was automatic control that first used differential equations with maxima and differential inequalities
with maxima. They were used to study systems with saturation and the stability of equations with retarded
argument (see [27] and [19, Chapter 4 Section 5]). We also want to point out that differential equations with
maxima show up in a lot of different fields, like psychology, the dynamic model for happiness, the theory
of lateral inhibition, optimal control, and the economy (see [4], [5], [7], [9], [11], [18], [20], [21], [23], [25,
Introduction] and [31]).

On the other hand, several authors have studied differential equations with maxima, fractional differential
equations with maxima, and fractional integral equations with maxima using Banach’s fixed point theorem,
Leray-Schauder topological degree theory, weakly Picard operator theory, fixed point theorems associated
with the measure of weak noncompactness, the upper and lower solutions method coupled with a monotone
iterative technique, and numerical methods (see [1], [2], [3], [6], [7], [10], [12], [15], [16], [17], [26], [29], [30],
[32] and [33] and the references cited therein).

A number of authors (see [6], [7] and [17]) are known for using the monotone iterative method and the
method of upper and lower solutions to show that there are solutions for first-order differential equations
with maxima. The work aims to demonstrate its successful application to problems of type (1), assuming an
increase in nonlinearity f with respect to its third variable. Furthermore, we provide sufficient conditions
that guarantee that problem (1) has a unique solution.

The structure of the present paper is as follows: In Section 2, we give some definitions and preliminary
results. Section 3 presents and proves the main results, while Section 4 illustrates their application through
some examples.
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74 Existence of Extremal Solutions for FFDE with Maxima

2 Definitions and Preliminary Results
This section provides definitions and preliminary results for the rest of the article.

Definition 1 (See [28, Chapter 1 page 33]) Let 0 < ¢ < 1 and h € L' (J,R). The Riemann-Liouville
integral of order q of h is defined by

(17, 1) (1) = ﬁ/(t_s)fﬂh(s) ds, for ae. t e J
0

where I" is the Gamma Euler function defined by

where x € R with x > 0.
Remark 1 If ¢ = 0, we put by definition (I), h) (t) = h(t).
Notation 1 By AC(J,R) we denote the set of real functions f which are absolutely continuous on J.

Definition 2 (See [13, Chapter 3 page 50] or [22, Chapter 2 page 91]) Let 0 < ¢ < 1 and h €
AC(J,R). The Caputo fractional derivative of order q of h is defined by

(“DFh) (1) = (FEDG, (h— 1 (0))(t), for ae. t € J,
where RL@3+ is the Riemann-Liouville fractional derivative defined by

d

(FLog (@) =

(Io: "h) (t)

t
—F(lliq)dit g (t—s) Th(s)ds if 0 < q<1,
W(t) ifg=1.

Now, we consider the following Cauchy problem

(D8, u) (1) = —Lu () + (1), t € J, o
u(0) =¢,
where 0 < ¢ <1, L >0, €Rand g:J— R is continuous.
Lemma 1 (See [22, Chapter 4 page 231]) The problem (2) admits a unique solution u, which is given
by
t
u(t) = EEg(—Lt7) + / (t— )1 By (—L(t — 8)")g(s)ds, for allt € J,
0

where E4 and Eq 4 are the Mittag-Leffler functions defined by

o0
xn

E = - R
Q('r) ;F(qn_i_l))xe )

and

Eq7q($) = 7;0 m, z € R.
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Theorem 1 (See [8, Theorem 4.2]) For 0 < ¢ <1, E; has no zeros on the real azis, 0 < Ey(x) <1 for
x <0, and %Eq(x) > 0 for the whole real axis.

Lemma 2 (See [24]) For 0 < ¢ <1, one has
(i) Eqq(—2) = —q-LE,(—2), for allz >0,
(i1) Eqq(—z) >0, for all z > 0.
Lemma 3 Assume that u € C (J,R) with “©1,u € C (J,R) satisfying

(“Dd ) (t) + Lu (t) <0, forallte J,

where 0 < ¢ <1 and L > 0. Then u(t) <0, for allt € J.
Proof. The proof follows immediately from Lemma 1, Theorem 1, and (ii) of Lemma 2. m

Lemma 4 (See [14, Corollary 2.4]) Let 0 < ¢ <1 and b > 0 and assume u € C ([0,b],R) with “D{, u €
C ([0,b],R). Then there exists some ¢ in (0,b) such that

u(®) —u(0) _ (“Dgu) (o)

by  T'(g+1)

