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Abstract

This study focuses on deriving sufficient conditions for the existence of positive w-periodic solutions in
two types of third-order neutral differential equations with distributed deviating arguments. To establish
our findings, we employ the Krasnoselskii fixed point theorem. The derived results are further supported
by an illustrative example, demonstrating the practical applicability of the obtained theoretical results.

1 Introduction

Neutral differential equations exhibit variations in various fields, including Mechanics, Biology, and Physics
[9, 10, 14]. The investigation of positive periodic solutions in first and second-order neutral differential
equations has been extensively explored by numerous authors, as evidenced by references such as [1, 3, 4, 5,
6, 7, 8, 11, 12, 13, 16] and related works.

In recent research studies, the authors in [2] and [15] focused on studying the existence of positive
periodic solutions in two distinct classes of third-order neutral differential equations. These equations take
the following forms, respectively:

[2(t) = g(t,2(t = 7(1))]" = a(®)z(t) — f(t,2(t = 7(t)))
and
[2(t) = g(t,2(t —7(1))]" = —a(®)x(t) + f(t, x(t — (1)),
where a,7 € C(R, (0,00)), g € C(R x [0,00),R), f € C(R x [0,0), [0,00)), and a(t), 7(¢), g(¢,z), f(t, ) are
w-periodic in ¢, where w is a positive constant and

[2(t) — ca(t — 7)) + a(t)e(t) = f(t,z(t — (1))

and
[w(t) — cx(t — 7(t))" — a(t)a(t) = f(t,2(t — (1)),
where 7 € C(R,R), a € C(R, (0,0)), f € C(R x [0,00), [0,00)), and a(¢),7(¢), f(t,z) are w-periodic in ¢,
and w and ¢ are constants with |c| < 1.
Building upon the motivation and inspiration provided by these prior works, we address the problem of
establishing the existence of positive w-periodic solutions in the following two classes of third-order neutral
differential equations:

[xw—pl(t) / 1m<t—u<t,<>>d<] = pa(0)a(t) — [ flta(t — u(t,O)))dC (1)

and

by " by
[x(t) - pa(t) / x(t — p(t, C))dél =—p2()z(t) + [ f{t,z(t — p(t,Q)))d], (2)

ai ai
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where p; € C(R,R) and py € C(R, (0,00)) are w-periodic functions, p € C(R X [a1,b1],R) (b > a1 > 0) and
f e CR x(0,00),(0,00)) are w- periodic function in ¢, where w is a positive constant.

This article presents the sufficient conditions for the existence of positive w-periodic solutions to (1) and
(2) by utilizing the Krasnoselskii fixed point theorem. The remaining sections of this paper are structured
as follows: Section 2 introduces the necessary notations and presents relevant Lemmas from [15]. Section
3 provides the proofs for the criteria regarding the existence of positive w-periodic solutions to (1) and (2),
accompanied by an illustrative example.

2 Preliminaries

Let
O, ={z(t) : z(t) e C(R,R), z(t+w)=uz(t), teR}
with the supremum norm ||z|| = sup;¢(g ) [2(t)]. It is clear that (&, || - [|) is a Banach space. Define
CH={z(t):z2(t) € C(R,(0,00)), z(t+w)==x(t)}
and
Co, ={z(t) : 2(t) € C(R, (=00,0)), a(t+w)==z(t)}
Let

m = min{p(t) : t € [0,w]}, M = max{pa(t):te[0,w]} and B= VM.

Lemma 1 ([15]) The equation
Y (6) = My(t) = h(t), heC

has a unique w-periodic solution

y(t) = / " (8, 5)(—h(s))ds,

where

2 exp (5(527”) [sin (\/§g(2t75) +%) —exp (—BT‘”) sin (4\/513&;57&) +%)} exp (B(t—s))
3432 [1+exp(—6w)—2 exp (—%’) cos \/‘3’25“)} 332 (exp(Bw)—1)’
for 0<s<t<w

Gi(t,s) =

2 exp (B(Sff;ﬂ“)) [sin (ﬁﬁ(t;5+w)+%)7exp (77“’ sin (7\/53(;75) +%)] exp (,B(t+wfs))
332 [1+exp(—,8w)—2 exp (—BT“J) cos (‘/gf“’ )] 38%(exp(Bw)—1)’
for 0<t<s<w.

