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Abstract

In this study, we introduce the concepts of regular ideal convergence types and regular ideal Cauchy
for double sequences of functions in 2-normed spaces. Also, we study some properties of these new
concepts.

1 Introduction

Throughout the paper, N and R denote the set of all positive integers and the set of all real numbers,
respectively. The concept of convergence of a sequence of real numbers has been extended to statistical
convergence independently by Fast [19] and Schoenberg [37]. This concept was extended to the double
sequences by Mursaleen and Edely [29]. The idea of ideal convergence was introduced by Kostyrko et al.
[27] as a generalization of statistical convergence. Nuray and Ruckle [31] independently introduced the same
concept with another name generalized statistical convergence. Das et al. [5] introduced the concept of
ideal convergence of double sequences in a metric space and studied some properties. Tripathy and Tripathy
[40] studied on ideal convergence and regular ideal convergence of double sequences. Diindar and Altay [10]
introduced ideal convergence and regular ideal convergence of double sequences. Also, Diindar [6] introduced
regular ideal convergence and regular ideal Cauchy double sequences of functions. Recently, Diindar and
Akin [15] studied regular ideal convergence of double sequence of sets. Akin [32] investigated regular ideal
invariant convergence of double sequences. A lot of development have been made in this area after the works
[7,8,9, 11, 12, 13, 17, 18, 28, 40, 38].

The concept of 2-normed space was initially introduced by Gihler [20, 21] in the 1960’s. Since then,
this concept has been studied by many authors [23, 24, 26]. Sahiner et al. [39] and Giirdal [26] studied Z-
convergence in 2-normed spaces. Giirdal and Agik [25] investigated Z-Cauchy and Z*-Cauchy sequences in 2-
normed spaces. Sarabadan and Talebi [34] defined statistical convergence and ideal convergence of sequences
of functions in 2-normed spaces. Sarabadan and Talebi [35] investigated the concepts Za-convergence, Zo-limit
points and Zs-cluster points of double sequences in 2-normed spaces. Diindar and Sever [14] introduced the
notions of Zy and Z5-Cauchy double sequences, and studied their some properties with (AP2) in 2-normed
spaces. Yegiil and Diindar [45, 46, 47] studied statistical convergence and ideal convergence of double
sequences of functions and investigated some properties of these convergence types in 2-normed spaces.

Now, we recall some fundamental definitions and notations (See [1-5, 16, 20, 22, 24, 25, 27, 33-36,
40-47)).

Let X be a real vector space of dimension d, where 2 < d < co. A 2-norm on X is a function |-, -|| :
X x X — R which satisfies the following statements:

(i) ||z, y|| = 0 if and only if « and y are linearly dependent.

(i) [z, yll = lly, |-

(iii) oz, yll = lelllz, yll, o € R.
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464 Regular Ideal Convergence of Double Sequences of Functions

(V) [lz,y + 2l < llz, yll + [l =[]

The pair (X, ||+, -]|) is called a 2-normed space. As an example of a 2-normed space, we may take X = R?
being equipped with the 2-norm ||z, y|| := the area of the parallelogram based on the vectors z and y which
may be given explicitly by the formula

lz,yll = |21y2 — z21]; @ = (21,22),y = (y1,92) € R

In this study, we suppose that X is a d-dimensional 2-normed space, where 2 < d < oo.

If K CN, then K,, denotes the set {k € K : k <n} and |K,| denotes the cardinality of K,,. The natural
density of K is given by d(K) = nll_)rrolo%|Kn|, if it exists.

The number sequence x = (zy) is statistically convergent to L provided that for every ¢ > 0 we have
d(K(e)) =0, where K(¢) :=={k € N: |z, — L| > €}. In this case, we write st —limz = L.

Let X # (). A class T of subsets of X is said to be an ideal in X provided:

(i) 0 € Z, (ii) A,B € 7 implies AUB € T, (iii) A€ Z, B C A implies B € T.

7 is called a nontrivial ideal if X ¢ Z. A nontrivial ideal 7 in X is called admissible if {x} € Z for each
x € X. Throughout the paper, we take Z as a nontrivial admissible ideal in N.

