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Abstract

We study the zero Hopf bifurcation of 3-dimensional Kolmogorov systems using first-order averaging
theory. We find that one or two limit cycles can bifurcate from the singular point.

1 Introduction and Statements of the Main Results

We study the zero-Hopf equilibria of a 3-dimensional autonomous differential system, i.e. the equilibrium
points of a 3-dimensional autonomous system of differential equations whose linear part has a zero eigenvalue
and a pair of purely imaginary eigenvalues. For such an equilibrium, there is no general theory for knowing
when this equilibrium bifurcates a small-amplitude periodic orbit, moving the parameters of the system. We
provide an algorithm for solving this problem; see, for instance, [9, 15].

The Lotka-Volterra systems were initially considered independently by Lotka in 1925 [17] and by Volterra
in 1926 [20], also known as the Predator-Prey equation, are a pair of first-order, nonlinear, differential
equations frequently used to describe the dynamics of biological systems in which two species interact, one
as a predator and the other as prey. Later on, Kolmogorov [13] in 1936 extended these systems to arbitrary
dimension and arbitrary degree, these kinds of systems are now called Kolmogorov systems.

It is known that the polynomial Lotka-Volterra differential systems in R? of degree 2 cannot have isolated
zero-Hopf equilibrium points in the set of all equilibrium points; see [16]. In the article [7], we have studied
the periodic orbits bifurcating from a Hopf equilibrium of 2-dimensional polynomial Kolmogorov systems of
arbitrary degrees.

In this paper, we shall study the zero-Hopf equilibrium points of the polynomial Kolmogorov differential
systems in R? of degree 3 via the averaging theory of first-order and we shall prove that there are 8 families of
such equilibrium points. We shall study when these families of zero-Hopf equilibrium points have a zero-Hopf
bifurcation, i.e. when a limit cycle bifurcates from such equilibrium points, moving the parameters of the
system. We also give an example for each case, we plot their bifurcated limit cycles, and we study their
stability.

The zero-Hopf bifurcation, for other differential systems, has been studied by many authors, for instance
see [10, 11, 12, 14, 18]. In some cases of zero-Hopf equilibria, a zero-Hopf bifurcation could imply a local
birth of “chaos” see, for instance, the articles (cf. [1, 2, 5, 6, 18]).

The Kolmogorov systems in R3 of degree 3 that we consider are

T

zlar(x =) +bi(y— D +er(z—1)+di(x —1)* +er(y — 1) + fi(z — 1)%),
y=ylag(x —1) + ba(y — 1) + calz = 1) + daz — 1)* + ea(y — 1)* + fa(z — 1)?), (1)
z=z(az(x —1) +b3(y — 1)+ e3(z —1) +ds(x — 1)* + es(y — 1)* + fz(z — 1)?),
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238 Periodic Orbits in the Zero-Hopf Bifurcations of Kolmogorov Systems

where x, y and z are supposed positive and the dot denotes the derivative with respect to the time t.

Note that if there is an equilibrium point (a, b, ¢) with a, b and ¢ positive, doing the rescaling (z,y, z) —
(x/a,y/b, z/c) this equilibrium pass to the point (1,1,1) and the dynamical behavior of the Kolmogorov
persists. So it is not restrictive to consider that an equilibrium in the positive octant of R3 is the point
(1,1,1).

In the next proposition we characterize when the equilibrium point (1,1, 1) of the Kolmogorov system
(1) is a zero-Hopf equilibrium point.

Proposition 1 There are eight m-parameter families of Kolmogorov systems (1) for which the equilibrium
point (1,1,1) is a zero-Hopf equilibrium point. Namely:

(Z) a1:b1:b2201203:0, b302:—w2<0;
(ZZ) al :—bQ,Cl 202203:0, a2b1—|—b§:—w2 <0,’

(ZZZ) ar=byr=c = 0, c3 = —b2, bgCQ —|—b§ = —w? < 0,’

(Z"U) a1 = —c3,by = by =b3 =0, ascy —|—C§ =—w?< 0,
(’U) a1 = —C3, Ay = —Ciﬁ, bl = b2 = 0, ascy + bgCQ =+ Cg = —w2 < 0,’
1
. bics bacy 2 2 2
(’UZ) ap = —by — c3, b3 = C—, Co = b—, asbq “+ ascy + b2 —|—2b203 +c3=—w' < 0,’
1 1
bo(b b 1
(’Uii) ap = —b2 — C3, A2 = —M, Cy = 2—01, —(agblcl + b2b301 =+ blcg) = —w2 < 0,’
by b1~ b
bics — b b bocs — b A
(viii) @y = —by — c5, ag — az(bicz — byer) + (b2 + c3)(bacs 302), 2= 2 S0, where
blcQ — bQCl b102 — b201
A = —(—bgcl + b1b302 + b2(—2b30102 + b10203) + CQ(blbgcQ — bscies3 + b10§>

+G2(b%02 — bgcf + b1y (Cg — b2)))

Proposition 1 is proved in section 3. We define the following eight sets of conditions:

(i
(ii

) a1 = a1, by = br1g, ba = bare, ¢1 = c11€, ¢3 = 318, b3y < 0;
)

(iii) a1 = a11€, by = bag + ba1e, c1 = c11€, by = bi1e, c3 = —(bag + ba1€), bzca + b2 < 0;
)
)

_ _ _ _ _ 2 )
a1 = —(bao + ba1€), ba = bag + ba1e, 1 = ci1€, ca = ca1€, €3 = c31€, a2b1 + b5 < 0;

(iv) a1 = —(cz0 +c318), b1 = biie, by = bare, by = baie, c3 = c30 + ca1¢, azer +c3 < 0;
(v) a1 = —(c30 + c31€), b1 = b1, b2 = ba1e, ¢35 = c30 + C316, a2 = _0200130 - 0200131 &

aszcy + bzeo + Cg < 0; (2)
(vi) a1 = —bao — c30 — (b21 + c31)€, b2 = bao + ba1€, b3 = blccf’o * blccf’l s b2(?101 bellc1 ’

c3 = c30 + c31€, asb; + asep + b% + 2bocs + Cg < 0;

.. 1
(vid) a1 = —bag — c30 — (b21 + c31)€, ba = bag + bare, as = b—(—bzo(bzo + c30) — (bao(b21 + c31)
1

baocy ba1c1
b1 b1

1
+b21(b2o + €30)))e, c2 = g, c3 = c30 + 318, —(asbici + babser + bic3) < 0;
1
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1
(’U’L’L’L) a; = —b2 — €30 — C31E, €3 = C30 + €316, ——————— > O, a3 = —————— (CLQ(blcgo - b301) + (b2+
bica — bacy bica — bacy
azbicar + (b2 + c30)bacz1 + c31(bacso — 5302)5

bico — bacy

c30)(bac3o — 5302)) +

Theorem 1 Assume that the family (r) of Kolmogorov systems (1) of the Proposition 1 is perturbed by the
condition (r), forr € {i,ii, i, v, v, vi, vii, viii}. Then, for e # 0 sufficiently small, the perturbed system (1)
has at least one periodic solution (x(t,€),y(t,€), z(t,€)) bifurcating from the zero-Hopf equilibrium (1,1,1)
when € = 0.

The structure of the rest of this paper is the following. In section 2, we present the basic results of the
averaging theory that we need to prove Theorem 1. And in section 3, we prove Proposition 1 and Theorem
1.

2 The Averaging Theory for Periodic Orbits

The averaging theory is a classical and matured tool for studying the behaviour of the dynamics of nonlinear
smooth dynamical systems, and in particular, their periodic orbits. The method of averaging has a long
history that starts with the classical works of Lagrange and Laplace, who provided an intuitive justification
of the process. The first formalization of this procedure is due to Fatou [§] in 1928. Important practical
and theoretical contributions to this theory were made by Krylov and Bogoliubov [4] in the 1930s, and
Bogoliubov [3] in 1945. The averaging theory of first order for studying periodic orbits can be found in [19];
see also [11]. It can be summarized as follows.

Now, we shall present the basic results from the averaging theory that we need to prove the results of
this paper. The next theorem provides a first order approximation for the periodic solutions of a periodic
differential system, for the proof, see Theorems 11.5 and 11.6 of Verhulst [19].

Consider the differential equation

x = eF(t,x) + £2G(t,x,¢), x(0) = X, (3)

with x € D, where D is an open subset of R, ¢ > 0. Moreover we assume that both F(¢,x) and G(¢t,x,¢)
are T-periodic in t. We also consider in D the averaged differential equation

y=¢f(y), vy(0)=yo, (4)
where

T
6 =7 [ Py )

Under certain conditions, equilibrium solutions of the averaged equation turn out to correspond with T-
periodic solutions of equation (3).

Theorem 2 Consider the two initial value problems (3) and (4). Suppose:

(i) F, its Jacobian OF [0z, its Hessian 0*F/0x?, G and its Jacobian OG0z are defined, continuous and
bounded by a constant independent of € in [0,00) x D and € € (0, &g].

(i) F and G are T-periodic in t (T independent of €). Then the following statements hold.

(a) If p is an equilibrium point of the averaged equation (4) and

(3

then there exists a T-periodic solution p(t, ) of equation (3) such that p(0,e) — p ase — 0.

