Applied Mathematics E-Notes, 25(2025), 31-44 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

A Novel Methodology For Determining Row And Column Ranks
Of Tropical Matrices*

Amutha Boopathy!, Perumal Ramachandran?®

Received 5 October 2023

Abstract

In the modern era, tropical cryptographic algorithms can be effectively deciphered through the appli-
cation of tropical linear systems. The solvability of these systems is determined by assessing their ranks
and determinant. In this paper, we suggest a method for finding the column rank and row rank of any
tropical matrix using the advanced discrepancy method. This method can also be applied to check the
solvability of tropical linear systems. Unlike classical algebra, in tropical algebra there are many ranks
for a tropical matrix namely kapranov rank, barvinok rank, column rank, row rank and tropical rank.
We have also investigated various ranks of certain special tropical matrices.

1 Introduction

Imre Simon [1], a Brazilian mathematician and computer scientist had introduced tropical geometry in 1978.
The terminology ‘tropical’ was coined by French mathematicians. In tropical geometry, tropical semirings
are quite relevant. Semirings [2] featuring a base set (subset of the system of real numbers) and in operation
of tropical algebra, addition is the maximum or minimum, multiplication is the classical addition, have been
around since the late 1950s [3]. Based on the binary operation, there are two tropical semirings. In the
min-plus tropical semiring, adding two elements will result in a minimum of those two elements. In max-plus
tropical semiring, the addition of two elements is obtained by finding the maximum of that two elements.
Multiplying two elements in both cases is obtained by adding them classically [4, 5, 1, 6]. Max-plus semiring
is isomorphic to the min-plus semiring and both are idempotent semirings [7]. Tropical notion is rising
exponentially due to its simplicity and proximity to algebraic geometry [5, 8]. As a result tropical semirings
are applied in many domains including computer science, linear algebra, number theory, automata theory,
language theory, control theory, cryptography [9] and operations research [3, 10]. Tropical semirings plays
an important role in linear algebra, especially in solving the linear systems [11, 12]. We intend to decide
the behavior of rank and determinant of some matrices over the tropical semirings. Tropical addition is
denoted by ‘@’ and the tropical multiplication is denoted by ‘®’. The paper is structured as follows. We
give some basic definitions in Section 2 that are relevant to this study. The determinants of some special
tropical matrices were presented in Section 3. The different types of ranks for some special tropical matrices
were discussed in Section 4. The advanced discrepancy method and the method for finding the column rank
and row rank of tropical matrices were presented in Section 5.

2 Preliminaries

In this section, we discuss some preliminaries required to understand this paper.

Definition 1 ([2]) A set S (non-empty) with two binary operations namely addition (+) and multiplication
() is called a semiring, if it satisfy the following axioms:
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32 Row and Column Rank of Tropical Matrices

1. S is a commutative monoid under the operation addition (+) with ‘0 as the unique identity element.
2. S is a monoid under the operation multiplication (-) with a unique identity element denoted by ‘1°.
3 u-(vtw)=u-v+u-wand V+w) - u=v-utw-uV¥uv,weSs.

4. u-0=0and0-u=0Vuecs.

5. Identity elements under the two operations should not be the same. i.e. 0 % 1.

Definition 2 ([10]) Maz-plus semiring is a semiring R where the operations @ and © denotes maz-plus
addition and maz-plus multiplication respectively.

1. udv =v68uVYu,veR.

2. (udv)dw=ud(Wdw) eand  UEOV)OW=uG (VO W)Y u,v,w € R.

3 u0Wow) =wov)d(ueow) Y uv,we R.

4. 3e€ RV u€ R such that e Bu=u @ e =wu (Here the additive identity is ‘—o0’).

2.1 Matrices over the Max-Plus Semiring

The collection of all matrices with entries from the tropical semiring R with ‘m’ rows and ‘n’ columns is
denoted as M,,xn(R). Let P be a matrix defined over the max-plus semiring. Every j* column of the
matrix P is denoted by ‘P;’. Every i7" element of P € M,,«,(R) is denoted by ‘pi;’ and transpose of the
matrix P is denoted by ‘PT’. Let P = (pi;) € Mpmxn(R), Q = (¢ij) € Mumxn(R), T = (ti;) € Myx(R) and
a € S [4, 12]. Then,

P& Q = (max((pij), (¢ij)))mxn,

POT = max (pu) + (te) et
k=1

a® P = (a+ (pij))mxn-

Definition 3 ([13]) The linear system T © x = u is said to be a tropical linear system, if the entries
of the linear system are all from either maz-plus semiring R = (S U {—o0},®,®) or min-plus semiring
R = (SU{cc},8,0).

