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Abstract
In this work, we give some lower and upper bounds for the spread of two polynomials f and g. Also,

we present certain inequalities for the spread of their derivatives f (k) and g(k), where k ∈ N.

1 Introduction

Let A be a complex n × n matrix, and let λ1, · · · , λn be its eigenvalues. The spread of the matrix A is
defined by

sp(A) = max
i,j
|λi − λj |. (1)

This concept was introduced for the first time by L. Mirsky [7]. Numerous contributions related to the spread
of a matrix were made by various people, including Brauer and Mewborn [1], E. Deutsch [2], R. Drnovšek
[3], and A. Frakis [4], [5].
In analogy with (1) for a complex polynomial

f(z) = zn − a1zn−1 + a2zn−2 − · · ·+ (−1)nan

with zeros z1, · · · , zn, the spread of the polynomial f, denoted by sp(f), or in some literature by the span
of f see [6] and [8], is defined by sp(f) = maxi,j |zi − zj |. In [1] Brauer and Mewborn proved that if all the
zeros of f are real, then

sp(f) ≤M(f),
where

M(f) =

(
2
(
1− 1

n

)
a21 − 4a2

)1/2
.

Let A and B be two complex n× n matrices with eigenvalues λ1, . . . , λn and ω1, . . . , ωn, respectively.
Let DA and DB denote the smallest discs containing all the eigenvalues of A and B, respectively. Let

f(z) = zn − a1zn−1 + a2zn−2 − · · ·+ (−1)nan

and
g(z) = zn − b1zn−1 + b2zn−2 − · · ·+ (−1)nbn

be the characteristic polynomials of A and B, respectively. We assume throughout this paper that n ≥ 2,
DA 6⊂ DB, DB 6⊂ DA, DA ∩ DB = ∅ and all the eigenvalues of A and B are real numbers. It is well known
that

a1 =

n∑
i=1

λi and a2 =
∑

1≤i<j≤n
λiλj .

Let mA =
tr(A)
n with tr(A) denotes the trace of the matrix A.

The spread of f and g is defined as

sp(f, g) = max
i,j
|λi − ωj |.
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2 Bounds for the Spread of Polynomials

Theorem 1 Let f and g be as described above. Then

sp(f, g) ≤
(

3n

2(n+ 1)

(
M2(f) +M2(g)

)
+

3

n+ 1
(a1 − b1)2

)1/2
.

For the proof of this theorem we need the following lemma.

Lemma 1 Let λn ≤ λn−1 ≤ · · · ≤ λ1 and ωn ≤ ωn−1 ≤ · · · ≤ ω1 be real numbers. Then

n+ 1

3
max
i,j
(λi − ωj)2 ≤

n∑
i,j=1

(λi − ωj)2. (2)

Proof. We may assume, without loss of generality, that maxi,j |λi − ωj | = (λ1 − ωn). It is well known that

(a+ b+ c)2

3
≤ a2 + b2 + c2 for a, b, c ≥ 0. (3)

We have

n∑
i,j=1

(λi − ωj)2 ≥ (λ1 − ωn)2 +
n−1∑
i=2

(
(λ1 − λi)2 + (λi − ωi)2 + (ωi − ωn)2

)
≥ (λ1 − ωn)2 +

n− 2
3

(λ1 − ωn)2 (by the inequality (3))

=
n+ 1

3
(λ1 − ωn)2.

Now we present the proof of Theorem 1.
Proof of Theorem 1. From the previous lemma we deduce that

n+ 1

3
sp2(f, g) ≤

n∑
i,j=1

|λi − ωj |2.

On the other hand, we have

n∑
i,j=1

(λi − ωj)2 = n

n∑
i=1

λ2i + n

n∑
j=1

ω2j − 2
n∑
i=1

λi

n∑
j=1

ωj .

Using the fact that
∑n

i=1 λ
2
i = a21 − 2a2, it follows that
n∑

i,j=1

(λi − ωj)2 = na21 − 2na2 + nb21 − 2nb2 − 2a1b1

=
n

2

(
M2(f) +M2(g)

)
+ (a1 − b1)2.

Applying the inequality (2) gives the required result.