We have the following result.
Lemma 5 Assume that u € C ([—r,T],R) with “©%,u € C (J,R) satisfying

(“DF.u) (t) < —Miu(t) = My _max u(s), teJ,
selt—nr,t
u(t) <0, for allt € [-r,0],

whereO<q§1,]\Z§Oandﬁ§O. If

~ Ta
- (M1+N1) T
then u (t) <0, for allt € [—r,T].
Proof. Assume that there exists ¢; € (0, 7] such that
u(ty) > 0.

We put by definition

u(ty) = max u(t) >0,
te[—r,t1]

where t, € (0,t1].
We have

(“Du) () < —Myu(t) - Mgel[rg):t]U(S), telJ.

Which implies
(“Df,w) (1) < — (My+ Ni) u(t.), te0,t].

From Lemma 4, there exists £ € (0, t.) such that

(“Dg+u) (6)

u(ts) —u(0) =¢td T+l
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Then we have L
(Ml —+ Nl) u (t*)
T(g+1)

u(ts) —u(0) < —td

This implies
(Ml + Nl) u (t*)

r'(l1+q) R

Since u (t4) > 0, we get
T

' ' F (1 q)
V\/ hiCh iS a COntradiCtiOn With the aSSumptiOn

T

(mew)
( ! ! L'(l+q)

and consequently, we deduce that
u(t) <0, forallte|[-rT].

Lemma 6 (See [30, Theorem 1 page 44]) If the functions u : [c,d] — R and v : [¢,d] — R are continu-
ous on the segment [c, d], then we have

t) — Bl < ) —v(t).
tren[gﬁ]u() trerl[g);]v() _tren[gﬁ]lu() v ()]

3 Main Results

In this section, we give some definitions, state, and prove our results.
Definition 3 We say that u is a lower solution of (1) if
i) ue C([-r,T],R) with “®g,u € C(J,R).

(“Dgu)(t) < f(tu(t), max u(s)), t€J,
”) sE[t—r,t]
Q(t) < <P(t)a te [—T,O].
Definition 4 We say that @ is an upper solution of (1) if
i) uwe C([-r,T],R) with “®g,u € C(J,R).
(C08T) (1) > f(t,T(), max w(s), t€
1 SE[t—m,t]

u(t)>e(t), te|[-r0].

Definition 5 We say that u is a solution of (1) if u € C ([-r,T],R) with D, u € C (J,R) and satisfies
(1).

We have the following result.

Theorem 2 Let u and @ be lower and upper solutions respectively for problem (1) such that uw <w in [—r, T
and assume that there exist a constant M > 0 satisfying
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(H1) f(t,z1,y) — f(t,x2,y) > —M (1 — x2), forallt € J, u(t) <z <1 <T(t) and max u(s) <y <

sE[t—r,t]
serﬁg):,t]u OF
(H2) The function y — f(t,x,y) is increasing for all t € J, u(t) < x < w(t) and r[nax ]g (s) <y <
sel|t—mr,t
serﬁg):,t]u OF

Then the problem (1) has a minimal solution u. and a mazimal solution u* such that for every solution u
of (1) withu <u < in [-r,T], we have

u<u, <u<u* <uin|[-rT].
Proof. We take uy = u, and we define the sequence of functions (u,, )nen by

(ngJrﬂnqu) (t) + Mﬂnqu (t) = fn (t) ) t € ‘L (3)
Qn+1(t) =@ (t) ) te [_Ta 0] )

where
[ () = f(t,u, (1), fnax u, () + Mu, (t).
Analogously, we take 1wy = @ and we define the sequence of functions (@, )nen by

{(C@gﬂnﬂ) (t) + MUy (t) = fo (), t € J, ()
ﬂn+1(t) = (t) , e [_Ta 0] )

where _

fu @) = f(t,u, (¢), ergax t]ﬂ" (s)) + My, (t) .
First we note that from Lemma 1, it follows that the sequence of functions (u,,)nen and (@n)nen are well
defined and for all n € N, we have

. (t)_{ o (1), ifte[—r,()],t
s Q(0)Eo(—Mt*) + [ (t = 5)* ' Eqo(=M(t — 5)*) fn (s) ds, if t € J,

and
w(t)a ift e [—T,O],

Tn1 (f) = { Q(0)Eo(—Mt®) + [3(t — 8)* " Eaa(~M(t — )*) fn (s) ds, if t € J.
Step 1: For all n € N, we have

U, <u

Let
wo (t) ==y (t) —uy (), t € [-r,T].