0, (6)

y=p
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(b) The stability or instability of the limit cycle x(t,€) is given by the stability or instability of the
equilibrium point p of the averaged system (4). If p is a simple zero of the averaged system (4),
the eigenvalues of the Jacobian matriz evaluated at p provides the linear stability, i.e. if some
eigenvalue has a positive real part, then the limit cycle associated to the zero p is unstable; if all
the eigenvalues have negative real part, then the limit cycle is stable.

3 Proofs

Proof of Proposition 1. The characteristic polynomial of the linear part of the Kolmogorov system (1)
at the equilibrium point (1,1, 1) is

p()\) = —)\3 + (CLl + b2 + 03))\2 + (CLle — CleQ + asCy + b302 — ai1C3 — bQCg))\
+a1b203 — Q1b302 + CLngCl — a2b103 + a3b102 — a3b201.

Imposing that p(A) = —A(A\? + w?), we obtain the system

a1 + b2 + C3 = 0,
2
CL2b1 — CleQ + azCy + b302 — ai1C3 — b203 = —Ww,
CleQCg — Q1b302 + CLngCl - a2b103 + a3b102 - a3b201 = 0.

Solving this system we get the 8 families of zero-Hopf equilibria described in Proposition 1. This completes
the proof. m

Proof of Theorem 1. We shall prove that a periodic orbit bifurcates from the zero-Hopf equilibrium
point (1,1,1) of the Kolmogorov system (1) when the parameters of the system (1) are given by statement
(i) of Proposition (1). The proof for the others zero-Hopf equilibrium are analogous, and we only indicate
the main steps of their proofs.

We perturb the Kolmogorov system (1) with the parameters given in statement (i) of Proposition 1, as it
is indicated in (2). We translate the equilibrium point (1,1, 1) to the origin of coordinates doing the change
of variablesz = X + 1,y =Y + 1, z = Z + 1. Then system (1) becomes

X = (1 —+ X) (d1X2 =+ €1Y2 =+ f1Z2 =+ E(CL11X =+ b11Y =+ 011Z)) ,
Y = (1 =+ Y) (CLQX + d2X2 + €2Y2 + CQZ + f2Z2 + Eb21Y) 5 (7)
Z=(1+42)(asX +dzX?+ b3V +e3V? + f32% + ec312).

In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we
write the linear part of system (7) with e = 0 at the equilibrium point (0,0,0) in its real Jordan normal
form, i.e. into the form

Then doing the change of variables

as _ _b_3 O X
u
_b c
o = Ve T |y ). (8)
w C2 Z
1 0 0
whose inverse is
0 0 1
X Ca as U
ba. | — _2
Y = 3 b3 0 bs v
d o 1 -2
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The differential system (7) writes

/ 2
= <a3(1 + w) <d1w2 1 aV=hscou = agw)” +fi (v - %> )

V—=bsco b2
2 2
s _
+ (bs + 1/ —bzcau — agw) <02 + o+ dgw? 2 (V=bsczu — asw) + fo (U _ %) )

b3

e \/% ["b_ (Vaezu — asw) (bs + v/ baczu — ag)

+az (14 w) (allw + % (\/ —bscou — agw) +c11 (v — %>2>] , (9)

C2

1 2 g
) = M@wug(mmu-%w) o (__W>>
3

C2 2

C2 C2

) 2
+ (1 +v— _a2w> (\/TBCMH— dsw? + 2—2 (\/Tg@u — agw) + f3 (v — —a2w> )
3
1
—|—€C—2 (031 (cov — agw) (c2 + cov — asw)
2

b
+agea (14 w) (allw + % (\/ —bscou — CLg’LU) +c11 (v _ %)) ), (10)

3 C2

2
w o= (14+w) <d1w2 + e—1(\/—bg,czu —azw)* + fi (v - cf_u;) )

b2 2
b
+(14w) (allw + % (\/—b302u — CLg’LU) +c11 (v — cf_u;)) . (11)
3 2

Doing the rescaling of the variables (u, v, w) = (eU,eV,eW) system (9)—(11) in the new variables (U, V, W)
writes

(6] 1
L
b3 AV —bgcgbg (

—|— —bgcgbgUV —|— (CLgfl —|— b3f2>b§C§V2 — (CLngCll —|— a3b1102 — CLllbgCQ —|— b21b302)a3b302w

U = b3 Cbgbll + b21b3) —bgcgbgU - (CL3€1 + b362)b303U2 + ag,bgcllcgv

—(CL3€1 + b3€2)2a3 —bgcgUW - (CLgC% + 2a2a3f1 + 2&2b3f2)b§02vw

+(a3bgcgd1 + bgcgdz + agcgel + a§b30§€2 + agbgfl + a%bgfg)WQ), (12)
. 1
V = \/ —bgCQU =+ EW (CLlel —bgcgbgU — (CL2€1 =+ 0263>b303U2 =+ (CLQCll =+ 031> bgcgv
372

=+ —bgcgbgUV =+ (CLQfl =+ CQfg) b§C§V2 — (CLngCll =+ a3b1102 — CLllbgCQ =+ bBCQCgl) CLngCQW

— (agbg + 2asa3e; + 2a30263) —b3cSUW — 2(aa fi + cafs)agbicaVIW

+ (a2b§c§d1 + b§c§d3 + agagcgel + agcgeg + agbgfl + a%b%czfg) WQ), (13)
. 1
W = E—b203 (bll —bgcgbgU — b30361U2 =+ bgcllcgv =+ b§c§f1V2
32
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— (CLngCllCQ + agbllbgcg + allbgcg) W — 2&3\ / —bgcgelUW - 2&2b§02f1VW

+ (VieBds + a3cder + ab3f1) W) (14)
Now we pass from the differential system (12)—(14) to cylindrical coordinates (r, W) defined by U = r cos 6
and V = rsin@, and we obtain

o= ((\ [ —bsc3(azer + bzea) cos® O + byca(bsea — ezca — aser) sinf cos® O

+/=bzcabs (bseo — asfi — by fo) sin® 6 cos @ + b3 (aa f1 + ca f3) sin® 6) 7

+b3co ((ag,bll + by1bz)co cos® 0 + \/TgCQ(CLlel —ascyy)sinf cos 6

+b3(agc1y + caczy) sin? 9)7" - W(2ag,c§(a361 + bzes) cos? 6 + \/TgCQ(CLQCng

—2a2f2b§ — agcgbg — 2asa3 f1bs + 2azas3c0e1 + 2&30%63) sin 6 cos 6

—|—2a2b§ (anfi1 + caf3)sin? 9)7" + W(ag, \/TgCQ(CLngCll + agbi1ca — ag1b3ca + barbsca) cos
—agbs(azbsci1 + asbiica — a11bsca + bacacsy) sin 9)

_W2(\/T302(c§elag + bgcgegag + bgcgdlag + a%bgflag + bgcng + a%bgfg) cos 0

—bg (bgflag + bg@fg + a3+ bgcgdlag + agcgelag + bgcgdg

+G§Cg€3) sin 9)), (15)

1

Ty (b3 (bgflag + bg@fga% + bgcgdlag + agcgelag + bgcgdg
3C2

0 = —bsco + bg—cg(
—|—a§c§eg) cos 0 + \/Tgcz(c%elag + bacaeaas + bicadias + a3b3 fraz + bicads
—Hnggfz) sin 9) W?2 — cos 9(\ [ —bsc3 (G,ng + 2asase; + 2a30263) cos 6
—2( — a%flbg — azczfgbg + agcgezbg + agcgel) sin 9)W + ( — \/bg—Cng (ag,cg + 2aqa3 f1

\/Tscz(

r

—|—2CL2b3f2) sin2 60— b1102a§ + CLngCllCLg — CLllbgCQCbg + b21b302a3) sin 6

l(a%cllbg — allazczbg + a202031b§ + G2G3b1102b3) cos 9)W + bgCQ(CLlel\/TgcQCOS2 0
+(agbsc11 — agbiice — babsca + bycacsy) sinf cos @ + as \/——bgcll\/asin2 9)

—%czr( — b3 (bgcg — 2630% — 2ageico — b3 faco — agbgfl) cos® 0 — \/Tgpg(202b§ — f2b§
—2coe2b3 — az fibs — 2@30261) sin 6 cos? 6 + bg (cg — faco — azfl) sin® 6 cos 6 + bg (cg — faco

—CLQfl) cost — vV —bgCng(CLgfl + b3f2) SiIl3 0 — vV —bgbg\/a(agfl + b3f2) sin 9)), (16)

=

W = # (bg?” (bll vV —bgCQ cosf + bgcll sin 9) C% + b3T2 (bgfl sin2 60— Cco€1 COS2 9) C%
3%2
—bng((LzbgCll =+ &3()1102 — allbgcg)W — 2TW(a2f1 sin 0b§
+asy/ —bgc§/2el cos 9) co + (c%dlbg + a%flbg + agcgel)W2). (17)

We change the independent variable from t to 6, and denoting the derivative with respect to 6 by a dot,
then the differential system (15)—(17) becomes

"= ﬁ (( V —bsc3(azer + bsea) cos® 0 + bzca(bzca — ezca — ager) sin@cos? @ + v/ —bzcabs(bzca —