Let X # (). A non empty class F of subsets of X is said to be a filter in X provided:

(i) 0 ¢ F, (ii) A, B € F implies AN B € F, (ili) A € F, A C B implies B € F.

If 7 is a nontrivial ideal in X, X # 0, then F(Z) = {M C X : (3A € Z)(M = X\A)} is a filter on X,
called the filter associated with Z.

Throughout the paper, we take Zs as a nontrivial admissible ideal in N x N.

A nontrivial ideal Zo C 2N is called strongly admissible if {i} x N and N x {i} belong to Z, for each
i € N. Tt is evident that a strongly admissible ideal is also admissible. After this, we take Z5 as a strongly
admissible ideal in N x N.

Let I = {A c Nx N: (3m(4) € N)(4,5 > m(A) = (i,5) ¢ A)}. Then IY is a nontrivial strongly
admissible ideal and clearly an ideal Z, is strongly admissible if and only if Z9 C Zs.

Throughout the paper, we take X and Y be two 2-normed spaces, {f,, }nen and {g, }nen be two sequences
of functions and f, g be two functions from X to Y.

The sequence {f,}nen is said to be convergent to f if f,(x) il f(z) for each x € X. We write

-y

fn — f. This can be expressed by the formula
(Vz € Y)WV € X)(Ve > 0)(Tno € N)(Yn > ng)|| fn(z) — f(x), 2] <e.
The sequence {f,} is said to be Z-pointwise convergent to f, if for every € > 0 and each nonzero z € Y,

Ale, 2) ={n e N:|[fu(z) - f(2),2]| = e} €T,

for each € X. In this case, we write f, ”i;,I f.
The sequence {f,} is said to be (pointwise) Z*-convergent to f, if there exists a set M € F(Z), (i.e.,
NMeI), M={m <mg<---<my <---}, such that for each z € X and each z €Y,

lim [, (@), 2] = [1£(2). 2]
and we write Z* — lim ||f.(z), z|| = || f(z), 2|

A double sequence & = (2, ) of real numbers is said to be convergent to L € R in Pringsheim’s sense if
for every € > 0, there exists N, € N such that |z,,, — L| < &, whenever m,n > N.. In this case, we write

lim =z, = L.
m,n— o0

A double sequence = () of real numbers is said to be bounded if there exists a positive real number
M such that |z,,,| < M for all m,n € N, that is, ||z]lcc = Sup |ZTmn| < 00. We let the set of all bounded
m,n

double sequences by L.
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Let K C N x N. Let K,,, be the number of (j,k) € K such that j < m, k < n. If the sequence {%
has a limit in Pringsheim’s sense then we say that K has double natural density and is denoted by

Kmn

A double sequence © = (Z,,,,) of real numbers is said to be statistically convergent to L € R if for every
g > 0, we have dy(A(e)) = 0, where

A(e’—j) = {(mvn) ENXN: |xmn - L| > 5}-

A double sequence () of real numbers is said to be regularly convergent, if it is convergent in Pring-
sheim’s sense and the limits lim z,,, and lim z,,, exist for each fixed n € N and m € N, respectively. If

m—0o0 n—0o0

the double sequence (z,y) is regularly convergent to L in X, then

lim lim z,,, = lim lim z,,, =L
n—oo m—0o0 m—00 N— 00

and we write r — lim x,,, = L.

A double sequence (z,,,) in X is said to be regularly (Zy,Z)-convergent (r(Zs,Z)-convergent), if it is
Zs-convergent in Pringsheim’s sense and for each ¢ > 0 and each nonzero z € X, the following statements
hold:

{m € N: ||@mn — Ln,z|| > €} € Z, for some L,, € X and for each n € N,

and
{n e N: ||zmn — Km, 2| > €} € Z, for some K,,, € X and for each m € N.

If the double sequence () is regularly (Zo,Z)-convergent (r(Zs,Z)-convergent) to L € X, then

7 - lim lim z,,=27Z—-— lim lim z,,, = L.
A double sequence (x,,,) in X is said to be r(Z3,Z*)-convergent, if there exist the sets M € F(Zs) (i.e.,
Nx N\ M €T,), My € F(T) and My € F(Z) (i.e.,, N\ M; € T and N\ M> € 7) such that the limits
lim  zpn, n%gnoo Tmn and nleréo T,

m,n— 00

(m,n)eM meM; neMs

exist for each fixed n € N and m € N, respectively.

