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Abstract

In this note, we propose some important results regarding the complex mean value theorem for
holomorphic functions. These results are developed by using some real-valued auxiliary functions. The
proposed results extend several existing results of the complex mean value theorem.

1 Introduction

The mean value theorem is a generalization of Rolle’s theorem. These theorems have crucially been studied
for analyzing various properties of real-valued functions. Moreover, it has several real-life applications.
Consequently, the real-valued mean value theorem has been extended extensively [6]. The basic Rolle’s and
Mean Value theorem for real-valued function are given as follows.

Theorem 1 (Rolle’s Theorem [1]) Let a function f : [a,b] — R be continuous on [a,b] and differentiable
n (a,b). If f(a) = f(b), then there exists a point ¢ € (a,b) such that f'(c) = 0.

Theorem 2 (Lagrange’s Mean Value Theorem [1]) Let a function f : [a,b] — R be continuous on
[a,b] and differentiable in (a,b). Then there exists a point ¢ € (a,b) such that

f(b) = f(a) = f'(e)(b - a).
If f(a) = f(b), then the Lagrange’s Mean Value theorem reduces to Rolle’s theorem.

It is well known that Rolle’s Theorem is not valid for holomorphic functions of complex variable. For
example, the function f(z) = e* — 1 has value 0 at z = 2k7i for every k € Z, but f/(z) = e has no zeros in
the complex plane C. In 1992, Evard and Jafari [4] went around this difficulty by working with the real and
imaginary parts of a holomorphic function. Using the standard notation z = x+iy for z € C, where x = R(2)
and y = $(z) are the real and imaginary parts of z, respectively. They have proposed the following theorems
by defining the open line segment joining two complex numbers a and b as Ja,b[ = {a+t(b—a):t € (0,1)}.

Theorem 3 (Complex Rolle’s Theorem [4]) Let f be a holomorphic function defined on an open convex
subset Dy of C. Let a,b € Dy be such that f(a) = f(b) =0 and a # b. Then there exists z1, 22 € la,b| such
that

R(f(21)) =0 and S(f'(22)) = 0.

Theorem 4 (Complex Mean Value Theorem [4]) Let f be a holomorphic function defined on an open
convex subset Dy of C. Let a and b be two distinct points in Dy. Then there exists z1,2z2 € |a,b| such that

R(f'(21)) =R <Jw> and  S(f'(22)) =9 <w> -
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2 Some Variants of Mean Value Theorem

Several authors have generalized Lagrange’s mean value theorem for real-valued and complex valued func-
tions. In this section, we mention a few of them. In 1958, Flett [5], have proved the following variant of the
Mean Value Theorem.

Theorem 5 (Flett’s Theorem [5]) Let f : [a,b] — R be a differentiable function on [a,b] and f'(a) =
f'(b). Then there exists a point ¢ € (a,b) such that

fle) = fa) = f'(e)(c — a). (1)

In 1998, Sahoo and Riedel (see [9]) gave a generalization of Flett’s theorem, where they remove the
boundary condition on the derivative of f.

Theorem 6 (Sahoo-Riedel’s Theorem [9]) Let f : [a,b] — R be a differentiable function on [a,b]. Then
there exists a point ¢ € (a,b) such that

fle) = fla) = f(o)(c—a) = 5 ——F——(c—a)”. (2)
In 2012, Mohapatra [7] generalized Sahoo-Riedel’s theorem using two functions f and g.

Theorem 7 ([7]) Let f,g: [a,b] — R be differentiable functions on [a,b]. Then there exists a point ¢ € (a,b)
such that

[

9(b) = g(a)lg' (O)[f(c) = f(a) = f'(c)(c — a)]
= [f

(b) = f(a)]lg(c) — g(a)] [3(g(c) — g(a)) — g'(c)(c — a)] .
In 2020, Lozada-Cruz (see [6]) proved the following variant of Sahoo-Riedel’s theorem.

Theorem 8 ([6]) Let f : [a,b] — R be a differentiable function on [a,b]. Then there exists a point ¢ € (a,b)
such that

no IO gy, new. 3)

n (b—a)rt

fle) = fla) = f'(e)(c —a) -

The next result is also proved by Lozada-Cruz in 2020 (see [6]), which is a variant of Theorem 7.