Definition 4 ([14]) Let R = (RU{—o00}, ®,®) be the real number system under the max-plus algebra. Let
P and Q be two m x n matrices over the real numbers under the tropical addition and tropical multiplication,
we say P<Q <= p;j <qi; V1i,5.

Definition 5 ([13]) In max-plus semiring, a vector ¢ = (q1,q2, " ,qm) s said to be a normal vector or
regular vector, if q¢; # —oo, ¥ 1 < j < m. In min-plus semiring, ¢ = (q1,G2, - ,Gm) is a regular vector if
gj #oo,V1<ji<m.

Definition 6 ([15]) A solution y* of the maz-linear system T ©y = w is called the principal solution of the
max. linear system, if y; < y*, where y;’s are the solutions of the maz. linear system.

Definition 7 ([16]) A matric Z € Myxn(R) is said to be a circulant matriz, if it is of the form,

20 Zp—1 Rpn—-2 *°° 21

21 20 Rp—1 "t 22

Z2 21 20 =
Zn—1 An—2 z2 e 20

where zg, 21, ,2n_1 € R.
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Definition 8 ([17]) The tropical determinant T'(T) of the matriz T € M, «n(R) is obtained by,

IT) = @ Tio(1) © Tag2) @ © Thg(n),

o€l

where, the 1, denotes the symmetric group with n elements.

Definition 9 A matriv T € Myxn(R) is singular, if max(T1,(1) © Tog2) © - - © Tho(n)) attains at least two

times. N .
D)= Tiosiy = Y Tioa()-
All the other matrices are non-singular.

Definition 10 ([18, 19]) The barvinok rank of the tropical matrizc T € Myxn(R) is the smallest k such

that,
k
T = @ u; © "Ul'T,
i=1

for the column vectors u;,v;. Barvinok rank of the matriz T is denoted as B.R(T).

Definition 11 ([17, 20]) The kapranov rank of a tropical matric T € Myxn(R) is the smallest classical
rank of the set of matrices over some valued field whose tropicalization equals T. It is denoted as K.R(T).

Definition 12 ([19, 21]) The tropical rank of a tropical matric A € M, x.(R) is the largest order of the
tropically non-singular square submatriz. It is denoted as T.R(A).

Definition 13 ([17]) A column rank (clrank(T)) of a tropical matric T € Mpyxn(R) is the number of
columns that are tropically independent.

Definition 14 ([17]) A row rank (rwrank(T)) of a tropical matrix T € M, xn(R) is the number of rows
that are tropically independent.

Definition 15 A matriz T € M.x4(R) is said to be a column-wise arithmetic matriz with a constant term
a € R and a difference k € R if,

a+k a+ 2k - a+dk
a+ (d+ 1)k a+(d+2)k - a+2dk
a+ ((c=1)d+ 1Dk a+((c—1)d+2)k -+ a+cdk

Definition 16 A matriz T € M.xq(R) is said to be a row-wise arithmetic matriz with a constant term
a € R and a difference k € R if,

a+k a+(c+k -+ a+((d—1Dc+ 1k
a+2k a+(c+2)k - a+((d—1)c+2)k
a+ck a+ 2ck a + cdk

Definition 17 A matrix T € M.y q4(R) is called a ¢-diagonal matrix if t;; = ¢ for 1 < i < ¢ and all other
elements are zero.

6 0 0 --- 0
0 ¢ 0 - 0
0 0 ¢ - 0
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Definition 18 A matriz T € M.xq(R) is said to be a Jéxd matriz, if the entries of matrix T are all 1°.

11
111 l
11 l
U AR
Definition 19 Let Z € M.x.(R) be a circulant matriz and T € M.« 4(R) is said to be an arithmetic circulant
matriz, if the entries zg, 21, ,2n—1 are 1,2, ¢ respectively
1 c c—1 2
2 1 c 3
3 2 1 4
c c—1 ¢c—-2 - 1

3 Determinant of the Tropical Matrices

The tropical determinant of some special matrices like the row-wise arithmetic matrix, column-wise arith-
metic matrix, ¢-diagonal matrix, J . ,, matrix and circulant arithmetic matrix were presented in this section.