A double sequence () in X is said to be regularly (Z2, Z)-Cauchy sequence (r(Zz,T)-Cauchy sequence),
if it is Zy-Cauchy sequence in Pringsheim’s sense and for each ¢ > 0 and each nonzero z € X, there exist
kn = kn(e,z) € N and I, = I, (€, 2) € N such that the following statements hold:

Ai(e) ={m eN: ||[zmn — Th,n, 2| >} €Z, (n€N)

and
As(e) ={n eN: ||lxmn — Ty,,, 2|| = €} €Z, (m€N).

A double sequence () is said to be regularly (Z3,Z*)-Cauchy sequence (r(Z3,Z*)-Cauchy sequence),
if there exist the sets M € F(Zy), My € F(Z) and My € F(I) (i.e, Nx N\ M € Ty, N\ M; € 7 and
N\ M; € T), for each ¢ > 0 and each z € X, there exist N = N(¢), s = s(e), t = t(e), (s,t) € M, ky, = ky(¢),
lm =l () € N such that for all m,n, s, t, ky, L, > N,

|Tmn — xst, 2|| <&, for (m,n),(s,t) € M,
|Tmn — Tk, n, 2|| <€, for each m € M; and for each n €N,

| Zmn — Tmi,,, 2| <&, for each n € My and for each m € N.
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After this, we let X and Y be two 2-normed spaces, { fmn }(m,n)enxn and {gmn } (m.n)enxy be two double
sequences of functions, f, g be two functions from X to Y.

A double sequence { fy.n} is said to be convergent to f if for each € X and for every € > 0, there exists
a positive integer ko = ko(x, ) such that for all m,n > ko implies || frn(z) — f(2), 2| < &, for every z € Y.

I this case, we write f’mn H7—”¥ f
A double sequence { fim,} is said to be Zy-convergent to f, if for every € > 0 and each nonzero z € Y,

Ale; z) = {(m,n) € NXN: [[fnn(2) — f(2), 2] = €} € I,

for each z € X. In this case, we write Zo — lim || frn (@), 2| = || f(2), 2]| OF finn ”ﬂ}’zz f.
m,n— o0

A double sequence {f,} in 2-normed space (X, ||.,.||) is said to be Zj-convergent to f, if there exists
aset M € F(Z) (e, H=Nx N\ M € I,) such that for each x € X, each z € Y and all (m,n) € M,
lim_ || (@), 2| = [ f(z), 2] and we write 75 — lim_||fn(a). 2]l = [ £(2), 2]

m,n—
A double sequence {fmn} is said to be Zy-Cauchy sequence, if for every e > 0 and each x € X, there
exist s = s(e,x), t = t(e,x) € N such that for each nonzero z € Y,

{(m,n) e NxN: ||an(x) - fst(m)az” > 6} € 1.

A double sequence {fin} is said to be Z3- Cauchy sequence, if there exists a set M € F(Zy) (i.e., H =
N x N\ M € Z,) and for every ¢ > 0 and each x € X, kg = ko(e,z) € N such that for all (m,n), (s,t) € M
and each z € Y || frun(x) — fst(2), || < €, whenever m, n, s,t > ko. In this case, we write ~ lim || fon(z) —

m,n,s,t—oo
faul@), 2] = 0.

If we take T =T, = {A C N: d(A) =0}, then Z = 7 is a non-trivial admissible ideal of N and the ideal
convergence coincides with statistical convergence.

If we take 7o = Z4, = {A C N x N: da(A) = 0}, then Zy = Z,, is a nontrivial strongly admissible ideal
of N x N and the ideal convergence coincides with statistical convergence.

An admissible ideal Z C 2" satisfies the property (AP), if for every countable family of mutually disjoint
sets {A1, Ag, ...} belonging to Z, there exists a countable family of sets {B1, Bs, ...} such that A;AB; is a
finite set for j € N and B = J;Z, B; € Z. (hence B; € T for each j € N).