(—=bsc
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azfi — bs f2)sin® 0 cos 0 + b3(as f1 + c2f3) sin® 9)r2 + baca ((asbi1 + ba1bs)cs cos® 0 + \/—bsco(azb11 —
azci) sin @ cos 6 + by (azcr1 + cocsy) sin’ 9)7" - W(2a303 (aze1 + bzez) cos® O + \/TgCQ(CLQCng — 200
fzbg - agcgbg — 2asa3 f1bs + 2asa3cee; + 2&30363) sinf cos 6 + 2a2b§ (agf1 + cafs) sin? 9)7" + W(ag,
\/T302(a253011 + asgbiica — ar1bsca + baibsca) cos @ — azbs(azbzciy + asbiica — ar1bsca + bacacar)
sin 9) — W2(\/T302(c§elag + bacaeaas + bicsdias + a3b3 fraz + bicads + a%bgfg) cosf — b3 (bgflag

+b3ca f3a3 + bicidias + ajcieras + bichds + ajcies) sin 9)) =F0,r, W), (18)
W ﬁ (bg?”(bllx/ —bgCQ cos 6 + bgCll sin 9) C% + b3T2(b3f1 sin2 0 — Co€q COS2 9) C% — bgCQ(CLngCll
—03C2
—|—a3b1102 - a11b302)W —2rW (CLQfl sin 9b§ + azy/ —b303/2€1 [¢0)] 9) Co
+ (Rdyb? + a2 fib? + aZcdey) W2) = Fy(0,r, W). (19)

We shall apply the averaging theory described in Theorem 2 to the differential system (18)—(19). Using the
notation of section 2 we have t =, T = 27, x = (r, W) and

F(0,r, W) = ( IZ::;EZ: %; ) and  F(r, W) = ( ;;E: %; )

It is immediate to check that system (18)—(19) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

1

2m T
fl (T, W) = % 0 F1(9, r, W)do = W (—2a§b§flw + CLQb%CQ(Cll — 2f3W) + C%(bg(b21 + 031)
—2&%61W + Cbgbg(bll - 262W))) 5
1 on 1
fQ(T, W) = % fO FQ(@, T, W)dt? = W (bgcg(—02€1 —|— bgfl)T2 —|— 2b302(—a2b3011 — a3b1102

—|—CL11b302)W —|—2(CL§C%€1 + b%(c%dl + a%fl))W2)

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r*, W*) with r* > 0, namely

1 |CiNyTy — DiN? N
(r*, W) = _\/111 1Ny Ny

T Ry T T

if Ty > 0, and R;(C1N1Ty — D1 N3?) > 0,and the Jacobian (6) at (r*, W*) takes the value
Nl(ClTl — DlNl)/(2T1bgCg) 7§ 0

where

Ch

2b302(—a2b3011 —asbiica + G11b302), D, = 2(&%0%61 =+ bg(&%fl =+ C%d1>),

Ni = a2b§02011 + C% (b%(le + 031) + agbgbll), T, = —2a§b§f1 — 2a2b§02f3 + C%( — 2&%61 — 2a3b362),
Rl = bgcg(bgfl - 0261).
Then Theorem 2 guarantees for € > 0 sufficiently small the existence of a periodic solution (r(6,¢), W (6, ¢))
of system (18)—(19) such that (r(0,¢), W (0,¢)) — (r*, W*) when ¢ — 0. So for ¢ > 0 sufficiently small

system (15)—(17) has the periodic solution (r(t,¢), (t,€), W(t,e)) with (¢,€) = v/—bzcat + O(e), such that
(r(0,¢),(0,e), W(0,¢)) — (r*,0, W*) when ¢ — 0. Consequently system (12)—(14) has the periodic solution

(U(t,s),V(t,s),W(t,s)):(r*cos( “bacat) + O(e), r* sin( _b302t>+0(5>,w*+0(5)),



244 Periodic Orbits in the Zero-Hopf Bifurcations of Kolmogorov Systems

for € > 0 sufficiently small. Therefore system (9)—(11) for e > 0 sufficiently small has the periodic solution
(u(t,e),v(t,e),w(t,e)) = (sr* cos(y/—bzcat) + O(e?), er* sin(y/—bzca t) + O(e?), eW* + 0(52)) . (20)

Finally for ¢ > 0 sufficiently small system (7) has the periodic solution (X (t,¢),Y (t,¢), Z(t,€)) obtained
from (20) through the change of variables (8). This periodic solution tends to the origin of coordinates when
¢ — 0. Therefore there is a periodic solution starting at the zero-Hopf equilibrium point (1,1,1) when & = 0.
This completes the proof of Theorem 1 under the condition (i). m

Example 1 Consider the Kolmogorov system

i= z(2(x-1)2+(2-1)2),
= y(-1+z+2(y—1)2+ (2 -1)?), (21)
i= 2z—y+(z-1)7+@y-1)7).

This system in the new variables (X,Y, Z) writes

X = (X +1)(2X2+2Xe + 22),
Y= (Y+1)QY2+Ye+ 22+ 2),
Z= (Z+1)(X2+Y?2+Ze+ X -Y).

The corresponding system associated to system (18)—(19) satisfies

Fi(0,7r,W) = (=3cos(0)® + 2 cos(d)? sin(#) + cos(#))r? + (4 cos(0)*W — 3 cos(#) sin(O)W + 1)r
+25sin(0)W? + cos(6)W,
Fo (0,7, W) = sin(0)?r? + 2W?2 + 2W.

To look for the limit cycles we must solve the system given by the averaged function

Fr, W) = (hlr, W), fo(r, W) = (0,0)
where

A W) =r QW +1) and  fo(r, W) =2W?2 + %r“’ + 2W. (22)

This system has four solutions for (r, W) given by (0,0), (0,—1), (1,-1/2), (—=1,—=1/2). The solution (0,0)
does not provide any periodic orbit because it corresponds to the equilibrium point localized at the origin. The
averaging theory of first order provides two good solutions: (0, —1) and the (1, —1/2). Since the determinants
(6) at these two solutions are 2 and —2 and thus non-zero, respectively, the Kolmogorov system (21) has two
limit cycles bifurcating from the origin provided by the averaging theory of first order. We plot these two
limit cycles for e = 1075 in Figure 1, where we provide the initial conditions of the two limit cycles that we
have drawn. The software used for doing all the figures is Maple 20.
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Figure 1: 1st LC: X(0) = ¢, Y(0) =&, Z(0) = 2e. 2nd LC: X(0) = —¢/2, Y (0) = —3¢/2, Z(0) = 0.

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular points (0, —1) and (1,—1/2) are
(=2, 1) and +£+/2, respectively, by Theorem 2 the limit cycles are stable and unstable. Going back through
the changes of variables as we did in the proof of Theorem 1 we obtain that the limit cycles bifurcating from
the equilibrium point (1,1,1) of system (21) are

(z(t,e),y(t,e), z(t,e)) = (1 —e + O(e?),1 — e + O(e?), 1 + O(&?)),
(z(t,e),y(t,e),2(t,e)) = (1 —e/2 + O(e?),1 — e(cost + 1/2) + O(e?),1 + esint + O(e?)),

respectively. This completes Example 1.
Now we perturb the Kolmogorov system (1) with the parameters given in statement (ii) of Proposition 1,

as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X +1,y=Y + 1, 2 = Z+ 1. Then system (1) becomes
X = (X + 1)((—2Xb21 + ZCll)E + d1X2 + €1Y2 + f1Z2 - b20X + b1Y),
V= (Y + 1) ((Ybor + Zear)e + doX? + e2Y? + f222 + a2 X + baogY), (23)
Z = (Z+1)(X?ds +Y?e3+ Z%fs + Zecz1 + Xaz + Ybs).
In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write

the linear part of system (23) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.
into the form

0 — —CLle — b%O 0
A/ —CLle — b%O 0 0
0 0 0
Then doing the change of variables
u by \/—al2bl — b3y /—azbr — b3, X
v = — 0 0 Y |,
1
v _agbs — asbyo asby + baobs d

CLle + b%O B CLle + b%O
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whose inverse is

0 by 0

X
v\ | VEabi 8 b 0 b
Z

__agby + bygbs by 1 w
\/ —CLle — b%O

And by following the same steps as the first case (i) indicated in (2), we get the system

. 3 /
/—— —_ 2 3 ( —a2b1 — b%o(((Z(agbl + b20b3))b3(b1f2 — b20f1) + (CLle + bgo)((QQ — bQO)b?
bl( — CLle — b20)

—|—2b§0(b1 — 61) + 2b1b2062) — (CLgbl + b20b3)2f1 — (CLle + b§0>261) COS2 0 sin 97"2 + T(COS2 9((2(&3()1
+b20b3) )W (b1 fo — bao f1) + (asb1 + baobs)(bica1 — bagein) + (azbs + b%o)b1b2l) + (a2b1 + bSO)(2Wb3f1
—2b1b21 + bgCll) sin2 9)) + (—CLle - b%o)((bgfl (2&3()1 + 3b20b3) - b%o(b1€2 - b20€1) - blbng + (CLle
—|—b§0)(b% — b1b20 —+ 2b2061) — b?(bldQ — bQOdl)) COS@SiH2 97"2 —+ (2W((a3b1 —+ b20b3)f1 — bg(blfQ — b20f1))
—bl (3b20b21 =+ b3021) =+ Cll(agbl =+ 2b20b3)) COSs Hsin 97" — COS 9W(W(b1f2 — b20f1) =+ b1021 — bQOCll))
—(—agby — b2)3/2(sin OW (W f1 + c11) + sin® 02 (b3dy + b3ger + b3 f1))
_ COS3 97"2((&3()1 “+ b20b3)2(b1f2 — b20f1) —+ (CLle “+ b§0)2(b1b20 —+ b1€2 — b2061)))