Proposition 1 Let T € M,,«,(R) be a row-wise arithmetic matriz or column-wise arithmetic matriz. Then
I(T) = Cla(tra(T)),

where, Cla(tra(T)) denotes the classical trace of the tropical matriz.

Proof.
IN(T) = @ Tio(1) © Tog2) O Tho(n)
o€l
= %%X{Tm(n O Tog2y O Thomn)}-
In a row-wise arithmetic matrix and a column-wise arithmetic matrix, T (1) © To(2) "+ © Tho(n) are equal
Voel,.

Tla(l) © T20(2) @ Trw’(n) = c,V (S :ln

Obviously, an identity permutation will satisfy this equality.

%%X{Tmu) O Tao@) O Thom} = ¢

= 111 Ot O tyy
= Cla(tra(T)).

Proposition 2 Let T € M, xn(R) be a row-wise arithmetic matriz or a column-wise arithmetic matriz.
Then

_ 2na+ (n® + 1)nk

= 5 .

0(T)
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Proof. By Proposition 1 we have,

Cla(tra(T)) = i tii

=(a+k)+(a+n+2)k)+---+a+ (n(n—1)+n)k
2na + (n? + 1)nk
5 :

where, k is the difference and a is the constant. m
Remark 1 Fvery row-wise and column-wise arithmetic matrices are singular.

Proposition 3 Let T € M, x,(R) be a J!

nxn

matriz then T'(T) = nl.

Proof. We know that the matrix J!,, is both row-wise and column-wise arithmetic. By Proposition 1,
[(T) = Cla(tra(T)). Also, in J},

rxns all the elements are [. Hence,
Cla(tra(T)) = nl.
Then I'(T) =nl. =
Proposition 4 Let T € M, x,(R) be a ¢-diagonal matriz. Then either T'(T) = n¢ or T(T) = 0.

Proof. Let t;; =¢ V1<i<nandt;=0V1<i#j<n. There are two cases with respect to ¢ :

1. If¢ <0,
T(T) = P {T1o0) © Tavz) -+ © Thowm) }
o€l
= maX{Tla(l) © TQo‘(Q) O Tna’(n)}
=0.

2. If ¢ > 0, then identity permutation will be the maximum.

F(T) = @ {TIU(I) © T2o’(2) O Tna(n)}

c€l,
= max{Th,(l) ®© T2{T(2) ERNO) Tnﬂ(n)}
:tll +t22+"'+tnn
= neo.

]
Proposition 5 Let T € M, x,(R) be a circulant arithmetic matriz. Then T'(T) = n?.

Proof. In a circulant arithmetic matrix,

I(T) = P {T1o0) © Tavz) -+ © Thom) }
o€l

= maX{Tla'(l) © TZa'(Q) 0O Tncr(n)}

=t12 +lo23 + 134 -+ t(n—l)n + tin

=:n2.
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Proposition 6 Let T € M, x,(R) be a circulant matriz. Then T(T) =nk, V0 <i<n-—1.

Proof. Let the elements of the circulant matrix be cg,¢q,- - ,¢,—1 and let max{c;} =k, V0O <i<n-—1.
F(T) = @ {Tlcr(l) © T20'(2) O TnJ(n)}’
o€l

- maX{Tla(l) O] TQU(?) O Tna(n)}'
Suppose k = t;; for any one of 1 < 4,5 < n. Then

tij Htarn Gy TG o Tt gy o+ e = k.

4 Ranks of the Tropical Matrices

In this section, we discuss the barvinok rank, kapranov rank and the tropical rank of some special matrices.

4.1 Barvinok Rank

Proposition 7 Let T € M, x,(R) be a row-wise arithmetic matriz. Then B.R(T) = 1.

Proof. Choose u; = Ty and v =[0123---n —1]. Then u; ® v{ = T. It implies that
B.R(T) = 1,

where k=1. m

Proposition 8 Let T € M, x,(R) be a column-wise arithmetic matriz. Then B.R(T) = 1.