Lemma 2 ([4]) If z1, z2, · · · , zn are complex numbers satisfying the condition
∑n

i=1 zi = 0, then

|zi|2 ≤
n− 1
n

n∑
j=1

|zj |2, i = 1, 2, · · · , n. (4)
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Proof. See [4].

Theorem 2 Let f and g be the two polynomials as described above. Then

sp(f, g) ≤
(
n− 1
2n

)1/2 (√
M(f) +

√
M(g)

)
+
1

n
|a1 − b1|.

Proof. Let λ1, · · · , λn and ω1, · · · , ωn be the zeros of f and g, respectively. Taking zi = (λi −mA) in the
inequality (4), it follows that

|λi −mA| ≤

√√√√n− 1
n

n∑
j=1

|λj −mA|2.

Furthermore,

n∑
i=1

(λi −mA)
2 =

n∑
i=1

(
λ2i − 2mAλi + (mA)

2
)

=

n∑
i=1

λ2i −
(trA)2

n

=

(
1− 1

n

)
a21 − 2a2 =

1

2
M(f).

Hence |λi −mA| ≤
√

n−1
2n M(f). On another hand, we have

|λi − ωj | ≤ |λi −mA|+ |ωj −mB |+ |mA −mB |

≤
√
n− 1
2n

M(f) +

√
n− 1
2n

M(g) +
1

n
|a1 − b1|.

Then the desired result follows directly.

Theorem 3 Let f and g be the two polynomials as described above. Then√
1

n

{
1

2
M2(f) +

1

2
M2(g) +

1

n
(a1 − b1)2

}1/2
≤ sp(f, g).

Proof. Let λ1, · · · , λn and ω1, · · · , ωn be the zeros of f and g, respectively. For any indices i and j, we have

(λi − ωj) ≤ sp(f, g).

Furthermore,
n∑

i,j=1

(λi − ωj)2 ≤ n2sp2(f, g).

Thus

1

n

 n∑
i=1

λ2i +

n∑
j=1

ω2j −
2
∑n

i=1 λi
∑n

j=1 ωj

n

 ≤ sp2(f, g).
Hence √

1

n

(
1

2
M2(f) +

1

2
M2(g) +

1

n
(a1 − b1)2

)1/2
≤ sp(f, g).
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Corollary 1 Let f and g be the two polynomials as described above with real zeros λ1, · · · , λn and ω1, · · · , ωn,
respectively. If λi = ωi for i = {1, · · · , p}, then(

n

2(n2 − p)
(
M2(f) +M2(g)

)
+

1

n2 − p (a1 − b1)
2

)1/2
≤ sp(f, g).

Proof. The proof is the same as the proof of the previous theorem using the relation

n∑
i,j=1

(λi − ωj)2 ≤ (n2 − p)sp2(f, g).

3 Upper Bounds for the Spread of Derivatives of Polynomials

Theorem 4 Let f and g be the two polynomials as described above with real zeros λ1, · · · , λn ≥ 0 and
ω1, · · · , ωn ≥ 0, respectively, satisfying the conditions∑n

i=1 λi
n

≤ 1,
∑n

i=1 ωi
n

≤ 1

and let k ≤ n− 2. Then
sp
(
f (k), g(k)

)
≤ n− k.

Proof. Denote by x1 ≤ x2 ≤ · · · ≤ xn−k and y1 ≤ y2 ≤ · · · ≤ yn−k the real zeros of f (k)(z) and g(k)(z),
respectively. We have

a1 =

n∑
i=1

λi, b1 =

n∑
i=1

ωi.

Since f (k)(z) = zn−k − (n−k)
n a1z

n−k−1 + · · · , and g(k)(z) = zn−k − (n−k)
n b1z

n−k−1 + · · · , it follows that

n−k∑
i=1

xi =
n− k
n

a1 and
n−k∑
i=1

yi =
n− k
n

b1.

Observing that xi ≥ 0, yi ≥ 0 for all i. Then

max
i
xi ≤

n− k
n

a1 ≤ n− k and max
i
yi ≤

n− k
n

b1 ≤ n− k.