By (3) and using the definition of lower solution, we have

{ (“Dg wo) (t) + Mwo (t) <0, t € J,

Then from Lemma 3, we get
wo () <0, for all t € [0,77],

and since
wo (t) <0, forall t € [-r,0],
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we obtain
wo () <0 for all ¢t € [—r,T].

That is
ug <wy in [—r,T].

Similarly, we can prove that
ﬂl S ﬂo in [—T, T] .

Now, we put by definition
pr(t) =u (t) —u (t), t € [-r,T].
Combining (3) and (4), we obtain

(CDGep1) (8) + Mpy (1) = fo (8) — fo (¢) , for all ¢ € J.

Since uy = u < W =Ty in [—r, T] and using the hypothesis (H1) , we deduce that

(“Dfip1) (B) + Mpy (1) <0, t € J.
On the other hand, we have
pi(t) =0, for all t € [-r,0].

That is
p1(0) = p1(t) =0, for all t € [-r,0].

By the previous equality and (7), we have

{ (“Dg.p1) (t) + Mpy (t) <0, t e J,
pl(O) =0.

Then from Lemma 3, we get
p1(t) <0, for allt € [0,7],

and since

p1 (t) =0, for allt € [—r,0],
we obtain

p1(t) <0, forallt € [—r,T].
That is

and then by (5), (6) and (9), we obtain
uy <uy < < in [—r, 7).
Assume for fixed n > 1, we have

Uy, S Qn+1 S ﬂn+1 S ﬂn in [_Ta T] )

and we show that

QnJrl S Qn+2 S ﬂn+2 S ﬂn+1 iIl [—T, T] .

We put by definition

Wn+1 (t) =Upy (t) —Upyo (t> ,te [_Ta T] .

By (3), we have
(CDG, wnar) (1) + Muwnss (1) =
wnJrl(O) = wn+1(t) =0,te [_Ta

] 3

gn (t), t € J,
0
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where

9o (t) = fr (t) = fa41 (t), for all t € J.
Since u,, < u,,, in [=r,T] and using the hypotheses (H1) and (H2), we obtain

(“DG wni1) () + Mwyia (1) <0, t € J,
wn+1(0) =0.

Then from Lemma 3, it follows that

Wnt1 (£) <0, forall t € [0,7].

and since
Wp41 (t) =0, for all t € [-r,0],
we obtain
Wpy1 (t) <0, for allt € [—r,T7].
That is
Upiq (t) Supio (t), forallt e [—r,T]. (10)
Similarly, we can prove that
ﬂnJrQ S ﬂnJrl in [—T, T] 5 (11)
and
Upy2 < Un42 in [_Ta T] . (12)

Combining (10), (11) and (12), we obtain
Up 1 S Upao S H7lJr2 S HnJrl in [_Ta T] 5
and consequently for all n € N, we have

Uy S Uy SUpgr < Uy in [, T7.

The proof of Step 1 is complete.

Step 2: The consequence (u,,)nen converges to a minimal solution of (1).
By Step 1, it follows that the sequence of functions (u,,)nen converges to u,. First it is not difficult to see
that

u(t) = p(t), for allt € [—-r,0].

Given that the sequence of functions (u,, )nen is uniformly bounded on [0, 7] and it is not difficult to show
that this sequence of functions is equicontinuous on [0, 7], then by the Arzéla-Ascoli theorem, there exists
a subsequence (u,, )n;en of (4, )nen which converges in C'(J,R) to a function ., and since the sequence of
functions (u,,)nen converges to u., we have u, = u, and the sequence (u,,)nen converges in C (J,R) to wu..
Now let n € N* and ¢ € J, then we have

t
U1 (1) = 9(0) Ea(=M1") + / (t = 5)"" Baa(=M(t = 5)") fa () ds.
0
Letting n — 400, we obtain

Fu () = flsv(5) . masx u () + Mo (5).