Proof. Let uy =T; and v{ = [0 n 2n 3n---n(n — 1)]. Then

T = é uU; ® UL'T.
i=1
It implies that
B.R(T) =1,
where k=1. m
Proposition 9 Let T € M, x»(R) be a ¢-diagonal matriz with ¢ #0. Then B.R(T) > 1.
Proof. Assume that the matrix T' € M, «,(R) is a ¢-diagonal matrix. Suppose that B.R(T) = 1. Then

ay
ag
© b1 by bz by] =T,
An,
a1+b1:¢, a2+b1:0,~~-,an+b1:0, (1)
a1 +by=0, aa+by=¢,---, ap +ba=0, (2)
a1 +b,=0, a3+b,=0,---, a, +b, = .

By subtracting the equations (1) and (2), then
bl—b2:¢ and bl—b2:—¢.
It follows that ¢ = —¢, which is a contradiction. Hence B.R(T) > 1. =
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Corollary 1 Let T € Msyo(R) be a ¢-diagonal matriz with ¢ # 0. Then B.R(T) = 2.

Proposition 10 Let T € M, ., (R) be a J!

nxn

matriz. Then B.R(T) = 1.

Proof. Let
Uy =
l

and vf be a zero vector or choose u; as a zero vector and

k
T = @ u; © UZ'T.
=1

Then B.R(T) =1, where k=1. m

Proposition 11 Let T' € My, «n(R) be a circulant arithmetic matriz. Then B.R(T) > 1.

37

Proof. Assume that the matrix T € M, «,(R) is a circulant arithmetic matrix. Suppose that B.R(T') = 1.

Then
a1
as
® [bl b2 b3 bn] :T7

an
a1+b1:1, a2+b1:n,~~, an+b1:2,
ay+by=2, ap+by=1,---, ap +by =3,

a1 +b,=n, as+b,=n—-1,---, a, +b, = 1.

By subtracting the equations (3) and (4), then
blfbgi].*n, blfbgi’n*]..

It follows that 1 —n =n — 1, which is a contradiction. Hence, B.R(T) > 1. m

Corollary 2 Let T € Mayx2(R) be a circulant arithmetic matriz. Then B.R(T) = 2.
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4.2 Kapranov Rank
Proposition 12 Let T' € My, «n(R) be a coloumn-wise arithmetic matriz. Then K.R(T) = 1.

Proof. Assume that the given matrix is coloumn-wise arithmetic. Choose the classical matrix (C.M) with
tropicalization T'.

ta+k ta+2k . ta+dk
ta-‘r(d-‘rl)k: ta+(d+2)k: . ta+2dk:
C.M=

ta+((cf.1)d+1)k ta+((cf.1)d+2)k ta+((cf.1)d+3)k ta+.cdk

Tropicalization of the classical matrix is the matrix 7" and the classical rank of the classical matrix is 1.
Hence, K.R(T)=1. m

Proposition 13 Let T € M, «n(R) be a row-wise arithmetic matriz. Then K.R(T) = 1.

Proof. Choose C.M = [c"i]. Clearly the tropicalization of the classical matrix is the matrix 7' whose
classical rank is 1. Hence, K.R(T) =1. m

Proposition 14 Let T' € My, «n(R) be a ¢-diagonal matriz. Then K.R(T) = 2.

Proof. Choose the classical matrix (C.M) as,

[t 1 t + a3 t% + a4 t? +ay,

1 t? 1+ ast? L+agt? - L14ant?
t9—az 1 t® t? —az+ay - t?—az+ay
CM=|tp_q, 1 t? —ay +as t¢ et —ag+an
t?—a, 1 t* —an,+az t*—a,+as - t® i

The above classical matrix has a classical rank 2. Hence, K.R(T) =2. m
Proposition 15 Let T € M, x,(R) be any matriz. Then K.R(T) < B.R(T).
Corollary 3 Let T € M, xn(R) be a ¢-diagonal matriz. Then B.R(T) > 2.

Proposition 16 Let T € M,,x,(R) be a J...,, matriz. Then K.R(T) = 1.

nxn
Proof. Choose the classical matrix as,
th ¢ ¢
th ¢ ¢t
i t!