We have
sp(f (k), g(k)) = max

i
xi −min

j
yj ≤ max

i
xi

or
sp(f (k), g(k)) = max

j
yj −min

i
xi ≤ max

j
yj .

Hence the desired result is obtained.

Theorem 5 Let f and g be the two polynomials as described above with real zeros λ1, · · · , λn ≥ 0 and
ω1, · · · , ωn ≥ 0, respectively. Assume that

(
a1
n ,

b1
n

)
∈ D(0, 1), where D(0, 1) is the closed unit disc about the

origin and let k ≤ n− 2. Then

sp
(
f (k), g(k)

)
≤
(
3(n− k)3
n− k + 1

)1/2
.
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Proof. Denote by x1 ≤ x2 ≤ · · · ≤ xn−k and y1 ≤ y2 ≤ · · · ≤ yn−k the real zeros of f (k)(z) and g(k)(z),
respectively. We have

a1 =

n∑
i=1

λi, b1 =

n∑
i=1

ωi, a2 =
∑

1≤i<j≤n
λiλj , b2 =

∑
1≤i<j≤n

ωiωj ,

and
n−k∑
i=1

xi =
n− k
n

a1,

n−k∑
i=1

yi =
n− k
n

b1.

Also ∑
1≤i<j≤n−k

xixj =
(n− k)(n− k − 1)

n(n− 1) a2,
∑

1≤i<j≤n−k
yiyj =

(n− k)(n− k − 1)
n(n− 1) b2.

We have

4 =

n−k∑
i,j=1

(xi − yj)2

= (n− k)
n−k∑
i=1

x2i + (n− k)
n−k∑
j=1

y2j − 2
n−k∑
i=1

xi

n−k∑
j=1

yj

= (n− k)

(n−k∑
i=1

xi

)2
− 2

∑
1≤i<j≤n−k

xixj


+ (n− k)

(n−k∑
i=1

yj

)2
− 2

∑
1≤i<j≤n−k

yiyj

− 2(n− k)2
n2

a1b1

= (n− k)
[
(n− k)2
n2

a21 − 2
(n− k)(n− k − 1)

n(n− 1) a2

]
+ (n− k)

[
(n− k)2
n2

b21 − 2
(n− k)(n− k − 1)

n(n− 1) b2

]
− 2(n− k)

2

n2
a1b1

=
(n− k)3
n2

(a21 + b
2
1)−

2(n− k)2(n− k − 1)
n(n− 1) (a2 + b2)−

2(n− k)2
n2

a1b1

≤ (n− k)3(a
2
1

n2
+
b21
n2
)

≤ (n− k)3.

Using the inequality (2), it follows that

4 =
n−k∑
i,j=1

(xi − yj)2 ≥
(n− k + 1)

3
sp2(f (k), g(k)).

Hence the assertion follows immediately.

Acknowledgment. The author is grateful to the referee for his/her useful comments and suggestions.

References

[1] A. Brauer and A. C. Mewborn, The greatest distance between two characteristic roots of a matrix, Duke
Math. J., 26(1959), 653—661.



A. Frakis 499

[2] E. Deutsch, On the spread of matrices and polynomials, Linear Algebra Appl., 22(1978), 49—55.

[3] R. Drnovšek, Lower bounds for the spread of a nonnegative matrix, Math. Inequal. Appl., 24(2021),
793—799.

[4] A. Frakis, Localization of the eigenvalues of a matrix through its spread, Mathematica, 61(2019), 40—48.

[5] A. Frakis, New bounds for the spread of a matrix using the radius of the smallest disc that contains all
eigenvalues, Acta Math. Univ. Comenian., 89(2020), 87—96.

[6] A. Meir and A. Sharma, Span of derivatives of polynomials , Amer. Math. Monthly, 74(1967), 527—531.

[7] L. Mirsky, Inequalities for normal and Hermitian matrices, Duke Math. J., 24(1957), 591—598.

[8] R. Sharma, R. Kumar, R. Saini and P. Devi, Inequalities for central moments and spreads of matrices,
Ann. Funct. Anal., 11(2020), 815—830.


	Introduction
	Bounds for the Spread of Polynomials
	Upper Bounds for the Spread of Derivatives of Polynomials