An admissible ideal Z, C 2N%N satisfies the property (AP2), if for every countable family of mutually
disjoint sets {Aj, Aa,...} belonging to Z,, there exists a countable family of sets {Bj, Ba,...} such that
AjAB; € 19, ie., A;AB; is included in the finite union of rows and columns in N x N for each j € N and
B =UjZ, Bj € I (hence B; € I for each j € N).

Throughout the paper, we let convergent instead of pointwise convergent.

Now, we begin with quoting the following lemmas due to Yegiil and Diindar [46, 47] which are needed
throughout the paper.

Lemma 1 ([46, Theorem 3.2]) For each x € X and each nonzero z € Y,

lim_ || fuun(2). 2]l = [|f(@). 2] implies T~ lim_||frun(a). 2] = |f(@). 2],

m,n— oo

Lemma 2 ([46, Theorem 3.8]) For each x € X and each nonzero z € Y,

Iy = Mim |[fon(z), 2| = [[f(2), 2| implies To = Tim || frun(2), 2[| = {1/ (), 2]

m,n— m,n—

Lemma 3 ([46, Theorem 3.9]) Let I, C 2"*N be a strongly admissible ideal having the property (AP2).
For each x € X and each nonzero z €Y,

Io = lim | fon (@), 2]l = [|f(2), 2| implies Iy — lim || frn(z), 2] = [|f (), 2.

m,n— m,n—
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Lemma 4 ([47, Theorem 3.2]) The double sequence of functions { fmn} is Za-convergent if and only if it
is Io-Cauchy sequence in 2-normed spaces.

Lemma 5 ([47, Theorem 3.3]) If the double sequence of functions { fmn} is a I5-Cauchy sequence, then
it is Io-Cauchy sequence in 2-normed spaces.

Lemma 6 ([47, Theorem 3.5]) Let Iy C 2N be a strongly admissible ideal having the property (AP2).
Then, the concepts Is-Cauchy double sequence and Z;-Cauchy double sequence of functions coincide in 2-
normed Spaces.

2 Main Results

In this section, firstly, we define the concepts of regular convergence and regular Cauchy double sequence of
functions in 2-normed spaces and investigate the relation between them.

Definition 1 A double sequence {fimn} is said to be regularly convergent, if it is convergent in Pringsheim’s
sense and for each z € Y and each x € X the limits

W || fpun (@), 2[], (n € N) and lim || fpn(2), 2[], (m € N)

exist. If { fmn} is regularly convergent to f, then for each z € Y and each x € X
tim i | o (2). 2| = i i | fyun(2), 2] = [ (). 2]

In this case, for each z € Y and each x € X we write

r— dm (@), 2l = 1£@) 2] or fun =L, .

Example 1 Let a double sequence {frmn} in (X,|.,.]]) as following

n, ifm <3,

fmn(2) = { 1, ifm>4.
1t is clear that {fmn} is convergent to 1 in Pringsheim’s sense but it isn’t regular convergent.

Definition 2 A double sequence {fmn} is said to be regularly Cauchy double sequence, if for every e > 0,
each © € X and each z € Y, there exist N € N, mg € N and ng € N such that we have

| frn () — fst(), 2]| <,

for allm,n,s,t > N,
”fmn(w) - fknn(m)vzH <g, (TL € N)v

for all m, k, > mg and
Hfmn(x) - fmlm(x)>z|| <g, (m € N)=

for all n, 1, > nyg.