Theorem 9 ([6]) Let f, g : [a,b] — R be differentiable functions on [a,b]. Then there exists a point ¢ € (a,b)
such that

[9(b) — 9(a)]" g (0)[f (c) = f(a) — f'(c)(c — a)]
= [f'(®) = f(@]lgle) = g(@)]" " [1(g(c) = g(a) = g'(c)(c —a)], n=>2.

On the other hand, in 1997, Myers [8] proved a slight variant of Flett’s theorem.

Theorem 10 (Myers’ Theorem [8]) Let f : [a,b] — R be a differentiable function on [a,b] and f'(a) =
f'(b). Then there exists a point ¢ € (a,b) such that

f®) = f(e) = f'(e)(b - o). (4)

In 2012, Cakmak and Tiryaki (see [2]) proved a slight variant of Sahoo-Riedel’s theorem. Cakmak and
Tiryaki’s theorem is also a generalization of Myers’ theorem.
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Theorem 11 (Cakmak-Tiryaki’s Theorem [2]) Let f : [a,b] — R be a differentiable function on [a,b].
Then there exists a point ¢ € (a,b) such that

1f'(b) = f'(a)

f(b)—f(c)Zf/(C)(b—C)+§ﬁ(b—C)2~ (5)

In 2012, Mohapatra [7] generalized the theorem of Cakmak-Tiryaki’s by considering two functions f and
g.

Theorem 12 ([7]) Let f,g : [a,b] — R be differentiable functions on [a,b]. Then there exists a point
€ (a,b) such that

(b) — g(a)lg'(@)[f(b) = f(c) = f'(c)(b— )]
'(b) = f()llg(c) — g(®)] [5(9(b) — g(c) — g () (b — )] -

In 2020, Lozada-Cruz [6] have proved the following variant of Cakmak-Tiryaki’s theorem.

Theorem 13 ([6]) Let f : [a,b] — R be a differentiable function on [a,b]. Then there exists a point ¢ € (a,b)
such that

n—1f(b) - f'(a)

n (b—a)n !

fb) = fle) = f(e)(b—c) +

(b—0o)", meNl. (6)

In 2020, Lozada-Cruz (see [6]) proposed the following result which is a variant of Theorem 12.

Theorem 14 ([6]) Let f,g : [a,b] — R be differentiable functions on [a,b]. Then there exists a point
¢ € (a,b) such that

lg(a) = g®)]" 9" (@)[f(b) = f(c) = F(c)(b— ©)]
= [f'(0) = f'(@)]lg(c) = g®)]" ™" [1(g(c) = 9(b)) + ' ()b~ )], n=2.

In general, the Flett’s theorem is not valid for complex valued function. Let us consider the function
f(z) = € — z to illustrate it. The function f is holomorphic and f’(2kmi) = 2™ — 1 = 0 = f/(0) for all
integer k. In spite of that the equation

has no solution on the interval (0,274). Thus, the Flett’s theorem fails in the complex domain. However,
the following two results are the holomorphic version of Sahoo-Riedel’s and Cakmak-Tiryaki’s theorems,
respectively. Moreover, the holomorphic version of Flett’s and Mayer’s theorem can also be reduced from
these two theorems.

In the every subsequent results, R(nw) is denoted by (n,w) for any n,w € C.

Theorem 15 (Holomorphic Sahoo-Riedel’s Theorem [3]) Let f be a holomorphic function defined on
an open convex subset Dy of C. Let a and b be two distinct points in Dy. Then there exists z1,2z2 € |a,b]

such that b—a, f(z1) — F(@) . LR(FD) - F(a))
By = Ll W) SRIO =T, @

and . SO (b) — f'(a
%(fI(ZQ)) _ <b_a’ _Z[f(ZQ)_f(a)D _’_l‘s(f (b) f( )) (22_a) (8)

(b—a,zo —a) 2 b—a

By considering f'(a) = f’(b) in Theorem 15, we get the following complex version of Flett’s mean value
theorem.
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Corollary 1 (Holomorphic Flett’s Theorem [3]) Let f be a holomorphic function defined on an open
convex subset Dy of C. Let a and b be two distinct points in Dy with f'(a) = f'(b). Then there exists
z1,%2 € |a, b such that

éR(f/(Zl)) _ <b - Cl,f(Zl) - f(a)> and C\\Y(f,(ZQ)) _ <b ) _Z[f(z2) - f((l)]> )

(b—a,z1 —a) (b—a,ze —a)

Theorem 16 (Holomorphic Cakmak-Tiryaki’s Theorem [2]) Let f be a holomorphic function defined
on an open convex subset Dy of C. Let a and b be two distinct points in Dy. Then there exists z1, 22 € |a,b]

such that
(b—a, f(b) — f(z1)) 1R(f(®)— f'(a))

R(f(e0)) = S S S ) ©)

and
(b—a,—i[f(b) = f(z2)]) _1S(f'(b) = f'(a))
(b—a,b— z9) 2 b—a

S(f'(22)) = (b—z). (10)

By employing the condition f’(a) = f/(b) in Theorem 16, we obtain the following complex version of
Myers’ theorem.

