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Abstract
In this note we prove a general theorem dealing with ¢ — |A, 8; §|x summability of infinite series and
one pertaining to trigonometric Fourier series. This new theorem also includes several results previously
published by others.

1 Introduction

The notion of absolute summability of an infinite series is in fact the generalization of the notion of the
ordinary absolute convergence of an infinite series. Since its appearance, many authors have introduced
various general methods of such kind of summability (see [6], the first organized book in which various
methods of summability are treated systematically). Along many studies of absolute summability, some
authors have studied the absolute summability of trigonometric Fourier series independently from infinite
series, however some of them have studied the absolute summability of infinite series and trigonometric
Fourier series simultaneously.

We freely can say that the most consistent and fruitful author, who have studied the absolute summability
of an infinite series, and not only, is Bor (see [1]-[4] as examples). If the interested reader checks his published
papers in ZbMath or in Mr Lookup, then she/he will find many documents which are attributed to him,
mainly in the topic we are speaking. We will not mention all of his results, but for our intention we have
to recall, later on, one of his result from [4]. The other authors we want to mention here are Sulaiman [18],
Ozarslan [10]-[17] with or without co-authors, Karakas [8], Kartal [9], Chen [5], and Jena et al. [7].

Let > a, be an infinite series with partial sums s = (s,,). Let (pn) be a sequence of positive numbers
such that

n
Pn:ZpU—>oo as n—00, (P_p=p_m=0m2>1).
v=0
The sequence-to-sequence transformation o,, = Pi ZZ:O puSy defines the sequence (o,,) of the (N , pn) mean

of the sequence (s, ), generated by the terms of the sequence (p,) (see [6]). Throughout this paper (X,,) is
a positive increasing sequence tending to infinity as n — oo such that X,, := >."_ 2= The series >_ a,, is

v=0 P, "
said to be summable ’N,pn|k, k> 1, if (see [1])

o] k—1
P,
E <n> |Un - O"n—l‘k < 00.

o1 \Pn

Let A = (an,) be a normal matrix, i.e. a lower triangular matrix of non-zero diagonal entries. Let (¢,,) be
any sequence of positive real numbers. The series Y a,, is said to be summable ¢ — |4, 3;0|x, k > 1,6 >0
and 3 is a real number, if (see [14])

D PR OHEDIAA (s)[* < oo,

n=1
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where

An(s) == Zam,sv, n=0,1,... and AA,(s):= A,(s) — A,_1(s).
v=0

Some special cases of ¢ — |4, §; |, summability are presented as follows: For ¢, = 5—", v —|A,B; 0|k

summability reduces to |A, p,, 5; 6| summability (see [16]). If we take ¢, = % and $ = 1, then we obtain

|A, pp; 0|k summability (see [10]). Also, for ¢, = ;%’ B =1and 6 =0, p — |A,B;d|r summability reduce
to |A, pn|r summability (see [18]). Furthermore, by taking ¢, = 5—:, =16 =0and a,, = %’;, we get
|N, pn|r summability.

Throughout this paper we write u = O(v) if there exists a positive constant K, such that v < Kv.

Closing this section we need another notion pertaining to any sequence of real numbers. For any sequence
(An) we write that AX, = A\, — A1 and A%\, = AX\, —AN,.1. The sequences (), ) is said to be of bounded
variation, denoted by A, € BV, if Y 07 | |A)N,| < cc.

As we have already seen above | N, p,, |, summability is a particular case of o —|A, 3; 6|, summability. This
fact have motivated us to generalize Theorem 1 (see section 2) and to show its applicability to trigonometric
Fourier series at a point.

2 Known Result

In [4] Bor has proved the following theorem dealing with |V, p, |, summability factors of infinite series.

Theorem 1 If the sequences (X,,),(A\,) and (py,) satisfy the conditions

Am =0(1) as m — oo, (1)
Zan\AQ)\n| =0(1) as m— oo, (2)
n=1

o~ il O(X,;) as m— o0 (3)
= m - ’
n=1 nXT]f_l
Do [ta]®
Z ST = O(X,) as m— oo, (4)
i Xn
and
m P,
Z — =0(Pn) as m — o0, (5)
n
n=1

where t, = %ﬂ >, Vay, then the series Y an A, is summable N, pnle, k> 1.

3 Main Result

There are many papers on absolute matrix summability of infinite series (see papers [8], [9], [11], [12], [13],
[15]). In this research article we are going to prove a generalization of above mentioned theorem using
© — |4, B; 0| summability method under some suitable conditions, which is the main aim of it. To do this
we need some notions and notations.