Since the sequence of functions ( f")new is uniformly bounded, then the dominated convergence theorem of
Lebesgue implies that

u(t) = 9(0) Ea(=Mt%) +/0 (t = 8)" " Ba,a(=M(t — 5))f (s) ds,
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where

f(s) = f(s,ua(s), max u. (7)) + Mu.(s),

TE[s—r,s]

and from Lemma 1, we deduce that

{ (“DG u)(t) + Muy (t) = f(t,ux (1), serﬁ%):,t]u* () + Mu, (t), ift € J,
uy (1) = (1), if t € [-r,0].

That is

SE[t—r,t]

{ (C’i)g‘+u*)(t) = f(t,ux (t), max wuy(s)), ift € J,
uy (t) = (1), if t € [-r,0].

Thus, u, is a solution to the problem (1).
Now, we prove that if u is another solution of (1) such that u < w <@, then u, < u. Since w is an upper
solution of (1), then by Step 1, we have
vneN, u, <u.

Letting n — 400, we obtain
Uy = lim u, <u.

n—-4oo

Which mean that w, is a minimal solution of problem (1). The proof of Step 2 is complete. Similarly, we
can prove that the sequence (U, )nen converges to a maximal solution u* of (1).
The proof of Theorem 2 is complete. m

To prove the uniqueness of solutions for the problem (1), it is necessary to impose additional conditions

on f.

On the nonlinearity f, we shall impose the following additional conditions.

(H3) There exists M; < 0 such that the function x —— f(¢,z,y) + Myz is decreasing for all ¢t € J,
u(t) <z <u(t)and max u(s) <y < max u(s).
SE[t—r,t] SE[t—r,t]
(H4) There exists My < 0 such that the function y — f(¢,x,y) + Moy is decreasing for all t € J, u (t) <

x<u(t) and max u(s) <y < max u(s).
sE[t—r,t] SE[t—r,t]

(H5) — (M + M) rriay < 1.
We have the following result.

Theorem 3 Assume that hypotheses (Hi) for i = 1;...,5 are satisfied and uw and @ be lower and upper
solutions respectively for problem (1) such that w < @ in [—r,T). Then the problem (1) admits a unique
solution w such that v < u <@ in [—r,T.

Proof. From Theorem 2, the problem (1) admits a minimal solution u, and a maximal solution u* such
that
u<u, <u* <win [-r,T].

We put by definition
u(t) =u” (t) —u.(t), t € [-r,T].
We have
u(t)>0forallte[-rT]. (13)

Now we are going to prove that
u(t) <0forallte[-rT].
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We have

SE[t—r,t] SE[t—r,t]
u(t)=0, te[-r0].
Using the hypothesis (H3), we get
{ (CDF. DO + Mi(E) < Flt, . (1), max u* (9) = flt. (6), max w.(5), €
u(t)=0,te[-r0].

{ (“Dg,a)(t) = f(t,u* (t), max u*(s)) — f(t,us(t), max u,(s)), t€J,

Now from Lemma 6, we have

u = * — Ux > * - * )
N R .

and then by the hypothesis (H4), we obtain

SE[t—r,t]

(YD, a)(t) + Mia(t) + Mz max u(s) <0, t € J,
u(0)=u(t)=0, t €[-r0].

Now using the hypothesis (H5), then from Lemma 5, we deduce that
u(t) <0forallte[-rT],

and then by the inequality (13), it follows that
u(t)=0forallte[-rT].

That is
u* (t) = us (t) forallt e [—r,T].

Thus, it follows that the problem (1) has a unique solution. ®

4 Applications

In this section, we give some examples illustrating how our results are applied.

4.1 Example 1

We consider the following problem

Coo y = u max u (s
{ ( ©0+ ) (t) f(ta (t) ’ se[tfl,t] ( ))a te [Oa 1] ’ (14)
u(s) =0, se[-1,0],

where

flt,u(t), max u(s)) = —au(t)+b max u(s)+h(t),
s€[t—1,t] s€t—1,t]

with a and b are positive real numbers such that b > a, < 1,and h:[0,1] — R* continuous such

I'l+«)
that maxh (t) <b— a.
te[0,1]
We put by definition
u(t) =0and u(t) =1, forallte [-1,1].