= R0, W), (24)

W= —W (\/ —azb; — b%g((W (Z(Cbsbl + baobs) ((asbi + bagbs) fo + (a2bs — asbao) fi
—(agb1 +b39) f3) — (azbr + 530)253) + (azb1 + baobs)((azbr + baobs)c21 + (azbs — asbao)ci)
+(asby + baobs ) (asby + b2) (ba1 — 031)) cos Or + (2(a3b1 4 boobs)2bs fo
+(agby + baobs)(2(azbs — azbao)bs f1 + (asby + b3y) (b1 (az — az) + bao(2bag — bz + 2e2) — Qbsfs))
+(azbs — asbao)(azby + b2) (B2 + 2bsger) — (azby + b2g)? (2bsoes + bg)) sinf cos 9r2)
—(—azby — 3o) (sin Or (W (2bs (asbs + baobs) f2 + (azbs — asbao) 1) — (aabs + b3o)(asbs + baobs + 2D ) )

+(asb1 + bagbs)(bagba1 + bsca1) — (azbs — azbag)(2b1b21 — bsci1) — (az2bt + 530)53031)
—|—W((a3b1 + b20b3)(Wf2 + 021) + (CLng — (ZngO)(Wfl + 011) — (CLle + b%o)(ng + 031)))

—(T2 ((CLgbl + b20b3)3f2 — (&2()1 + b§0)363) + (&2()1 + b§0)27”2((b20 —bs + 62)(&3()1 + b20b3)

+(azbs — asbao)er) + (asby + baghs)?r ((a2b3 — agbao) fi — (azby + b2,) fg)) cosf — (
—(agby + b39)7r? ((azbibag + bids + b3y + b3gez + b3 f2)(azby + bagbs)
+(azgbs — asbao) (bd1 + b3ger + b3 f1))
(agby + b20)2r2(asbibs + b3ds + b2ges + (bao + fg)bg)) sin 9)
= F(,r,W). (25)

We shall apply the averaging theory described in Theorem 2 to the differential system (24)-(25). Using the
notation of section 2 we havet =0, T = 2n, x = (r, W)T and

F(,r,W) = ( %Ez: %; ) and  f(r,W) = ( ;;E: %; )
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It is immediate to check that system (24)-(25) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

1 - T N
Fu(r W) = —f2 Fu(6,r W)d = — r(ToW + Na) ,
0 3/2
2m 2( — CLle — b%O)
1 71- D 2 2
fa(r, W) = o f02 Fy(f,r,W)d = oW= + Ror< + C;ZV
n 2( — CLle — b%O)

The system f1(r, W) = fao(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

(", W) =

1 CQNQTQ - D2N22 N2
T Rs T,

if Ty > 0, and Ra(CaNoTy — DaN3) > 0, and the Jacobian (6) at (r*, W*) takes the value

N2 (CoTy — DaN2) /2T (azby + b3g)* # 0

where
Cy = —2(azb1 + b30)((asby + baobs)ca1 + (azbs — asbag)crr — (azby + b3g)ca1),
Dy = —2(azby + b3y) ((azbr + baobs) f2 + (azbs — asbao) fi — (azbi + bdy) f3).
Ny = —bai(azbi + b%o) + (agb1 + baobs)ca1 + (azbs — asbag)ci,

Ry

(azby + b3,)? (asbibs + bids + b3pes + (azbs — asbao)er + (asby + baobs)(bao — bs + €2)
+(bao + f3)b3) + (asbr + baobs)*((azbs — asbao) fi — (a2b1 + b3g) f3) + (aszby + baobs)? fo
—(a2by + b3)3es — (azbi + b3y)((a2bibao + bids + by + biges + b3 f2)(aszby + bagbs)
+(agbs — agbao)(b3dy + b3ger + bgfl)),

Ty = 2((bs(aafi + baofo) + as(br fo — b f1)))-
Finally, we apply Theorem 2 like in the first case (i), then for e > 0 sufficiently small system (23) has
a periodic solution (x(0),y(0), 2(0)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when

e — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (ii).

Example 2 Consider the Kolmogorov system

. 161
T = x(—x+y—rc2(x—1)2—|—(z—1)2),

y= y(-2x+1+y+(z-1)%,
2= z(-y+1).

(26)

This system in the new variables (X,Y, Z) writes

. 1 161
X= (X 1(—Z——X2 72_X Y)
(X+1) T + +Y),
Y= (Y+1)(22-2X+Y),

Z= —(Z+1)Y.
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The corresponding system associated to system (24)—(25) satisfies

1 1 163 2
Fi(0,r,W) = _r(§ cos?(6) — (_ oW — 5) sin2(9)) ~ Tg5 os(O) sin?(B)r? - (_ oW — 5) cos(60) sin(6)r
1 1 1
-3 cos()W + sin(G)W(W + §) + 162 sin®(0)r? + cos® ()12
(0,7, W) = —( -W - 2) cos(0)r + sin(@)r( —3W — g) + W(W + g) —r2cos?(0) + §T2 sin?(6)
T 9 9 9 81 '
To look for the limit cycles we must solve the system given by the averaged function
f(Ta W) = (fl(T, W)a fQ(Ta W)) = (Oa O)
where
filr, W) = L (ow 4+ 2 d fo(r,W)=W?+ L2 2y (27)
1(r, =57 5 an 2 (T, = 162" TogW-

This system has four solutions for (r, W) given by (0,0), (0, =2/9), (v/2,-1/9), (—=v/2,—1/9). As in Ezample
1 we have two good solutions, the (0,—2/9) and the (v/2,—1/9). Since the determinants (6) at these two
solutions are —2/81 and 2/81 and thus non-zero, respectively, the Kolmogorov system (26) has two limit
cycles bifurcating from the origin provided by the averaging theory of first order. We plot these two limit
cycles for e = 1075 in Figure 2.

~0.00002
~0.000011
-
Z 00001
0.000021 ~0.00002
0.00003 ] 0.00001
~0.000010 0
—000001 ¥
X 0.000010 ~0.00002

Figure 2: 1st LC: X(0) = ¢, Y(0) =¢, Z(0) = 7¢/9. 2nd LC: X(0) =0, Y (0) = V2, Z(0) = (v/2—1/9)e.

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular points (0, —2/9) and (v/2,—1/9)
are (=2/9,1/9) and +iv/2/9, respectively, by Theorem 2 the limit cycles are unstable and stable. Going back
through the changes of variables as we did in the proof of Theorem 1 we obtain that the limit cycles bifurcating
from the equilibrium point (1,1,1) of system (26) are

(x(t,e),y(t,e), 2(t,€)) = (1 + O(?),1 + O(?),1 — 2¢/9 + O(e?)),

(z(t, ), y(t,€), 2(t, €)) = (1+eV2sint+0(e?), 1+ev2(cos t+sin t)+0(e?), 1+ev2(cos t—sin t—1/9)+0(£?)),
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respectively. This completes Example 2.

Now we perturb the Kolmogorov system (1) with the parameters given in statement (i) of Proposition
1, as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X + 1,y=Y + 1,2 =Z+ 1. Then system (1) becomes

X = (X + 1)((XCL11 +Ybi + ZCll)E + X2d1 + Y2€1 + Z2f1),
V= (Y +1)(X%dy + Y2 + Yebor + Z%fo + Xao + Yoo + Zea), (28)
Z = (Z+1)(X2%ds + Y2e3 + Z2f3 — Zebay + Xas + Ybs — Zba).