Given a normal matrix A := (a,,) be a normal matrix, two lower semimatrices A := (@,,) and A = (i)
are defined as follows:

Qo ::Zam, n,v=0,1,... (6)
i=v
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with
apo = Qoo = ago, Gpy = Gny —Op—-1,0, N = 1,2,..., (7)
n n
Ap(s) = Zam,sv = deav, (8)
v=0 v=0
and

AA,(s) :== Z&m,av. ©))
v=0
Now, we are in able to prove the following main result.
Theorem 2 Let A be a positive normal matrix such that
ano=1, mn=0,1,..., (10)

p—1,0 > Any  for n>v+1, (11)

nn = O <ZZ> , (12)

and
n—1 .
> Ll o). (13)
v=1

Let the sequence (X,,) and (\,) satisfy the conditions (1)—(3) of Theorem 1. If the conditions

©pn = O(P,) as n — oo, (14)
m—+1
Do O TRA L )| = O (P2 a5 m— oo, (15)
n=v+1
m+1
N @D, = 0(1) as m— oo, (16)
n=v+1
and
~ skrh—1)—k [tr]®
Z o = O(X,,) as m — oo, (17)
r=1 r

are satisfied, then the series > apA, is ¢ — |A, B; 0|k summable with k > 1,0 >0 and k —B(0k+k—1) > 0,
where Ay (Gny) = Gny — G pt1-

We need the lemma for the proof of the main result.

Lemma 1 ([2]) Under the conditions of Theorem 1, we get

nXp|Aly| =0(1) as n— oo, (18)

> Xn]AN| < 0, (19)

n=1

Xn|An| =0(1) as n— occ. (20)
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Now we pass to the proof of Theorem 2.

Proof of Theorem 2. Let (0,,) denotes A-transform of the series Y | a,A,. Then, by (8) and (9), we have
A@n — Zn Qv A

o1 2E2tva,. By Abel’s transformation, we have

AO, = Z A, (anv U) Zra, GnnAn Zra, Tf Av(dnzi&v (v+1)t, + @(n + 1)ty

n—1

v—l—l ’U—|—1 n+1
A ILUAt n,v AAt n,v )\U
5 At + 3 it 4 S it

v=1 v=1

= @n,l + @n,2 + @n,3 + @n74~

ann ATLtTL

To prove Theorem 2, using Minkowski’s inequality, it is sufficient to show that

oo
D ikt g, F < oo for r=1,2,3,4.

n=1

Firstly, using Holder’s inequality, we have

m—+1 m+1 k
52 o o = o) S A (z Al Pollt |)
n=2

m+1

n—1 k—1
Z@WHk Y (Zm DIl 'f)x(va(ami) :

Since, by (6) and (7), Ay(Gny) = Gne — Gn,v+1 = Gno — Gn_1,0, then, by using (6), (10) and (11), we obtain

n—1 n—1
Z |Ay(Gno)| = Z ane — an—1,]
v=1 v=1
n—1 n
= Z An—1v — An—1,0 — Z Apy + Apo + Gnp
v=0 v=0

= Gp—1,0 = On—1,0 — Gno + Ano + nn < Apn. (21)
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Moreover, since |A,| =

m—+1

— k
Z @£(5k+k 1) |@n,1|

n=2

O(1/X,) by (20), we get

m—+1 n—1

Z SOn B(Sk+k— 1) k 1 (ZA |)\ ||)\ |k 1|t k)
m—+1 n—1

Z SOn B(6k+k—1)—k+1 (Z |A

A |t7)|k
nv | |Xk71

v
m+1

DV W C ]

n=v+1

D e P

v=1

m—1 v
Ny A\AWIZ
v=1 r=

m |t ‘k-

=0(1)> A T

v=1

[ty |”
Xkt
v

ekth—1)—k [tr]"

Xk 1
m |t |
1)|)\m|z B(Sk+k—1)— ka -
r=1
m—1
1) Z AN | Xy + O(D)|An]| X, = O(1) as m — oo,
v=1

taking into account (12), (14), (15) and Lemma 1.
We use Holder’s inequality and (13) to obtain

m—+1

Y kD g, o F =

n=2

Since v|AX,| = O

m+1

Z wﬁ(&k-‘rk 1)

m—+1

Z‘p B(6k+k—1)

m—+1

Z‘P B(5k+k—1)

n=2
m—+1

1)2%151@% Dgh-t

n=2

k
Ly
(Z fanra oA, ! ')
v

k
(Zan (G ><v|mu|>“t';'>.