Theorem 1 If a double sequence { finn} is regularly convergent, then it is a regularly Cauchy double sequence.
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Proof. Let a double sequence {f,»} be a regularly convergent. Then, { f,,} is convergent in Pringsheim’s
sense and clearly that {f,,,} is a Cauchy sequence. Also, for every € > 0, each z € X and each z € Y there
exist mg,ng € N such that

€
1 fn(z) = fal2), 2] < 5, (n €N),
for some f, and all m > mg, and
€
1 fmn(2) = gm(2), 2] < 5, (m € N),
for some g,, and all n > ng. Then, for each z € Y and each x € X we have

[fmn (@) = fran (@), 2l < A fon (@) = ful@), 2] + | frun (@) — fu(2), 2]
< S+z

= & (n € N)a
for some f,, and all m, k,, > mg. Similarly, for each z € Y and each = € X we have

[frn (@) = foni (@), 21 < ([ frn (@) = g (2), 2] + ([ i, (2) = gm (), 2]|
e €
< 5 + §
= g, (meN),

for some g¢,,, and all n,l,, > ng. Hence, {fn} is a regularly Cauchy double sequence. m

Now, we introduce the concepts of regular (Z»,Z) and regular (Z5,Z*)-convergence of double sequences
of functions in 2-normed spaces and study some properties of them.

Definition 3 A double sequence {fmn} is said to be regularly (Za,7T)-convergent (r(Zs,Z)-convergent), if
it is Io-convergent in Pringsheim’s sense and for every € > 0, each x € X and each nonzero z € Y the
followings hold:

{m e N: |[fon(z) = fn(z),2]| 2 €} €T, (n €N),

for some functions f, and
{n e N:|fmn(z) = gm(2), 2| 2 €} € Z, (m €N),

for some functions gn,. If {fmn} is reqularly (Zs,T)-convergent to f, then for each x € X and each nonzero
z €Y, we have
T = tgnlim | f (2. 21 = T = Hinlim | o (), 2] = @), 2]

In this case, we write
MG D) = tim | (@) 2] = [£(2). 2]

Example 2 Let the ideals T =Ty, To = I4, and a double sequence {fmn} in (X, ||.,.||) as following

n, ifm <2,
fon(x) =< (m+n)z, ifm=n=k* keNandm>3
0, otherwise.

Form > 3, every € > 0, each x € X and each z € Y we have
K(E) = {(m’n) e NxN: ||fmn(x) - 07Z|| > E} = {(4’4) ) (9’9)7 (16716)7' ' '}7
Ki(e) ={m e N: [[fmn(z) = 0, 2] = e} = {4,9,16,--- },

for each n € N and
Ky(e) ={n e N: | fmn(x) - 0] > e} = {4,9,16,---}

for each m € N and so, da2(K(g)) = 0, d(K1(¢)) = 0 and d(K2(¢)) = 0. Hence, it is clear that {fmn} is
TIs-convergent to 0 but it isn’t reqular (Z,T)-convergent.
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Example 3 Let the ideals T =Ty, To = Iy, and a double sequence {fmn} in (X, ||.,-||) as following

[ mn, ifm=n=k>andk eN
Fmn () = { 2, otherwise.

For every e > 0, each x € X and each z € Y we have
K(e) ={(m,n) e NxN: || fmn(z) —2,2]| > e} = {(1,1),(8,8),(27,27), (64, 64), (125, 125), - - - },
Ki(e)={m e N: ||fmn(x) —2,2]| >} ={1,8,27,64,125,--- },
for each n € N and
Ks(e) ={n e N: | frn(z) — 2| > e} = {1,8,27,64,125,--- }

for each m € N and so, dy(K(g)) = 0, d(K1(g)) = 0 and d(K3(g)) = 0. Hence, it is clear that {fmn} is
reqularly (Zs,T)-convergent to 2.

Theorem 2 If a double sequence {fmn} is regularly convergent, then it is reqularly (Z2,T)-convergent to
same point.

Proof. Let a double sequence { f,,,,} is regularly convergent. Then, {f,.,} is convergent in Pringsheim’s
sense and by Lemma 1, {f,,} is Zo-convergent to same point. Also, for every ¢ > 0, each € X and each
z € Y there exist my € N and ng € N such that

Hfmn(x) — fal®), 2| <, (n €eN),

for some f, and all m > mg, and

[ fmn(2) = gm(2), 2]| <&, (m € N),

for some g,, and all n > ng. Then, since Z is admissible ideal so for every ¢ > 0, each x € X and each
nonzero z € Y, we have

{m e N: |[fomn(2) = ful2), 2| = e} €{1,2,....;mo} € Z, (n €N)

and
{n eN:|fmn(x) —gm(z),z|| >} C{1,2,....,n0} € Z, (m €N).