Then, the classical rank of the classical matrix is 1. Hence, K.R(J,x»(1)) =1. ®

4.3 Tropical Rank
Proposition 17 Let T € M, x»(R) be a row-wise arithmetic matriz. Then T.R(T)=1.

Proof. All the submatrices of the matrix T are singular except the 1 x 1 submatrices. Hence, T.R(T) = 1.
|

Proposition 18 Let T' € My, «n(R) be a column-wise arithmetic matriz. Then T.R(T') = 1.
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Proof. The non-singular submatrices of T" are 1 x 1 submatrices. Therefore, T.R(T)=1. m
Proposition 19 Let T € M, «»(R) be a ¢-diagonal matriz with ¢ < 0. Then T.R(T) = 2.

Proof. Let T be a ¢-diagonal matrix with ¢ < 0. Then T has a 2 x 2 submatrix which is the largest
non-singular matrix. Hence, T.R(T) =2. m

Proposition 20 Let T € M, x,(R) be a ¢-diagonal matriz with ¢ > 0. Then T.R(T) =n — 1.

Proof. Let T be a ¢-diagonal matrix with ¢ > 0. Clearly, it has a n — 1 x n — 1 submatrix which is the
largest non-singular matrix. Therefore, T.R(T)=n—1. ®

Proposition 21 Let T € M,,xn(R) be a J..., matriv. Then T.R(T) = 1.

Proof. All the submatrices of J! ., are singular except the 1 x 1 submatrices. So, T.R(T) =1. =
Proposition 22 Let T' € My« (R) be a circulant matriz. Then T.R(T) =n — 1.

Proof. We know that, the largest non-singular submatrix of an circulant matrix has an order of n — 1.
Hence, TTR(T)=n—-1. m

Corollary 4 Let T € M, xn(R) be an arithmetic circulant matriz. Then T.R(T) =n — 1.

5 Advanced Discrepancy Method

We used the advanced discrepancy method to check the existence and uniqueness of the solution of max-
linear system. This method is more easier and faster than any other existing methods. Suppose the given
max-linear system is 7' ® z = u,

(t11 0x1)® (t12 0 22) B+ ® (b1 O Tp) = uq,

(t21 © 1) @ (L2 © 2) @ -+ D (l2n © Tp) = ug,

(tm1 © 1) B (b2 O 22) B -+ & (tyn © Tp) = Upy.

The given system can also be represented as the following,

max{ti1 © x1,t12 © T2, - ,tin O Tp} = Uy,
max{to1 © x1,%22 © Ta, - ,toy, @ Tp} = Ug,
ma'X{tml OT1,tm2 © T2, ,tmn an} = Um-

In advanced discrepancy, we define the ‘discrepancy(Dr,,)’ as the following,
DTUZ[Ule U7T2 U7Tn}
Now, find the minimum element in each columns and draw a box around that element.

Theorem 1 (Existence theorem) Let T' € My, «n(R). The max-linear system T ® x = u has a solution,
if and only if every row of Dr, has at least one bozed element.
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Theorem 2 (Uniqueness theorem) Let T © x = u be a maz-linear system. The system has a unique
solution, if and only if every row of D, has exactly one boxed element.

. 8
mQ (12
7|4

Example 1 Consider the mazx-linear system,

9 8 12 17 6
18 20 10 7 10

14 17 16 12 13
T4

e — |
O]

K

n =

11 7 9 10 22 17
where,
-1 0 [+4] [-9] 2
(6] [-8] 2 5 2
0 -3 -2 2 1

6 10 ||ﬂ

By Theorem 1, there is no boxved element in the third row. Thus, the system has no solution.

Example 2 Consider the following maz-linear system,

20 25 17 19 16 16
19 24 20 20 20| || |20
17 17 22 17 17| @ %3] T |17
16 15 17 16 17 if 17

where,

4] 9] -1 [3] (9]

1 -4 0 0 [0

Dr, =
’ 0o o [5 o [0
12 0 1 |0

Since every row has a boxed element, by Theorem 1, we can conclude that this system has a solution.

5.1 Finding the Column Rank and Row Rank of the Tropical Matrices Using
Advanced Discrepancy Method

In this section, we suggest the method to find the column rank and row rank of any tropical matrix by using
the advanced discrepancy method.

Step 1: For any given matrix T = [(T}) (T%) --- (T3)], construct a linear system
(Th) (T2) -+ (Th-))] 0 X =T,
where, T;’s are the corresponding columns of 7.
Step 2: Now, by using the advanced discrepancy method find the existence of the solution to the system

(TV) (T2) -+ (Th-1)] © X =T,.