In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write
the linear part of system (28) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.

into the form
0 -\ —b%o - bgCQ 0
\/ —b%o - bgCQ 0 0
0

0 0
Then doing the change of variables

azbog + azca

-1 0
" b%O —|— bgCQ X
v . az b2o C2 v
w \/—bgol— bscz /b3y —bsca  \/—b3 — bsca 7z )
P R 0 0
b%O + bgCQ
whose inverse is
X 0 0 b%O + bgCQ u
Yy -1 0 —CLQbQQ — ascCy
- b20 A/ —b%o — bgCQ Y
Z — _— —CLng —|— a3b20 w
(6] (6]

And by following the same steps as the first case (i) indicated in (2), we get the system

. € 2 .2 2 2

ro= B0~ baca) ((—b20 - bgCQ)(COS(o) sin®(0)r<(f2(3b5g + bzcz) + f1(3az2bao + agea)
—2b2002(b20 — fg) — C%(bzo + bg)) + (CLQfl — b2002 + b20f2 + CQfg)\/ —b%o — bgCQ sin3(9)r2)
Fsqrt(—b2, — bg@)(cos?(o) sin(6)r2 ((b§0 + b3ca) (2baofa — ) — b3y(ca — fo) — baoc2(bs — e2)
+b20f1 (3&2()20 + 2&302)03 (CL2€1 + 0263) —+ bgochg) — C2 COS(@) sm(@)r(((bgo + b302)b2002 (CLQ — Cbg)
—(—CLng + a3b20)(2b20(a2f1 =+ CQfg) — 2b§0(02 — f2) — C%(bzo + bg)) + (CLQbQQ + CLBCQ)((bgo + b302)02
—2(—azgbs + asbao) f1) — 2(b3 + bzca)(—azbs + azba) fo — (azbag + azca)ez(bao(bo — bs + 2e2)
+2aze; + 20263))W — 2byo(azc1y — barcz) + ca(agbir — &3011))

—|—C§ Sin(o)W(((aQbQO —|— CL302)2(CL261 —|— b%O —|— b20€2 —|— 0263) — (CLQbQO —|— CLBCQ)(b%O(CLQbQO —|— CL302)

_b302(a2b3 - a3b20)) + (b%o + b302)2(a2d1 + boods + Cng)
—|—(—a2b3 —+ a3b20)2(a2f1 — b2002 + b20f2 + CQfg) + (b%o + bgCQ)(—CLng + CL3b20)CL302)W
+(b3g + bzca)azsarr — (azbso + azea)(asbiy + bagbar)

+(—a2bs + asbao)(azc1n — b2102))) + 027"(((5%0 + bzca)((a2bao + azea)ca(bao + b3)

— (b3 + bca)azca — 2(—azbs + asbao)(aafi — baoca + bao f2 + 02f3)) sin?(6)
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+( (azbao + azca)((b3g + bsca)(bao + 2€2)ca + 2(—azbs + azbag)bao f1)

+(b3g + bsca)(—a2bs + azbag)(2b20 f2 — €3) + 2(azbao + asez)czer

(b5
— (B30 + bsca)?azcz ) cos(6) ) W + cos(6) ((azbao + asea)(baocrs — bracs)

— (b2 + bg@)bzlcz) — (2 + bsca) sin(0)(azerr — b2102))

—cB(((azbao + agea) ((az — dr) (b3 + bsca)? + (—azbs + asbao) (B + bycz)es

—(—agbs + asb20)f1)) — (azbso + azc)* (b3 + bsca)(e2 + bao)

—(b§0 + b302)((b§0 + 5302)2d2 + (—agbs + a3b20)2f2) — (a2bao + cL302)3€1)VV + (a2b2 + a302)2b11
—(asbao + ases) ((ar1 — bar) (b2 + bsca) + (—asbs + agbgo)cll)) cos(O)W + ((azbao + azea) (b2 f1 + c2e1)

+(b30 + byea) (Vo f2 + Ge)) cos® (B)r?)
= Fl (95 T, W)a (29)

; € / . .
W = - 5 )3/2 ( —b%o - bgCQ (02 8111(9)7"(2(—&2()3 + angO)Wfl + 011> + 2COS(9) SIH(Q)T2b20f1)

c3(=b3y — bsca
+co cos(@)r(2W((a2b20 + agcg)cger + (—azbs + asbap)bao f1) + bagc11 — bllcz) + c%W(W((agbgo
+a302)2€1 + (b§0 + 5302)2d1 + (—a2bsz + &3520)2f1) — (a2b2o + aszca)bin + (b§0 + bzca)arr + (—azbs
+G3520)011) + T2(0052(9)(b§of1 +czer + (b3 + bsca) f1) — (b + bscz)fl))
— R(0,rW). (30)

We shall apply the averaging theory described in Theorem 2 to the differential system (29)—(30). Using the
notation of section 2 we havet =0, T =27, x = (r, W)T and

Fonw = (R ) e s (G0

It is immediate to check that system (29)-(30) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

D3W2 - R3T2 + CgW

20%( — b%O — b302)3/2

T(TgW + Ng)
202( — b%O — bgCQ)

fl(TaW): 3/2° fQ(TaW):_

The system f1(r, W) = fao(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

1 [D3NZ— CsN3T: N.
(T*;W*): —\/ 37%3 R 377373 ——3

13 3 T3 )

if Ts > 0, and R3(D3N3 — C3N3T3) > 0, and the Jacobian (6) at (r*, W*) takes the value

—Ng(Cng — D3N3)/2cg(b§0 =+ bgCQ)BTg 7£ 0
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where
Cs = —2c3((azbao + ascz)biy — (b3 + bscz)arr — (—azbs + asbag)c11),
Ry= —b3ofi — cer + (b3 + bsc2) fi,
N3 = (agbog + azca)(baoci1 — biicz) — (b3 + bsca)asca,
D3 = 203(@2520 + agca)?er + (b3, + 5302)2d1 + (—a2bs + asb20)2f1),
T3 = (2(a2b20 + cL302)2C2€1 + (azbao + azca) ((b3g + baca)ca(2bag + by + 2e2) + 2(—azbs + asbag)boo f1)

_(b%O “+ b302)202(a2 —+ Cbg) — (b§0 “+ bgCQ)(—CLng —+ a3b20)(2a2f1 — 02(2b20 — Co — 2f3))) .

Finally, we apply Theorem 2 like in the first case (i), then for € > 0 sufficiently small system (28) has
a periodic solution (x(0),y(0), 2(0)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when
e — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (iii).

Example 3 Consider the Kolmogorov system
. 1 2
T = x(—ﬁ(x—l) +(z-1) ),
= ylz—2-y+2z+(z—-1)2+ (y— 1)+ (2 - 1)?), (31)
= z(—y+z+(z—-1)2+(z—1)?).

This system in the new variables (X,Y, Z) writes

. 1 1
X= (X 1( Ze — — X2 22)
(X+1) 5 € 16 +
V= (Y+1)(X2+Y?+22+X -Y +22),

Z= (Z+1)(X?+2%-Y +2).

The corresponding system associated to system (29)—(30) satisfies

1 1 1
Fi(0,r,W)=—=cos(0)sin(0)r(18W + 1) + ( (279W2 + 144r% + 16W)) sin(f) — — cos(#) (567W2
9 144 144
1
+72r% + 16W) + 2rW (cos?(0) + 1) — cos®(0)r? + T
1 . 5 1 . 5., 1, 1
Fy(0,7, W) == cos(0)sin()r* + —r(18W + 1)(—sin(f) + cos(f)) — —=W?= — —r? — —W.
2 18 16 4 9
To look for the limit cycles we must solve the system given by the averaged function
f(Ta W) = (fl(T, W)a fQ(Ta W)) = (Oa O)
where 1 2 15 1 1
I z _ w2 2 =
filr, W) = a (12W + 9) and  fo(r,W) = 16W 4 9W. (32)

This system has four solutions for (r, W) given by (0,0), (0, —16/135), (1/12,—-1/54), (=1/12,—-1/54). As
in Example 1 we have two good solutions, the (0,—16/135) and the (1/12,—1/54). Since the determinants
(6) at these two solutions are —1/30 and 1/96 and thus non-zero, respectively, the Kolmogorov system (31)
has two limit cycles bifurcating from the origin provided by the averaging theory of first order. We plot these
two limit cycles for e = 10> in Figure 3.
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X 1.1 1078

Figure 3: 1st LC: X(0) = /9, Y(0) = —343¢/1755, Z(0) = —343¢/1755. 2nd LC: X(0) = ¢/54, Y (0) =
—11£/108, Z(0) = —13¢/216.

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular points (0, —16/135) and (1/12, —1/54)
are (—3/10,1/9) and (—11 +i\/743) /288, respectively, by Theorem 2 the limit cycles are unstable and stable.
Going back through the changes of variables as we did in the proof of Theorem 1 we obtain that the limit
cycles bifurcating from the equilibrium point (1,1,1) of system (31) are

(z(t,e),y(t,e), 2(t,€)) = (1 4+ 16¢/135 + O(e?),1 — 16¢/135 + O(?), 1 — 16¢/135 + O(?)),

+0(%),1 -

(2(t,e), y(t, €), 2(t,€)) = (1 4 £ o)1 L0t t2)

e(9cost —9sint 4 4) 9
54 108 +0t )> ’

216

respectively. This completes Example 3.

Now we perturb the Kolmogorov system (1) with the parameters given in statement (iv) of Proposition
1, as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X + 1,y=Y + 1,2 =Z+ 1. Then system (1) becomes

X = (X + 1)((—2X031 + Ybll)E + X2d1 + Y2€1 + Z2f1 — Xego + ch),

Y= +1) (X2d2 + Y2y + Yeboy + Z2fo + Xan + 202), (33)

Z = (Z + 1)((Yb31 + ZCgl)E + X2d3 + Y2€3 + Z2f3 + XCLg + ZCgo) .