Lemma 2 ([15]) [," G1(t,s)ds = 55 and if V3Bw < 47 /3 holds, then 0 < A < G1(t, s) < B for allt € [0,w]
and s € [0,w].

Lemma 3 ([15]) The equation
y"'(t) = p2(t)y(t) = h(t), heCy
has a unique positive w-periodic solution
y(t) = (I = S1B1) " (Sih)(1),

where S1, By : &, — D, defined such that

(Sih)(t) = / "Gt ) (h())ds, (Buy)(t) = [-M + pat)]u(t).
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Define Ty : @, — P, by
(Tyh)(t) = (I — S1B1) ' (S1h)(2).

If V3Bw < 41/3, then S1 and By are completely continuous and therefore T\ is completely continuous and
satisfies

< (S < (MM < Sihl, he 0

Lemma 4 ([15]) The equation
y"(t) + My(t) = h(t), heC]

t) = /Ow Ga(t, s)h(s)ds

has a unique w-periodic solution

where

2 exp (ﬁ(tz_s)) [sin (\/5[3(;_5) 7%) —exp (5“’) sin (7\/&3@2—5—@ 7%)} + exp (5(Sft))

32 [1+exp(6w) 2 exp (ﬁ“’) cos (@)] 382 (1—exp(—fw))’
for 0<s<t<w
G2(t7 8) =
2 exp (ﬂ(t+§)7s)) [Sin (\/Eﬂ(t;“)*s) %) —exp (BT sin ( \/55(2{'75) —%)] n exp (ﬁ(s—t—w))
3432 [1+exp(ﬁw)*2 exp (%") cos ( ‘FZB )] 368%(1—exp(—pw))’

for 0<t<s<w.
Lemma 5 ([15]) [ Ga(t,s)ds = 55 and if V/3Bw < 47 /3 holds, then 0 < A < Ga(t,s) < B for allt € [0, w]
and s € [0,w].

Lemma 6 ([15]) The equation
y"(8) + p2()y(t) = h(t), heC]
has a unique positive w-periodic solution
y(t) = (I — S2B2) 7" (S2h)(t),
where So, By : &, — ®, are defined such that

_ / "Gt s)h(s)ds,  (Bay)(t) = [M — pa(t)ly().
Define Ty : , — P, by
(Toh)(t) = (I — S2B2) ™ (S2h)(1).

If V3Bw < 47 /3, then So and By are completely continuous and therefore Ty is completely continuous and
satisfies

M
< (Ss)(t) < (TW)(E) < | Sohll, he CF.

3 Main Results

Theorem 1 Suppose that \/3Bw < 47/3, 0 < p1(t)(b1 — a1) < ¢1 < 1. Furthermore, assume that there exist
two constants k1 and ko with 0 < k1 < ko such that

ki M mka(1 —q1)
(by —a1) S (b —ay)

Then (1) has at least one positive w-periodic solution x(t) such that k1 < x(t) < ka.

< ft,x) — p2(t)pr () V(t, x) € [0,w] x [k, k. (3)
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Proof. Consider the set Q, = {z € D, : k1 < z(t) < k2,: ¢t € [0,w]}. It is evident that 2, is a bounded,
closed and convex subset of ®,,. We show that

b1 b1 by
2(t) = p1(t) / 2t — pt,0))dC + T <p2<t>p1<t> / a(t — ult, e — [ Flt,a(t - pt, <>>>d<)

ai

is a solution of (1). It is clear that the equation

"

by by
lx(t)pl(t) / x(tu(t,C))dC] ~palt) lx(t)pl(t) / x(tu(t,é‘))dc]
by by
= pOpi(t) / 2t — p(t, )¢ — / F(t 2t — p(t, ) (4)

is equivalent to (1). Let y(t) = x(t) — p1(¢) f:ll xz(t — u(t,¢))d¢ in the equation (4), then we have
by b1
y"' () = p2()y(t) = p2(t)p1(2) / a(t = p(t,Q)d¢ — [ f(t,x(t — pult, )))dC.