Step 3: Suppose the system [(T1) (T2) -+ (Tr,—1)] ©® X = T,, has a solution, that implies 7T}, is dependent on
the other columns of 7. Now we remove the n'* column of T" also we conclude that clrank(T) < n—1.

Now, we reduce the system [(T1) (T2) - (Th-1)] © X =T, to [(T1) (T2) - (Th—2)] © X =Tp_1.
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Step 4: Suppose the system has no solution then 7,, is an independent column of T'.

Now, modify the system [(T1) (T2) -+ (Th—1)]© X =T, to [(T,) (Th) (Tz) -+ (Th—2)]® X =T, _1.
Step 5: If the system [(T,,) (T1) -+ (Th—2)] © X = T},—1 has a solution then follow Step 3.
Step 6: If the system [(T},) (T2) -+ (Th—2)] © X = T,,_1 has no solution then repeat Step 4.

Step 7: Repeat these steps until we get the system whose vector is the first column 7. Now, the left matrix
has the independent columns of the matrix 7. The number of columns in the final matrix is the column
rank of T'.

By using a similar method, we can obtain the row rank of T'.

Example 3 Suppose we have to find the column rank of the following matriz T

9 1 7 8 8]
T 10 12 12 7 11
|15 17 17 13 16
9 2 7 8 ]
Now, we construct the following system
9 1 7 8 1 8
10 12 12 7 o |72] = 11
15 17 17 13 z3| |16
9 2 7 8 T4 | 8
9 1 7 8 8
10 12 12 7 11
Ti=l50 Bo=y7|> = g7 Ta=|gg| ond Ts= 4
9 7 7 8 8

To check the solvability of the above system, we construct the discrepancy matriz Dy, .

DTu =

o -]
1
~
1
]
O W =~ O

By the advanced discrepancy method, we can conclude that the system has a solution and Ty is dependent on
the remaining columns of T. Now we remove Ty and the system is reduced to

9 1 7 8
10 12 12| [ |7
15 17 17| @ [*2| T |13
9 2 7 3 8
where,
171

<]

DTu =

|

[ )
|

W
|

B
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By the advanced discrepancy method we can conclude that the system has no solution. Ty is linearly inde-
pendent and it cannot be reduced from the system. We permute the columns and now we get,

s 9 1 7
7 10 12| | |12
13 15 17 21 =
8 9 2 3 7

Now, the discrepancy matriz of the above system is

Do |5 2 [Y]
Tu 4 2 m
5
By the advanced discrepancy method, the above system has a solution. Thus, T3 is dependent on the other
columns of T'. Now, we remove T3 and reduce the system

8 9 1
710 [n]_ |12
13 15 [mg]_ 17|
8 9 2

where, the discrepancy matriz is

5) 2
4 2
-6 -7

By Theorem 1, the system never has a solution and Ts is linearly independent. The system is now reduced
to

1 8

12 7 190

17 13| o [Il] - ,

2 8 2 15
9

s
3

Drp, = 2
7

By Theorem 1, this system has a solution and T} is linearly dependent. Now we remove T from the system
and finally we obtain the matriz

1 8
12 7
17 13
2 8

where the columns are linearly independent. Thus, in this example clrank(T) = 2.

Remark 2 To find the row rank of a matriz B, the above method can be used to find the clrank(BT), since
clrank(BT) = rwrank(B).
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6 Conclusions

In this paper, we presented the determinant, barvinok rank, kapranov rank and tropical rank of some special
matrices such as column-wise arithmetic matrix, row-wise arithmetic matrix, ¢-diagonal matrix, JJ,, ,, matrix
and circulant matrix. We have discussed the advanced discrepancy method to check whether the max-linear
system has a solution or not. Advanced discrepancy method is a rapid method used to solve tropical linear
systems. We have suggested a scheme to find the column rank and row rank of any tropical matrices using the
advanced discrepancy method. In future, we will try to attack the tropical cryptographic algorithms by using
our results. Also, we will use novel method to find the solutions for tropical linear systems. Furthermore,
we intend to present novel cryptographic algorithms in the future, which will be based on tropical ranks and

determinants, using the results we have obtained.
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