In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write
the linear part of system (33) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.
into the form

0 —\/—azcy — C%O 0
\/ —asgcy — Cgo 0 0
0

0 0
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Then doing the change of variables

%0 0 N
(A _ _ A2 _ — 2 X
C1 azCy C3p azCq C3p
v = 1 Y |,
— 0 0
w Cc1 Z
2
a2€30 — A3C2 asci + ¢33 —azc1 — C2C30
whose inverse is
X 0 C1 0
ascy + c2¢30 1 u

Y |=| ——YF/— @ 3 v
P] 2
7 v/ —aszcr — ¢35y asci + c3g w
2
—a3C1 — C3g C30 0

And by following the same steps as the first case (i) indicated in (2), we get the system

. 9 3/2
r = )7/2 (( — ascy — Cgo) / (((CLgCl + Cgo)(CLlelCl =+ 2b1102030 — b310102 — 301030031)

Cl( — azcy — C%O
+2W (azcrer — crezes + 2caczoer)) cos(6) sin(0)r + (c1(az(cres — csoer)(azcr + 2eacs0)

+as(cieso + c1fs — cs0f1)(aser +2¢3) + c3o(cies + cg + c30f3)) — c3cioer — c3o.f1) cos®(8)r?)

—( —azcy — 030)5/2 (30%03061 +3c30f1 + c1(2azczer + (¢3 — cie30 + 2¢30f1)as

—(e1ds — ¢}y — caodi)er — ces — iy — c3f3))r? cos(8) sin®(6)

—(—ci(az(ager(azer + 2¢3y)(azcier — 2c1caes + deaczper)

—azcy(azer(azci — azerfi — cieso + 5eichy + 2c1c30f3 — 6¢30f1)

—cie30(be1c3y — 2c5e3 — 9c3, — 630 f3)

—3cicdoer — 12¢30f1) + cicay(5eiciy — Acdes — Tey — 620 f3) + 6¢3caper + 105, f1)
+cig(cr(a3er — 2azcaes 4 c3o) + 2¢30(2azcaer — caes — c3y — 20 f3)))

—6ercacSy — 3chf1) cos?(0) sin(0)r? + (—azcr — c3) (T((2W(GQC?€3 — agcrcspel

—ascicaey + creaczpes — 2cacper) — (azcr + cag)(agbiicicso — agbsici + asbiicica — 3ascicay
—|—2bllczc§0 — bz1c1C2C30 — 301030031)) cos?(6)

+2W0261 (&301 + Cgo) + (&301 + 030)2(171102 — 201031)) + sin(@)W(bu(agcl + Cgo) + Wel))

+(—aser — cgo)g(cfdl + cer + 3o fr)r? sin®(0) + y/—azer — cEo((—biicso + baier)(azer + c3p)
—|—W(0163 — 03061)) COS(@)W) = F1(9, T, W), (34)

: €
W = 5/2 (W (aser + 3g) (az(bricso — bsicr) — as(biice — baicr) + barc3y — bsicacso)

(—aser — c3p)

—-w? (az(cleg —c3pe1) — as(crea — coe1) + cacspes — cgoez)

— (—aser — 030)3/2 sin(6) cos(0)r? (2c30(c30(c3 (azer — cae3)

+ezo(cso(afi + ca(ca — 30 — f3) + cs0f2) — ca(asfi — caez)))

—ascser) + c1(cz0(2ca(aze; — 2ascoes — a3 fi + azcaes)

+c30(2az(as fi + cacso + cae2 — 39 — c30.f3) — asz(3cacso + 2c2 f3 — desof2)))
—agcg (2a2e1 — 3030) + c1(ager(az(ag — as + c39) — agee) — az(az(2ce3 — cgo)

—CL3(202030 + 20262 — 30%0 — 2030f3) - Cgo) + Gg((cg — C2C30 + 2030f2)(13 — CQC%OD))



254 Periodic Orbits in the Zero-Hopf Bifurcations of Kolmogorov Systems

- (—CLgCl - cgo) (TQ((G,gcil(a,ng —asds) + C?(ag(ageg — ageg) — ag(agfg — cody)
+ageso(cads — 2¢30da) — az(a3(2ca — 2¢30 — f3) + cso(asdy — c30ds)))ci (—ascafr
+a3(c3(2c30 + e2) — caczo(2c30 + f3) + cao(az fi + 4esofz)) — az(as(cies — 2eac30(2¢30 + €2)
—|—c§0(4030 +3f3)) + ca(azer + cgodl)) + ezo(ade; — a3(3czes — csoe2)

+c§0(a2d1 — cods + c30d2))) — cl(—agcz(cgel + 3c§0f1) — aseso(ercaag — 3c§0f1a2

+ezcs — 5cag fa — caczo(ca(deso + 3ea) — 4c3y — 3czofs)) — 2aacay(2¢5e3 + cag + fac3,
—cacso(cs0 + €2)) + 2a3caciger) — 2¢30(cacso(ca(azer + ¢35 + csoe2) — ascso fi

—0363 — Cgo — fgcgo) — agcgel + cgoflag + C%OfQ)) cosQ(G)

+(azer + o) (azazcics + 3o f2 + che3 — eacy

—CQCgOfg — 630%030 + 6203030 + cgoflag — dgagc? + C%C%OdQ — CLQClch + agci’dg — agcgel
—agagcfcw — f1a3020§0 + f2a3010§0 — a30?02d1 + agclcgcw — agclcgcgo + elcgagcw + achcwdl
—chQCgodg — azegclcg — azfgclcgo + azclcgcgo + agclegcg))

+sin(0)r (W (c1((aser — 2c2es + c39)az + asca(cso + 2e2))

+C2(030(2a261 — 20263 + C%O + 203062) — 2&30261)) + (a301 + Cgo)(QQ(bllcQCgo — b310102 — 301030031)
—agca(br1ca — (b1 + 2c31)c1) + cacso(czo(bar — c31) — b3102))))

—1/—ascy — cgo((cf@a%eg — 2asa36ey — ag@) — 2¢1(ag(csp(azer — 2caes + c3pe2) — ascaer)
—|—CL302030(030 + 62)) - 02030(030(2a261 - 20263 + Cgo + 203062) - 2&30261))W

—(&301 + c§0) (azc1 + cac30) (&2(511030 —b3ic1) — asg(brica — baicr + cic31) + 030(521 —¢31)

- bglcQCgo)) COS(@)T) = FQ(@, T, W) (35)

We shall apply the averaging theory described in Theorem 2 to the differential system (84)—(35). Using the
notation of section 2 we havet =0, T =27, x = (r, W)T and

F(0,r,W) = ( IZ::;EZ: %; ) and  f(r,W) = ( ;;E: %; )

It is immediate to check that system (34)-(35) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

(T4W — N4)T 2D4W2 — R4T2 — 204W
f1(95T5W>: 5 5/2° fQ(TaW): 9 3/2
2( —ascy — 030) 2( —ascy — 030)

The system f1(r, W) = fo(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

1 [2DyN? —2C4N,Ty N.
(T*,W*)* \/ 4 4 44V4 1L 4 _4

Ty Ry Ty |

if Ty > 0, and Ry(DsNZ — C4N4Ty) > 0, and the Jacobian (6) at (r*,W*) takes the value —N4(CyTy —
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DyNy)/Ty(azer + C§0)4 # 0 where

_ 2 2
Ny = (CL301 + 030) (a2b11030 — agbzic1 — agbiicy + ascicsr — baicacso + 030031),
Ty = 2(agcie3 — azcsper + azcaer + cacspes),

2
D a2C1€3 — A2C30€1 — A3C1€2 + a3C2€1 + C2C30€3 — C3p€2
4 = 3
aszcy + Cgo

_ 2
Cy = asbiiczg — azbsic1 — azbiica + azbaicy + baicsy — baicacso,

_ 3 2 2 2 2
Ri= (agcl (c2fi —c1fa) — &3((G2030f1 — c3e2 — €230 f3 + 2¢50 f2 — 2az fzcr)er + ¢f(aafz — cida + cady)

“+c2 (0361 — Cgofl)) — as (C% (CL§€2 — CLQCgodl + CQCgodg — 2C§0d2) — C1 (CL%CQel — CLQ(C%SB + 20203062
—Cgofg) — czcgodl) + as(c3ds — 3ciesoer + cgofl) + cso(c3es — c3ezoen — CQCgofg + cgofg)) +a3 (ach

ez — 2020§061) — c1C30 (a%el — 3&%0263 + a%cweg — azcgodl + 020§0d3 — cgodg) — CLQC%O (C%dg — 20%63
—|—20203062)) .
Finally, we apply Theorem 2 like in the first case (i), then for e > 0 sufficiently small system (33) has
a periodic solution (x(0),y(0),2(0)) = (eX(0),eY (0),eZ(0)) which tends to the origin of coordinates when

€ — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (iv).

Example 4 Consider the Kolmogorov system
i= z(—z+z2+@y—-1)>%+(z—1)?),
g= y(l-z+@-1)>+-1)?), (36)
i= z(—204+14z+(@x—1)2+(2-1)?).

This system in the new variables (X,Y, Z) writes

X = (X+1)(%Y5+Y2+ZQ—X+Z),
V= (Y+1)(X2+Y2-2),
Z= (Z+1)(X?+2?-2X +2).
The corresponding system associated to system (34)-(35) satisfies
r(18W — 1) (sin(6) — cos(6))” L W(ow - 1) (sin(6) — cos(6))
9 9 ’

Fo(0,r,W) = %w — 3W2 + 2sin(0) cos(0)r2 — r2(6 — 4 cos(6)2) — sin(o)r(7w - g) - ( —5W + g) cos(0)r.