Hence, {fmn} is regularly (Zs,7)-convergent. m
Definition 4 A double sequence { fin} is said to be reqularly (Z5,T*)-convergent (r(Z3,I*)-convergent), if

there exist the sets M € F(Is) (i.e., Nx N\ M € Iy), My € F(I) and My € F(I) (i.e., N\ My € T and
N\ My € 7) such that for each z € Y and each x € X, the limits

o), 2l i [ frun(2), 2], (0 €N) and lim | frun(@), 2], (m € N)

m,n—oo
(m,n)eM meM, neM;

exist. If {foun} is regularly (Z3,T*)-convergent to f, then for each x € X and each z € Y, we have
T —timlim [ (), 2 = 7° =l | (2. 21 = 1/ 2). 2]

In this case, we write
r(Z3,27) = lim_ | fon(2), 2] = || f(2), 2]

m,n—

Theorem 3 If a double sequence { fin} is reqularly (Z5,Z*)-convergent, then it is reqularly (Zo,T)-convergent
to same point.
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Proof. Suppose that {f,,,} is regularly (Z5,Z*)-convergent. Then, it is Z;-convergent and so, by Lemma
2, it is Zp-convergent. Also, there exist the sets My € F(Z) and My € F(Z) (ie., N\ My = H; € 7 and
N\ My = H; € 7) such that for each z € Y and each = € X,

(Vm € My) (Ve > 0) (Imo € N) (Vm > mo) || frn(x) — fr(2), 2] <&, (n €N)
for some functions f, and
(Vn € Ms) (Ve > 0) (Ing € N) (Vn > ng) || frn(2) — gm(x), 2|| < e, (m € N)
for some functions g,,. Hence, for each x € X and each nonzero z € Y we have
Ale)={m e N: ||fmn(z) — fu(2),2]| > e} € HLU{L,2,...,mo}, (n €N)

and
Be)={neN: ||fon(x) —gm(x), 2| > e} C HU{1,2,...,n0}, (m € N).

Since 7 is admissible ideal, it is clear that
Hy U {1, 2, ...,mo} €7 and Hy U {1, 2, ...,no} el
and so we have A(e) € 7 and B(e) € Z. This shows that the {f,} is regularly (Z2,Z)-convergent. m

Theorem 4 Let T C 2V be an admissible ideal with the property (AP), Io C 2N be a strongly admissible
ideal with the property (AP2). If a double sequence { fimn} is reqularly (Za,T)-convergent, then it is reqularly
(Z5,Z*)-convergent to same point.

Proof. Let a double sequence { fyn } be 7(Z2, T)-convergent. Then, {f.n} is Zo-convergent and so by Lemma
3, {fmn} is Z5-convergent to same point. Also, for every € > 0, each z € X and each nonzero z € Y we have

A(e) ={m e N:[|fmn(z) — fu(z), 2| 2 e} €I, (n €N),
for some functions f, and
Cle) = {n e Nt || fimn(z) — gm(2), 2| = et €Z, (m €N),

for some functions g,.
Now, for each x € X and each nonzero z € Y put

Ay ={m € N: ||[fon(z) = fu(2), 2] 2 1}, (n €N)

and

Ay ={me N 2 <o) - el < L e

for p > 2, some functions f,,. It is clear that A, N A; = 0 for p # ¢ and A, € T for each p € N. By the
property (AP) there is a countable family of sets { By, Ba, ...} in Z such that A; A B; is a finite set for each
i€Nand B=J;2, B; € I.