Corollary 2 (Holomorphic Myers’ Theorem [2]) Let f be a holomorphic function defined on an open
convex subset Dy of C. Let a and b be two distinct points in Dy such that f'(a) = f'(b). Then there exists

21,22 € |a, b such that
(b—a, f(b) = f(z1))

R(f'(21)) = (b—a,b—z)

and
b — o, —ilf(5) — F(z2)))

S(f'(22)) = (b—a,b—z)

The succeeding two results are the holomorphic extension of the Theorems 7 and 12, respectively.

Theorem 17 ([7]) Let f and g be holomorphic functions on a convex open domain Dy of C. Then there
exists z1,2z9 € |a,b| such that

(b—a, f(z1) — f(a))

(b—a,z1 —a)

= R0 - P - aglen) — (o) x [ EEIEZIOD) gy

(g B)]( — 0. g(b) — 9(a)) [ - %(f%zl))}

and

(35’ (5))]{b — a, —ilg(8) — g(a)) [“’ —o i)~ J@]) s<f'<z2>>}

(b—a,zo —a)

(70 = P - —ilyea) ~ gla) x | 5 5= o).

|
%)

Theorem 18 ([7]) Let f and g be holomorphic functions on a convex open domain Dy of C. Then there
exists z1, 22 € la,b[ such that

R @)1 - a.90) - gt | LI LD )|

= RO - L@ ag) - o) x |5 B LEZIE g
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and

306/ @)~ a.~ilg) - gta)) | = F O TED gpay))|

(70 = £~ a,=ilaCe2) ~ 9] x | 3 =GP IED ()]

&

=

3 Main Results

In this section, we shall provide some variants of the mean value theorem for the holomorphic function. The
subsequent result is a variant of Theorem 15 (Holomorphic Sahoo-Riedel’s theorem).

Theorem 19 Let f be a holomorphic function defined on an open convex subset Dy of C. Let a and b be
two distinct points in Dy. Then there exists z1,22 € |a,b[ such that

o S~ F@) | n 1R - f@)
§R(f (Zl)) - <b —a,z — a> + n (b — a)n_l ( 1 ) (11)
and . LY fl
%(f/(zz)) — <b — 4, _Z[f('z?) — f(a’)]> + n—1 \S(f (b) f (CL)) (22 _ a/)n—l’ vV n e N. (12)

(b—a,z —a) n (

Proof. Let us consider u(z) = R(f(2)) and v(z) = I(f(2)) for any z € Dy. We now define the auxiliary
function ¢ : [0,1] — R by

¢(t) = (b—a, fla+t(b—a)). (13)

The equation (13) can also be written as the following form.
o(t) =R(b—a)u(a+tlb—a)) + (b —a)v(a+tb—a)) Vtel0,1].
Therefore, using the Cauchy-Riemann equations, we get
¢'(t) = b — al*R(f'(2)).
By applying Theorem 8 to the auxiliary function ¢ on [0, 1], we obtain

n—1¢'(1) - ¢'(0)

t1¢' (t1) = ¢(t1) — ¢(0) + n (L=

(tl - O)na ne N7

for some t; € (0,1). Thus,

where 21 = a + t1(b — a). Moreover, z; satisfy the condition ¢1|b — a|? = (b — a,2; — a) for t; € (0,1). By
using the equation (13) in the equation (14), we obtain the result which is described in the equation (11).

Letting g = —if, we have
0v(z) Ou(z)

R(g'(2)) = “or = _Ty = 3(f'(2))-

Now, applying the result of the first part to g and rewriting in terms of f, we obtain (12). Hence the proof.
]

Remark 1 Note that:

(i) If n =1 in Theorem 19, we get the Corollary 1 (Holomorphic Flett’s Theorem,).
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(ii) If n =2 in Theorem 19, we get Theorem 15 (Holomorphic Sahoo-Riedel’s Theorem).
The next theorem is a variant of Theorem 16 (Holomorphic Cakmak-Tiryaki’s Theorem).