To look for the limit cycles we must solve the system given by the averaged function

Fr, W) = (hlr, W), for, W) = (0,0)

Fi(6,7, W) = 2r*(4cos(0)* + 1) sin(6) +

where

1 2 2
A W) =3 (4W - §)r and fo(r, W) = =3W? — s + SWV. (37)

This system has four solutions for (r, W) given by (0,0), (0,2/27), (1/36,1/18), (—1/36,1/18). As in Exam-
ple 11 we have two good solutions, the (0,2/27) and the (1/36,1/18). Since the determinants (6) at these
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two solutions are —2/243 and 1/81 and thus non-zero, respectively, the Kolmogorov system (36) has two
limit cycles bifurcating from the origin provided by the averaging theory of first order. We plot these two
limit cycles for e = 1075 in Figure 4.

Figure 4: 1st LC: X(0) = ¢/27, Y(0) = —¢/27, Z(0) = ¢/27. 2nd LC: X(0) =0, Y(0) = —¢/36, Z(0) =
€/36.

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular points (0,2/27) and (1/36,1/18)
are (—2/9,1/27) and (=1 + i\/3)/18, respectively, by Theorem 2 the limit cycles are unstable and stable.
Going back through the changes of variables as we did in the proof of Theorem 1 we obtain that the limit
cycles bifurcating from the equilibrium point (1,1,1) of system (36) are

(z(t,e),y(t,e), 2(t,€)) = (1 + O(?),1 — 2¢/27 + O(£?),1 + O(£?)),

esint cost —sint — 2

0(e?),1
+0(e%), 1 + 36

(z(t,e),y(t,e), z(t,e)) = (1 + e+ O(2), 14 cost +sint

e+0() ),
- )
respectively. This completes Example 4.

Now we perturb the Kolmogorov system (1) with the parameters given in statement (v) of Proposition 1,
as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X +1,y=Y + 1, 2= Z + 1. Then system (1) becomes

X = (X + 1)(( —2Xec31 + Yb11)5+X2d1 —|—Y2€1 —|—Z2f1 — Xe3o —|—Z01),

: o X X
Y =(V+1) ((Cii n b21Y)5 - % teoZ 4+ daX? 4 eaY? + f222), (38)
1 1

Z=(Z+1)(X2%ds+ Y23 + Z%f3 + c31Z¢ + Xaz + Ybs + Zes).
In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write

the linear part of system (38) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.
into the form

0 —\/—agcl - bgCQ - C%O 0
\/-CLgCl - bgCQ - Cgo 0 0
0 0 0
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Then doing the change of variables

ascy + Cgo 1 0
C1 (CLgCl + bgCQ + Cgo)bg ascy + bgCQ + C%O
U X
C30 1
v | = > 0 - > Y |,
w C1 \/—agcl - bgCQ — C3p b3 1 b3 \/—agcl - bgCQ — (3¢ 7
- 2 . : 0
C1 (CLgCl + bgCQ + 030) aszcy + bgCQ + C30
whose inverse is
X Clbg 0 —Clbg u
Y | = bsco 0 ascr + v
Z Cgobg —bg \/—agcl — bgCQ — C%O —Cgobg w
And by following the same steps as the first case (i) indicated in (2), we get the system
. £ 2 \3/2 2
ro= 5 \5/2 (( —ager — bgez — c30)” (= (W (aser (bs(cf — crea — cres0 + 2¢30.f1)
Cl( —ascy — bgCQ - 030)

+2ca(cres — 03061)) — bscy (030(17302 — 2b3fa — 2c1dy) — caplcr — o — c30 — 2f3) + ZCfdg)
+2¢3(2bscso f1 + c1eaes — cacsoer)) — cso(brice — 3eiest))r cos(d) sin(6)

+(ager(c] — erezo + 2¢30f1) + bsci(cs — cacao + 2¢30f2) — c1(caes + Cag + Caof3)

te30(cz0 + di)et — dscs + czocser + 3¢50 f1)r? cos? (6) sin(0)bs

+(c1e30 + c1f3 — c30f1)(azcr + baca + c5)r? sin® (0)bs)

— (—ascr — byea — ) (T(((agcl + c30)(2c2e1 (azer + c3)

—bz(c3ez0 + 2¢2dy — 2¢1coen — c1c§0 — 2c1c30f3 + 4c§0f1)) - b§(2c§d2 + c2eaczo + 2czc§0f1
—cyeso(cacso + 2¢afs — 2¢30f2)) )W + bscrca(bar — 2¢31) + (b11¢2 — 3eres)(aser + cgo)) cos?(6)
+r((c} — c1e30 — 21 f3 + 2¢30 1) (bscso(azer + c3g) + bacacso)W

+cres1(aser + bgea + cgo)) + (cos(@)W(((agcl + cgo) (bg(cfdl + cgofl) + bgcrea(ager + cgo)
+e1(azer + c30)?) + c1bi(cida + 3o f2))W + (aser + c3g)(bser(bar + 2¢31) + bin(azer + ¢3))
+b3c1cacsr))/ (bs) + b cos®(0)r? ((cidy + c3er + c3o f1)(aser + c3) + bacr (cida + c3ea + c§0f2)))

+( —aszcy — bgCQ - 030)2(17301 (02 - fz) + CL301(01 - fl) + 201030(030 + fg)
—cies0 — 3¢50 f1)r? sin? () cos(6)bs
+(\/—a301 — bscg — By sin(@)W (((cids — cfesody + c163g fs — A30.f1) (biea + b3(aser + 3p))

+bscaajci(cres — 2csoer) + (cres — csoer) ((aser + ¢39)° + bsea(dasercly + cgo)))W

—bllcgo((ZgCl + 030)2 — b3030(301031(CL301 + bgCQ + Cgo) + b1102(2&301 + Cgo)))))

— RO, W), (39)

. IS .
W = )3/2 (\/-&301 — bgCQ — C%O(SIH(H)WTbg (2b302030f1 — 01030(2b3f2 — 02030)

2
Cl( — azcy — bgCQ — C3p

+ciea(az + bs)) — cos() sin(0)r?b3 (ca(c] + 2c30f1) — c1(c3 + 2c30f2))) — (cf(a3ea + b3da)
—c1650(2azcaer — b3 fa — cige2) — ci(ajeaer — 2asciges + bicadr) — caciy(b3f1 + c3pe1)) W2

—((@301 + c30)(=br1ca + bare) — b30102031)W - T25§(((¢1f2 —cafi)(azer + baca) + ci(chen + 25, f2)
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—co(c3er + 2c§0f1) + 2 (crdy — 02d1)) cos(0)? — (c1fo —c 2f1)(azcy + bzca + C%o))

- cos(@)rbg((202(0162 — coeq)(ager + c3g) — 203 (C%(Cld2 — cady) + c3p(crfa — C2f1)))W

—02(51102 —ba1c1 — 01031)))

— R(0,rW). (40)
We shall apply the averaging theory described in Theorem 2 to the differential system (39)-(40). Using the
notation of section 2 we havet =0, T = 2n, x = (r, W)T and
rorw) = (BT ) s = (B0,

It is immediate to check that system (39)-(40) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.
r(TsW + Ns) DsW? — Rsr? 4+ CsW

) fQ(Ta W) ==
)3/2 201( —ascy — bgCQ — 030)3/2

fl(Ta W) ==
201( — aszcy — bgCQ — C%O

The system f1(r, W) = fao(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

1 |[DsN2 — CsN5T: N,
(T*,W*): _\/ 5 5 5 55__5

T5 R5 ’ T5 ’
if Ts > 0, and Rs(DsN2 — C5N5T5) > 0, and the Jacobian (6) at (r*,W*) takes the value N5(C5Ts —
D5N5)/2T5(ascy + bca 4 ¢39)%ci # 0 where
D5 = (2b§ (C%(Cldz — cady) + Egler fo — szl)) + (12 — 0261)(2a301 (ascl 4 20%0) + 20%0))5

N5 = (agci 4+ c3g)(biica — cicz) + bsbarcica,

Rs = b% (0201(bsf2 - 0262) + &301(01f2 - C2f1) - C%(01d2 - C2d1) - C%(b&fl - 0261)),
C5 = (2(&301 + C%O) (b2101 — b1102) — 2b30102031),
2
T5 = (bgcl (01030 — Cgo — 2030f3 — 201d1 + 20262) (CLgCl + C%O) + 20261 (CLgCl + C%O) - bg (20?612 — C30C2 (C%

+2¢30f1) + c30c1(cacs0 + 2¢a f3 + 2030f2)))-

Finally, we apply Theorem 2 like in the first case (i), then for e > 0 sufficiently small system (38) has
a periodic solution (x(0),y(0), 2(0)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when
e — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (v).

Example 5 Consider the Kolmogorov system
b= z(—z-14+22+ @ -1+ (y—1)?+2(z—1)?),
Y= y(—23:—2—|—4z), (41)
= 2(-20+ Ll )
= z e+t oytz)
This system in the new variables (X,Y, Z) writes
X= (X+D((-2X+Y)e+ X2 +Y2+222 - X +22),
V= (Y+1)((-2X +Y)e — 2X +42),

. 1
7= (Z+1)(Zs—2X+§Y+Z).
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The corresponding system associated to system (39)—(40) satisfies

1 1 1
F(0,r,W) = —5(31W +2)r cos(6) sin(0) + 4r? cos? () sin(6) — §r(93W +2) cos?(0) — §r(—3W —2)
63 33 . 1, , 11
—cos(O)W ( - SW+ 2) + = cos(0)%r — 5 sin(6) cos(0) + sin(@)W ( - SV + ).