ai

Applying Lemma 3, we have

b1 b1
y(t) =T (pz(t)pl(t)/ ot — p(t,Q))dC — [ f(t,2(t - M(t’C)))dC> :

ai

which verifies the desired claim.
Define the operators U; and Us on €, as follows:

o)) = pit) / "ot — u(t,€))dC and

(Uaz)(2)

by by
T <pz(t)p1(t)/ ot —p(t, O)d¢ — [ fta(t — u(t,C)))d<> :

ai

Clearly, Uiz and Usz are continuous and w-periodic, i.e we have Uy (Q,,) C @, and Uy(Q,,) C ®,. For all
21,29 € Q, and ¢ € R, from Lemma 2, Lemma 3 and (3), we obtain

by
(1) + (Uaz)(t) = pa(t) / w1t — pu(t, O)dc

by b1
+T1 (pZ(t)pl (t) / x2(t - :U’(t7 C))dc - f(t7 x2(t - M(t, C)))dC>

ay

by by
< okt M, <p2<t>p1<t> [ttt onic— [ piezate - u(t,C)))dC> '
= qik2 + %
w by
s | [ @) [ [10mas = 6,00 = ool (o)t — (s, )]s
< qiks + % /OuJ G1(t, s)mko(1 — q1)ds = ko
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and similarly, we have
b1

(Ura1)(®) + (Usza)(®) = pa(t) / 1t — p(t, )

1

ay al

by b1
+1; (pz(t)pl(t)/ Tt — p(t,Q))dC — [ f(t w2t — M(tC)))dQ)

ay ai

> 8 <p2<t>p1<t> / ot — plt, €))dC — 1f(t,:v2(t—u(t,€)))d<>

[ et | [F(s.a(s = (s,€))) = pa(s)pr (s)aa(s — (s, )] ds

2 / Gl(t,S)MkldS = kl
0

from this, we can conclude that k1 < (Uyz1)(t) + (Uazwa)(t) < ko for all 21,29 € Q, and ¢t € R, i.e. we have
Uiz, + Uszy € Q,. Furthermore, for x1, o € Q,, we have

by
pt) / 21t — pu(t, ) — pa (1) /

ai ay

by
[(Ur1)(t) — (Urz2) (1)) =

ot — u(t,C))dC‘

by
< m) / 1 (£ — plt,C)) — walt — p(t, O))]dC.

a1
It follows that
|Urz1 — Urzo|| < q1f|zy — 22|
Noting that ¢; < 1, it is clear that U; is a contraction mapping.
From Lemma 3, we know that T} is completely continuous, so is U;. By applying Krasnoselskii’s Fixed
Point Theorem, we can conclude that there exists z € 2, such that Uyx + Usx = z, which is a positive
w-periodic solution of (1). m

Theorem 2 Suppose that /3w < 47/3, —1 < qo < p1(t)(by —ay1) <0, —goM < m. Moreover, assume that
there exist two constants k1 and ko with 0 < k1 < ko such that
(k1 — qok2) M mks
(b1 —a1) (b1 —a1)’
Then (1) has at least one positive w-periodic solution x(t) such that k1 < x(t) < ka.
Proof. Let Q, = {z € @, : k1 < x(t) < ka,: t € [0,w]} and define U; and Us as in the proof of Theorem 1.
It is clear that Q,, is a bounded, closed and convex subset of @, and U;(Q,) C @, and Uz(£2,) C P,,. We

show that Uyzq + Uszg € Q,, for all z1,20 € Q. For 1,29 € Q, and t € R, we have from (5), Lemma 2
and Lemma 3 that

b1
()t + Uaza)(t) = pr(t) / 21t — plt, €))de

ai

< f(t, ) —pa(t)pr(t)z < V(t,z) € [0,w] x [k, k2]. (5)