Theorem 20 Let f be a holomorphic function defined on an open convex subset Dy of C. Let a and b be
two distinct points in Dy. Then there exists z1,22 € |a,b] such that

b= f) = JC) _n— 1RGO = f@) s

§R(f/(’zl)) = <b — a,b _ Zl> n (b _ a)n—l

(15)

and
sy = O @il = f@)  n =13 - F@),
S(f(22)) = B—ab—2) T b—ay (b—2z)""", Vnel. (16)

Proof. Let us consider u(z) = R(f(z)) and v(z) = 3(f(z)) for any z € Dy. We now define the auxiliary
function ¢ : [0,1] — R by
¢(t) = (b —a, fla+1(b— a))), (17)
which is
o(t) =R —a)u(a+t(b—a)) + (b —a)v(a+tb—a)),

for every ¢ € [0, 1]. Therefore, using the Cauchy-Riemann equations, we get
¢'(t) = |b— al*R(f'(2)).
Now applying Theorem 13 to the auxiliary function ¢ on [0, 1], we obtain

n—14(1) - ¢'(0)

(1—t1)¢'(t1) = ¢(1) — (1) + n (=0

(1—t1)", nEN,

for some t; € (0,1). Thus

R ()) = s = e = (8)

where z; = a + t1(b — a). Furthermore, 2; satisfy the condition (1 —t1)|b — a|?> = (b — a,b — z1) for some
t; € (0,1). Therefore, employing the equation (17) in the equation (18), we get the required result (15).

Letting ¢ = —if, we have
0v(z) ou(z)

%(9/(2)) = “or = _Ty = %(fl(z))-

Now, employing the result of the first part to g and rewriting in terms of f, we obtain (16). This completes
the proof. m

Remark 2 Note that:
(i) If n =1 in Theorem 19, we get the Corollary 2 (Holomorphic Myers’ Theorem).
(i) If n =2 in Theorem 19, we get Theorem 16 (Holomorphic Cakmak-Tiryaki’s Theorem,).

In the next theorem, we shall provide a variant of Theorem 17.

Theorem 21 Let f and g be holomorphic on a convex open domain Dy C C. Then there exists z1,z2 € a,b|
such that ¥V n > 2,

<b_aaf(zl)_f(a)>_ (4
LBV TO) e

1{b—a,g(z1) - g(a))
n (b—az —a)

[wyw»mb—mmw—gw»wl[

[Mf@f@MWmﬂa)gwmnlx[ %@@m] 19)



564 Some Variants of Holomorphic Mean Value Theorem

and

(/N[0 — 0, =ilg(0) — gt | LT LOD gy
= [S(f'(b) = f'(@))][b — a, —ilg(z2) — g(a)])]" !
1{b—a,—ilg(z2) —9(@)]) (i,
n (b—a,z —a) ~ Sl 2))} . 2
Proof. Let us consider u(z) = R(f(2)), v(z) = S(f(2)), a(z) = R(g(z)) and S(z) = I(g(z)) for every
z € Dy. We now define two auxiliary functions ¢, : [0,1] — R by

¢(t) = (b—a, fla+t(b—a))) and ¢(t) = (b—a,gla+t(b—a))), (21)
which are
o) =R —a)u(a+t(b—a))+ (b —a)v(a+td—a)), (22)
() =Rb—a)afa+t(b—a))+ (b —a)b(a+tb—a)), (23)
for every ¢ € [0, 1]. Therefore, using the Cauchy-Riemann equations, we get
¢'(t) = [b—al*R(f'(2)) and ¢'(t) = b — a|*R(g'(2)). (24)

Applying Theorem 9 to the auxiliary functions ¢, on [0, 1], we obtain
[(1) = (0)]" 1 (V)[p(tr) = ¢(0) — ¢ (t1)(t1 — 0)]

— ) - SONun) - O] | Hutt) - vO) - () - 0] a2,

for some t; € (0,1). Thus,

o) =60
Lo ()|

14p(t1) —2(0)

n )b —al?