For each x € X and each z € Y we prove that

WELmOO | fon(z) = fu(z), 2| = 0, (n € N),
meM;

for some function f,, and M; = N\B € F(Z). Let 6 > 0 be given. Choose p € N such that 1/p < d. Then,
for each x € X and each nonzero z € Y we have

{m € N: || fun(@) = fal2), 2] 2 6} € |J 4is (n€N),

=1
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for some function f,. Since A; A B; is a finite set for 4 = 1,. .., p, there exists mg € N such that
P P
(UBl) N{m:m>mp} = (UAl) N{m:m >mep}.
i=1 i=1

If m € B and m > mg, then
P P
m%UBi and som&UAi.
i=1 i=1

Thus, for each z € X and each z € Y we have
1
| frn (%) = fr(z), 2] < }; <4, (neN),

and so this implies that

m—00

meM;

for some function f,,. Hence, for each z € X and each z € Y we have

"= lim || fon(2) = fu(2), 2 = 0, (n €N),

m—00

for some function f,.
Similarly, for the set

Ce) ={n € N: | fin(z) — gm(2), 2| > e} € Z, (m €N),
for each x € X and each z € Y we have

" — lim ||fimn(z) — gm(x), 2|l =0, (m € N),

n—oo

for some function g,,,. Consequently, {fmn} is r(Z5,Z*)-convergent. m

Now, for a double sequence {fm.n}, we give the definitions of r(Zs,Z)-Cauchy sequence and r(Z3,7Z*)-
Cauchy sequence in 2-normed spaces and study some properties of them.

Definition 5 A double sequence {fmn} is said to be reqularly (Za,T)-Cauchy sequence (r(Za,T)-Cauchy
sequence), if it is Zo-Cauchy sequence in Pringsheim’s sense and for each € > 0, each x € X and each
nonzero z € Y, there exist k, € N and l,,, € N such that the following statements hold:

Ai(e) ={m e N: ||[fymn(2) = fo,n(2), 2] 2 €} € Z, (n €N),

and

Az(e) = {n € N: [[fon(x) = fi1,, (2), 2| Z €} € Z, (m €N).

Theorem 5 If a double sequence { fn} is reqularly Cauchy double sequence, then { fin} is reqularly (Z2,T)-
Cauchy double sequence.

Proof. Let the double sequence {f,.,} be a regularly Cauchy double sequence. Then, for every € > 0, each
x € X and each z € Y, there exist N € N, mg € N and ng € N such that we have

[fmn (@) = fae(2), 2[| <,

for all m,n,s,t > N,
Hfmn(x) - fknn(fﬂ),ZH <g, (n € N)v
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for all m, k,, > mg and
[ frn(2) = frr,, (@), 2[| <&, (m €N),

for all n,l,,, > ng. Then, for every ¢ > 0, each x € X and each nonzero z € Y there exist s,t, k,, L, € N such
that we have

Ale) = {(m,n) e NXN:|/frn(2) — for(), 2[| = €}
C (Nx{L2,....,me)U({L2,...,n} x N),

Be)={m e N: || foun(2) = fr,n(x), 2| >} C{1,2,...,mp}, (n € N)

and
Ce) ={n e N: ||fmn(x) = fm1,, (2), 2] =€} C{1,2,...,n0}, (m €N).

Since 7, is a strongly admissible ideal, we have
(Nx{1,2,...,mo})U({L,2,...,n0} x N) € Iy,

{1,2,...,m0}€Iand {1,2,...,’/10}61.

Then, we have
A(e) €Iy, Ble) €T and C(e) €T

and so, {fmn} is regularly (Zs,Z)-Cauchy double sequence of functions. m

Theorem 6 If a double sequence {fumn} is 7(Za,T)-convergent, then {fmn} is r(Z2,Z)-Cauchy double se-
quence.

Proof. Let {fmn} be a r(Za, Z)-convergent. Then, {fn} is Zo-convergent and by Lemma 4, it is Zo-Cauchy
double sequence. Also, for each € > 0, each x € X and each nonzero z € Y, we have

A (5) = {m N Wmnle) = )21 2 5} € 7, (e m),
for some functions f, and
A3(5) = {r €N n(@) = gm(a). 2] > 5} €T, (m € W),

for some functions g,.
Since Z is an admissible ideal, for each € > 0, each x € X and each nonzero z € Y, the sets

45(5) = {m e N @) ~ ful) 2l < 5}, (W)
for some functions f, and
45(5) = {n € N: | funle) = gu(@), 2l < 5}, (meN)

for some functions g,,, are nonempty and belong to F(Z). For k,, € A{(5) (n € N and k,, > 0), we have