b1 b1
+1) <p2(t)p1(t)/ Tt — p(t,Q))d¢ — [ f(t, z2(t — M(tvC)))dC>

by by
< % S1 <p2(t)p1(t)/ oo (t — p(t, €))d¢ — J(t, ot — u(t,C)))dC> H
w by
= % teSE(l)Pw] /0 G1(t, s) /a1 |:f(S,.’II2(S —1(8,¢))) — p2(s)p1(8)x2(s — p(s, C))} dCds
< % /Ow G’l(f7 s)mkgds = kg
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and

by
(Ua)(t) + Uaza)(t) = pr(t) / £a(t — plt, €))dC

1

by by
+T1 <p2(t)p1(t)/ xo(t — p(t,0)dC — [ f(t, za(t — plt, C)))CK)
p1(t) (b1 — a1)kz

by b1
+51 (pz(t)m(t)/ Tt — p(t,Q))dC — | f(t w2t — M(tzC)))dC>

WV

> kot [ G0 [ [Flosmals a0 oIt ato, ) acas

1

w
> qoko +/ Gl(t7 S)(kl - qu‘Q)MdS =K.
0

Thus, we have Uz + Usxo € €, for all x1, x5 € Q. Now we show U is a contraction operator on €2,. In
fact, for x1,zs € Q,, we have

by

by
() / w1t — p(t, O)dC — pa (1) / 2t — plt, €))de

ai ai

[(Urz1)(t) = (Uhz2) ()] =

by
E— / 1 (£ — plt,C)) — walt — p(t,C))dC.

1

By using the sup norm, we see that
[Urz1 — Ur2z|| < —qollz1 — z2]|.

Because of —qg < 1, U; is a contraction mapping.

From Lemma 3, we know that 77 is completely continuous, so is Us. There is an = € €, such that
Uiz + Usz = z because of Krasnoselskii’s Fixed Point Theorem and therefore x(t) is a positive w-periodic
solution of (1). m

Theorem 3 Suppose that /38w < 47/3, 0 < p1(t)(b1 — a1) < q1 < 1. Furthermore, assume that there exist
two constants k1 and ko with 0 < k1 < ko such that

k‘1M mk‘g(l —Ch)

o1 —ar) < fltz) = p(O)pr(t)z < CETARE V(t,z) € [0,w] x [k1, ka]-

Then (2) has at least one positive w-periodic solution x(t) such that k1 < x(t) < ka.

Theorem 4 Suppose that \/3Bw < 4w/3, —1 < qo < p1(t)(by — a1) < 0, —qoM < m. In addition, assume
that there exist two constants k1 and ko with 0 < ki1 < ko such that
(k1 — qok2) M
(b1 —a1)

mk‘g

< f(t,z) —pa(t)pr(t)z < m’

V(t,x) € [0,w] X [k1, ka]-

Then (2) has at least one positive w-periodic solution x(t) such that k1 < x(t) < ka.

Since the proofs for Theorem 3 and Theorem 4, respectively, are similar to those for Theorem 1 and
Theorem 2, we omitted them to avoid unnecessary repetition.
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Example 1 Consider the equation

exp(sin /2 "
[x(t) - w / 2(t —10¢ — cos(zt))dg]

/3
(1 sin(2t) /2 . .
= (4 + 100 ) x(t) — /ﬂ/3 (3.2 + exp(sin(2t)) + sin(x>(t — 10¢ — cos(2t))))dC. (6)

It should be noted that (6) is of the form (1) with w =, p1(t) = %, po(t) = (i + Sirll(()%t)), flt,z) =

3.2 + exp(sin(2t)) + sin(x?®), u(t,¢) = 10¢ + cos(2t), a1 = 7/3 and by = ©/2. Furthermore, M = 0.26,

B =M = +/0.26. Since V31 = 3.4730 < 7/3 = 4.1818 and

exp(sin(2t))
100

pl(t)(bl — al) = ( ) <q = 0.0142 < 1.

wl|

T
2
All conditions of Theorem 1 are met with ky = 4 and ke = 16. As a result, (6) has at least one positive
w-periodic solution.
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