H Q) — w0 [

= [¢'(1) = &' (O)][w(tr) — v (0)" [ - §1?(9’(21))} 7 (25)

where 21 = a + t1(b — a). Moreover, z; satisfy the condition #1|b — a|? = (b — a,2; — a) for t; € (0,1). By
employing the equations (21)—(24), we have the following properties of ¢ and 9

¢(t) = (b—a, f(z1)), (1) = (b—a,9(z)),
¢(0) = (b —a, f(a)), $(0) = (b —a,g(a)),
¢'(0) = [b— al*R(f'(a)), (1) = (b—a,g(b)),
¢'(1) =[b—alR(f'(b), ¥'(1)=b—al*R(g'(1)).
)-

Now, substituting these values in (25) yields (19). Letting f; = —if and g1 = —ig, we have

R(f1(2)) = S(f'(2)) and  R(g1(2)) = S(g'(2)).

Applying the result of the first part to f; and g; and rewriting them in terms of f and g, we obtain (20).
Hence the proof. m

Remark 3 Note that: if n = 2 in Theorem 21, we get Theorem 17. Also, putting g(z) = z in Theorem 21

and noting that
z—a (b—a,z—a)
b—a {(b—a,b—a)’ 2 € Ja b,

we get Theorem 19.
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In the following result, we shall give a variant of Theorem 18.

Theorem 22 Let f and g be holomorphic on a convex open domain Dy C C. Then there exists z1,z2 € a,b|
such that ¥V n > 2,

m@mmnw—mm@—gwmnlﬂb‘”ﬂ”‘f“”

(b—a,b—z)

- (70|

R O) -~ @0~ aglen) g | T ETEA IO wgeap]
and

o . w [ lf B = )

(6 @)~ 0, -ilg(a) ~ g | LTI g

(70 = P~ a.~ilg) - g | ST IO0 (g ] o)

IC\]‘f(f(Z)), a(z) = R(g(2)), B(z) = 3(g(2)) for every z € Dy.

%

=

Proof. Let us consider u(z) = R(f(2)), v(z) =
We now define two auxiliary functions ¢, : [0,

— R by
¢(t) = (b—a, fla+t(b—a))) and ¥(t) = (b—a,g(a+t(b—a))), (28)
which are
o) =R — a)ula+tb—a))+ 30— a)v(a+tb—a))
and

() =R0b—a)afa+t(b—a))+ (b —a)b(a+tb—a)),
for every ¢ € [0, 1]. Therefore, using the Cauchy-Riemann equations, we get
¢'(t) = [b—al*R(f'(2)) and ¢'(t) = b — a|*R(g'(2)). (29)
Applying Theorem 14 to the auxiliary functions ¢, on [0, 1], we obtain
[£(0) — (W] (0)[6(1) = d(t1) = ¢/ (t1)(1 — t)]
— B0 - GOl - v [ - )+ -] ez,
for some t; € (0,1). Thus,

o(1) — ¢(t1)
t1lb = af?
14(t) — (1)

n t1]b—al?

wﬂmw@—wmr*[

— W) - o) - v | SR )] (30)
where 21 = a+t1(b— a). Furthermore, z; satisfy the condition (1 —¢1)|b—al?> = (b—a,b—2) for t; € (0,1).
By employing the equations (28)—(29), we have the following properties of ¢ and

P(t1) = (b—a, f(21)), Y(t1) = (b—a,g(21)),

¢(1):<b_a7f(b)>a 1/1(0):@—@,9(@ >,

¢i(0) = [b—al*R(f'(a)), ¥(1)=(b—a,g(b)),

¢'(1) = [b—al*>R(f'(b), ¥'(0) = [b—al*R(¢'(a)).
(26).

Now, substituting these values in (30) yields (26)
Letting f1 = —if and g, = —ig, we have

R(f1(2) = S(f'(2)) and R(g1(2)) = (¢ (2)).

Applying the result of the first part to fi; and ¢g; and rewriting them in terms of f and g, we obtain (27).
Hence the proof. m
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Remark 4 Note that: if n = 2 in Theorem 22, we get Theorem 18. Also, putting g(z) = z in Theorem 22

and noting that
b—z (b—ab—2)
b—a (b—a,b—a)’ vz € Jabl,

we get Theorem 20.

4 Conclusion

We have developed some important results regarding the complex mean value theorem for holomorphic
functions in this paper. These results have been proposed by using some real-valued auxiliary functions.
The developed results extend several existing results of complex mean value theorem. For future work on
this topic, it will be interesting to obtain the same types of results for complex-valued functions of several
variables.

Acknowledgment. The authors are most grateful to the Editors and referees for their helpful and
constructive comments for improvement of this paper.
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