€

[ frnn(z) = ful2), 2] < D)

for some functions f,,. Now, for each € > 0, each x € X and each nonzero z € Y, we define the set

Bl(g) = {m eN: ”fmn(x) - fknn(x)vzn 2 5}7 (n € N)v
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where k, € N. Let m € Bi(¢) and k,, € A{(5) (n € N and k, > 0). For each € > 0, each € X and each
nonzero z € Y, we have

e < ||f’mn($) - fknn(m)azn > ||fnm($) — fn(l‘)’zH + ||fknn($) _ fn(x),z”
”fmn($) - fn(x)7 zH + %

A

A

for some functions f,,. This shows that

3

5 < | frun (z) = fr(x), 2| and so m € Al(g).

Hence, we have
€
Bl(E) C Al(i)

Similarly, for each € > 0, each € X and each nonzero z € Y we have

e

5 (m €N)

[ fmt, (2) = gm (@), 2] <

for some functions g, and I, € A5(5) (m € N and [,,, > 0). Therefore, for each ¢ > 0, each x € X and each
nonzero z € Y, it can be seen that

Ba(e) = {n € N: | fuun(®) = g, (). 2] 2 €} € A2(3), (mEN).

Hence, we have
Bi(e) € T and Ba(e) € 1.

This shows that {fin} is 7(Zz2,Z)-Cauchy double sequence. m

Definition 6 A double sequence {fmn} is said to be regularly (Z3,7*)-Cauchy sequence (r(Z5,Z*)-Cauchy
sequence), if there exist the sets M € F(Zz), My € F(Z) and My € F(T) (i.e., Nx N\ M €Ty, N\M; €T
and N\ My € T), for each € > 0, each x € X and each z € Y there exist N € N, mg € N and ng € N such
that we have

Hfmn(x) - fst(x)vzH <g, ((mvn)v (Svt) € M)7

for allm,n,s,t > N,
[ frmn (@) = frn(@), 2|l <&, (m € My,n€N),

for all m, k, > mg and
||fmn($) — fmil,, (a:),z|| <e¢, (n € Ma,m€N),

for all n, 1, > ng.

Theorem 7 If a double sequence {fmn} is 7(Z5,Z%)-Cauchy double sequence, then it is r(Zz,T)-Cauchy
double sequence.

Proof. Since a double sequence {fmn} is 7(Z5,Z*)-Cauchy sequence, it is Z5-Cauchy sequence. We know
that Z5-Cauchy sequence implies Zo-Cauchy sequence by Lemma 5. Also, since the double sequence { fyn}
is 7(Z5,Z*)-Cauchy sequence so there exist the sets My € F(Z) and My € F(Z) (ie., N\ M; € T and
N\ My € 7), for each € > 0, each z € X and each z € Y there exist mo € N and ng € N such that we have

||fmn(x) - fknn($)72” <g, (m € Mlvn € N)v

for all m, k,, > mg and
”fmn(x) - fmlm(x)"z” <ég, (n € My,m € N)a
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for all n,l,, > ng. Therefore, for H; = N\M; € T, H, = N\M; € 7 and for each ¢ > 0, each x € X and each
nonzero z € Y, there exist k,, € N and [,,, € N such that we have

Ar(e) ={m e Nt || foun (@) = fr,n(2), 2| > e} C HHU{L1,2,...,;mgp}, (n €N),
for m € My and
As(e) ={n eN: ||fon() = fru,, (x), 2| > e} C HoU{1,2,...,n0}, (m €N),
for n € M>. Since 7 is an admissible ideal,
HyU{1,2,...,mp} € Z and HoU{1,2,...,n0} €T.

Hence, we have
Ai(e) €T and Az(e) €T

and so {fmn} is r(Zz,7)-Cauchy double sequence. m

The following theorem can be proved as in [7, 30]. Therefore, we give this theorem without proof.

Theorem 8 Let T C 2V be an admissible ideal with the property (AP), Io C 2N be a strongly admissible
ideal with the property (AP2). If a double sequence {fmn} is 7(Za,T)-Cauchy double sequence, then it is
r(Z3,7*)-Cauchy double sequence.
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