It is not difficult to show that u and u are the lower and upper solutions for the problem (14).
On the other hand, it is easy to observe that the function f satisfies the assumptions of Theorem 3 and
consequently, it follows that the problem (14) admits a unique solution u, such that 0 < wu < 1.
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Remark 2 If we consider the following problem

€ ) (t) =b +b te0,1],
(€05 (6) = b max u(9) + b, ¢ € [0.1] )
u(s) =0, s €[-1,0],
where b a positive real number. The problem (15) admits a unique solution u which is given by
= 0, ift € [-1,0],
u(t) = E,(bt™) — br(g—‘fﬂ) —1, ifte(0,1].
It should be noted that the problem (15) is a generalization of the one presented in Example 1 of [32].
4.2 Example 2
We consider the following problem
Cpyt 3
DR ()= fltult), max u (o) ve [0.]. "
u(t) =t, t € [-1,0],
where
max u (s) it
Fltu(t), max u(s)) = —sin(u(f) + S, Smb
s€[t—1,t] 2 2
We put by definition
u(t)=—1,forallt € [—1, Z] ,
and
u(t) =t, forall t € [—1, %] .
First, w is a lower solution for the problem (16) if we have
) max u(s) +sint 5
©Dh w0 < —sintw() + L ve [0.].
u(t) <t, te[~1,0].
That is
—1+sint 3
0<sinl4+ ——, te |0,-
—_ Sln + 2 3 6 [ 3 4] 3
-1 <, te[-1,0].
Since
-1 int 1
sinl 4+ % >sinl — 3= 0.34147 > 0, for all t € [O, %] ,
we obtain, u is a lower solution for the problem (16).
Now, @ is an upper solution for the problem (16) if we have
) max u(s)+sint 5
1 se|t—1,t
©0k.7) (1) > —sinm (1)) + S e o]

at) > t, te[-1,0].
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That is

Since

o1 (t) = F\(/E) - (t_zsmt> >0, forall t € [0, §] :

09r 1

0.8 1

0.6 g

051 1

031 1

0.2 i

0.1 g

Figure 1: Graph of the function ¢;.

Now if we choose M7 = 0 and My = ——, we have
T 3
—(M1+M2)F(1+ >: \/_1 =0.4886 < 1.
Yooy (1 + 5)

On the other hand, it’s straightforward to see that the function f satisfies the other assumptions of Theorem
3, and consequently, it follows that the problem (16) admits a unique solution u such that —1 < wu < .

4.3 Example 3

We consider the following problem

(C©§+’UJ) (t) = f(t, u (t) , selgg)l(yt]u (S)), te [0, %] ,
u(t) =t, t € [~1,0],

where

t
flt,u(t), max u(s))=—-u(t)+ (t+1) max wu(s)+ -+ 1.
s€[t—1,t] s€[t—1,t] 2
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We put by definition
1
u(t) =t, forall t e [—1, 5] ,

and )
() _{ t ifte[-1

First, u is a lower solution for problem (17), if we have

D} 0 < fltul0), max u(o) te 0.3,

s€t—1,t]
ut) <t, te[-1,0].

That is .
t t 1
Vi <t?4-41, tel|0,=],
( 5 ) 2 2
(2
4
t<t, te[-1,0]
Since .\
t t 1
(bz(t):L—tQ———lSO, forallt € [0, =],
( 5) 2 2
(2
4
we obtain u is a lower solution for the problem (17).
-0.4 ‘ — — ;
7 T .
051
///
.06 F /
[
[
|
0.7 f
[
|
-0.81
0.9
04;15 0.5

Figure 2: Graph of the function ¢s.

Now, @ is an upper solution for the problem (17) if we have

(ngﬂ) (t) > ft,u(t), sel[rtl%)f,t]ﬂ (s)), t e [0, %] ,
a(t) >t, t€[-1,0].

T'hat is
>2tt%+z+1 te Ol
- ) ’2 3

3
F(Z+1> te[-1,0].
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Since
2

ps(t) = @

we obtain @ is an upper solution for the problem (17).

t 1
_Qt%_§—120, for all t € [0,5],

09r

0.8 1

0.7

06 \

0.5

0.4 1

0.3

Figure 3: Graph of the function ¢s.

Now if we choose M7 = —1 and My = 0, we have

T 1
— (M, + My) = = 0.64697 < 1.

F+a) o (1+§>
1

On the other hand, it is clear that the function f satisfies the other assumptions of Theorem 3, and conse-
quently it follows that the problem (17) admits a unique solution u such that v < u <.
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