(1/X,), the use of Lemma 1 implies

m—+1

Z wﬁ(ék-ﬁ-k 1)

n—1
k1 (Zamm( AnD-L ,J )
v=1 ”

k m+1
| Z ¢£(6k+k—1)—k+1|dn’v+1|
n=v+1
vaA | k'
Aw|AN, b | Dmlan, S~ il
Z v ) Z ym| M|Z E—1
r=1 rXr
m—1 m—1
O(1) Y 0| AN Xy + D [AN 1| X1 + O(1)m| AN X, = O(1)
v=1 v=1

as m — 0o, by means of (2), (3), (16), and (12).

k—1
E |a | ‘A)\ |) |t | n§71: |d7hv+1|
n,v+1 s v
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Once more, applying Hoder’s inequality, we obtain

n=2 v=1

m—+1

n—1 k n—1 .
_ N t a
1) Y ey (Z nial Ao 25 ) >< <z ol Tn)
n=2 =1 =1

m—+1 m—+1 n—1 |t | k
Z <pn oY |8"7 = Z <‘0” A (Z |d”7”+1|>\”+1;>

k—1

m—+1 n-1 |t |
Z PBCk+k=1) Z a1 Aot [ Ao [F71

v=1
m—+1

|t ‘k m+1

1)Z|)‘v+1| Uk,1
v=1 v Xy

m |tv‘k
1) Z |)‘U+1|’UX]€,1

m—1 ‘

n=v+1

_ o )Z|mv+1\z T Hou |AAm|Z

v=1

m—1

Z wg(ékJrkfl)f

t k
Z 9071 A(Oktk—1)—k+1 (Z |an 11+1||)\v+1| | U‘, >

k—1
vXy

ktl |&n,v+1|

|t |”
rXk1
A

=0(1) Z [AXNp 11| Xpt1 + O()Mm|ANL| X, = O(1) as m — oo,

v=1

by using (3), (12), (13), (14), (16) and Lemma 1.

Finally, by using Abel’s formula and doing same operations as in 6, 1 we get

— k —
YR 10,4 = 0(1) Y YA A [t

n=1 n=1

Z@ﬁ(ék+k 1) k |/\n||)\n|k_1‘tn‘k

Z¢€(5k+k 1)— k|>\ |

n=1

=0(1) as m — oo,

by using (12),(14),(15) and Lemma 1. Therefore, we obtain that

m

Z PPOkt=1 19, |F =01) as m— oo, for

n=1

This completes the proof of Theorem 2. =

[tn]*
=T

r=1,234.

4 An Application to Trigonometric Fourier Series

Let f be a 2m-periodic function and integrable over (—m,7) in the sense of Lebesgue. The trigonometric

Fourier series of f, at the point x, is defined as

Qo =
flx) ~ 5 + Z (an cosnz + by, sin nzx) ZAn(x)

n=1
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where L Lo L
ap = 7/ fl@)dz, a,= 7/ f(x) cos(nx)dx, b, = f/ f(x) sin(nx)dx,
T J—x —7 ™ J_x
and
A (z) := a, cosnzx + by, sinnz.
We write

o(t) == %{f(x +t)+ flx—t)} and ¢, (t) := t%/o (t —u)*to(u)du for a > 0.

It is known (see [5]) that if ¢,(t) € BV(0, ), then t,(x) = O(1), where t,(x) is the (C,1) mean of the
sequence (nd,(z)), i.e.

1 n
t = — .
()= = S k()
k=1
Regarding to this well-known statement we recall the following.

Theorem 3 ([4]) If ¢,(t) € BV(0,7), and sequences (pn), (M), and (X,) satisfy the conditions of Theo-
rem 1, then the series > A\, A, (x) is summable [N, pplk, k> 1.

Whence, we are able to generalize Theorem 3 for ¢ — |A, 8; §|r summability method in the following form.

Theorem 4 Let A be a positive normal matriz as in Theorem 2. If ¢,(t) € BV (0,7), and sequences (pn),
(An), and (X,,) satisfy the conditions of Theorem 2, then the series Y AnAn(z) is ¢ — |A, B; 8|k summable
withk>1,5>0, and k — B0k +k—1) > 0.

5 Remarks on Some Cases of ¢ — |A, ;| Summability

— P
then we get a theorem on |A,p,, 3;d|x summability method which has been appeared in [nl7] Also, if we
take ¢, = %, B =1,0=0and a,, = %’Z, then we obtain Theorem 1 dealing with |V, p,|r summability

Here we show most important cases of ¢ — |A, 8; 0| summability. Namely, if we take ¢,, in Theorem 2,

method. In this case, the condition (17) reduce to the condition (4). Finally, in the special cases of ¢,,, 8, ¢
and the matrix A, we can derive similar results from Theorem 4 for the trigonometric Fourier series.

6 Conclusion

Absolute summability of an infinite series as well as the trigonometric Fourier series has been studied deeply
in many research articles. Here we have generalized several results previously done by other mathematicians.
Namely, we have employed ¢ — |A, §; 0| summability to obtain a new and a quite general theorem. Finally,
we have applied this result to the trigonometric Fourier series.
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