1
F0,r,W)= —2sin(@)Wr +21W2 - W — grz( — 80 cos?(6) — 8) — 30 cos(0)rW.
To look for the limit cycles we must solve the system given by the averaged function

Fr, W) = (hlr, W), fo(r, W) = (0,0)
where

W) = —ir (8TW —2) and fo(r,W) =21W?2 + 6r% — W. (42)

This system has four solutions for (r, W) given by (0,0), (0,1/21), (v/15/87,2/87), (—/15/87,2/87). As in
Ezample 1 we have two good solutions, the (0,1/21) and the (v/15/87,2/87). Since the determinants (6) at
these two solutions are —15/28 and 15/29 and thus non-zero, respectively, the Kolmogorov system (41) has
two limit cycles bifurcating from the origin provided by the averaging theory of first order. We plot these two
limit cycles for e = 1075 in Figure 5.

5. %1077

-3 x10°%

Figure 5: 1st LC: X(0) = /21, Y(0) = —¢/21, Z(0) = £/14. 2nd LC: X(0) = (\/1_5877_2)5 Y(0) =
87 ’ n 174

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular points (0,1/21) and (v/15/87,2/87)
are (—15/28,1) and (—1 £ iv/1739)/58, respectively, by Theorem 2 the limit cycles are unstable and stable.
Going back through the changes of variables as we did in the proof of Theorem 1 we obtain that the limit
cycles bifurcating from the equilibrium point (1,1,1) of system (41) are

(x(t,e),y(t,e),z(t,e)) = (1 — /21 + O(e?),1 — /T + O(e?),1 — £/42 + O(£?)),
(z(t,e),y(t,€), 2(t,€)) = (1 + e(v/I5cost — 2) /87 4+ O(e?), 1+ 2e(v/15 cost — 3) /87 + O(e?),
1+ e(v/15(cost — sint) — 2) /174 4+ O(g?))
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respectively. This completes FExample 5.

Now we perturb the Kolmogorov system (1) with the parameters given in statement (vi) of Proposition
1, as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X +1,y=Y + 1, 2 = Z+ 1. Then system (1) becomes

X = (X + 1)((—2()21 - 2031)X€ + (—b20 - Cgo)X + b1Y + ch + d1X2 + €1Y2 + leQ),

. bo1Y + b1 Z bagc1 Z
Y=(Y+1) ((21—;—2101>E+CL2X+b20Y+2()()#+d2X2+62Y2+f2Z2>,
1

1 (43)

. 2b1c31Y bicsoY

Z = (Z + 1) ((% + C3lz> e+ CL3X + ! 030 —+ CgoZ =+ d3X2 + €3Y2 =+ f3Z2> .
1 1

In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write

the linear part of system (43) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.

into the form

0 —/—(Ks+Lg) 0
—(Ks + L) 0 0|,
0 0 0

where K¢ = asby + b3y + baocso and Lg = azcy + bagcso + c3g. Then doing the change of variables

1 0 0

U bao + c30 B b1 B c1 X
v = —(Ke + Ls) vV —(Es + Le) v —(Ks + L) Yo,
w azbic3g — agbaoct b1 Le Kq Z

— (K6 + Lg)c1 —(K6 + Lg)c1 Ke + Lg

whose inverse is
1 0 0

X bﬂ L _a u

Y = bl bl —(Kg —+ Lg) bl v

VA C30 L6 w

1 c1y/— (Ko + Ls)
And by following the same steps as the first case (i) indicated in (2), we get the system
e _ELW@C% (((2¢fesKobzo + (((az — b2o — 30 — d1)Kg — Lg(—as + bao + 30 + d1))bF

+((c30 + 2€2 + 2b20) K¢ + Lebao)b2ob1 — e1(K§ + bao(2c30 + 3b20) Ko + Leb3g))ct + bicso(czoKe
+(2¢30 + 23 + bao)Le)c1 — (—2c30f2Leb1 + (c39K6 + La + (2bzocso + 3¢39) L) f1)b7)r? cos® (0)
—crr(2Wetes Kg — W (((—2e2 — bao) K6 — Leb2o)b1 + 2e1((c30 + 2b20) K6 + Lebag))ch
—b2((Weso + 3bay 4 4c31)Ke + Le(Weso + 2W f3 4 3ba1 + 3¢31))er
+W(=2faLeby + f1(2c30K6 + 2(2¢30 + bao) L) )b?) cos?(0) + (—es W2 (K 4 Lg)ci — 2¢3e3r? Kebao
+((((c30 — ag 4 b20) Ko + Le(—as 4 bao + ¢30))b7 — ((c30 + 2€2 + 2b20) K6 + Lebao)baoba
+(K6 + 2bao(b2o + c30))e1 Ko )r? — W2 f1b7 (K + Lg))ci — bir?cso(cso Ko + (2c30 + 23 + bao) Le )1
+b3(—2c30 fob1 + (Lg + 2¢30(bag + ¢30)) f1)72 Lg) cos(8) + ¢ (2W ches K
~W(((—2e2 — bao) K — Leb20)bi + 2e1Kg(b2o + c30))ci — b ((Wezo + a1 + 2¢31) Ke
+Le(Weso + 2W f3 + bay + c31))er + 2W b3 (— faby + f1(bao + c30)) Le)r)v/ — Ko — L
+sin(0)(((ds (Ks + Le)bi + e3(Keby + Lobdg + K§))el + (do (Ko + Lo )b
—(K6 + Lg)(Kg + Le + (d1 — a2)bag + (d1 — az)es0)bT + ((e2 + bao) K¢
+(Le + bao(cso + €2 + b20))b20Ke + Leb3g(cs0 + €2 + bao))b1 — e1((cso + 3b20) K§
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+(2L6 + bao(bao + €30))b20K6 + Leb3g(bao + c30)))et + (Lo + cs0(czo + f3 + b20))cz0Ks
+((c30 + f3) L + c3g(c30 + fs + bao)) Lo )bier — bi(—fa(c50Ks + Lo(c3o + Lo))b1
+((2L6 + c30(bao + €30))c30K6 + Lo ((3c30 + bag) L + ¢30(b20 + ¢30))) f1))r? cos? (8)
—c1(Kg + Le)r(2W et esbag — W ((—ag + az)bt — bao(czo + 22 + bag)by
+2(Kg + bao(b2o + c30))e1)ci — bi((Weso + 3ba1 + 4esn)bao
+c30(Wesgg + 2W f3 + 3bay + 3ez1))cr 4+ 2Wh3 (—cso fabr + (Le + c30(bao + €30))f1)) cos(6)
+e3W?(Kg + Lg)c; — W?2(—eaby + e1(bag + ¢30))(Ks + Lo )ci
+(—esKgr? + Wbi(Ks + Le)(W f3 — c31))ct + ((((—e2 — bao) K — Lebao)br
+e1Ke(bao + ¢30)) Ker? — W? (K + Le)bi (— fab1 + f1(bao + c30)))ct
— (30K + (cs30 + f3)Le)bir*Lecy + bir? (— fabi + f1(b2o + c30))Lg))
= F(0,r,W), (44)

W= ° _(rsin(6) (—(bao (a3(Ke + Le)b? + 2Ka(azbaoer + Kges))ed — (azcso(Ko + Le)b?

b2c3(—Ks — Lg)?
+KeLg(az — az)by + bao(((c30 + 2€2 + 2bag) Lg + 2cs0e1a2) Ko + Lgbao))bich
+b3cs0(c30Kg + 2(c30 + f3 + b20/2) Le Ko + 2f1 Loazbao)cr — 2¢30Lebs (azczofi + Le fa))r cos(6)
+c1(2W Kg(agbaoer + Kgez)cs — Why(((2e2 + bag) Lg + 2c30e1a2) Ko + Libag)ct
—b3(Weso + 2¢31) Kg + Le(Wego + 2W f3 — bay + c31) K + 2W f1Leasbag — b1 Lg)ex
+2W Lgb} (azcso f1 + Le f2))) vV —Ke — L + 1 (((Ke + Le)(asbzodr + Keds)b?
+(Keb3g + Lebag + K3)(azbaoer + Kges))ci — ((Kg + Le)(azcsodr + Leda)b?
—(Ks + Lg) (Ksaszcso — Leaabao)b1 + ((e2 + bao) L + czpe1az) Kz + (LZ + bag(czo + ez + bag) L
+cz0€1a2b20)baoKe + ((c30 + €2 + bag) L + csoe1az)bagLe)bics + ((Le + cso(cso + f3 + bao))cso Ka
+((cs0 + f3)Lg + c30(c30 + f3 + b20)Le + c39frasba0)Ke + f1Leasbzo(c3y + Le))bicy
—(agezofi + Lo f2)b3(cag Ko + Le(cag + Lg))) cos?(0) — c1 (Ko + Le)r(2Wbao(azbager + Kgez)ch
—((WKgaz + W Lgaz — 2asbao(ba1 + c31))b1 + W ((c30 + 2e2 + bag) Le + 2c30e1a2)bao)bics
—(2azc30(b21 + €31)b1 + (Weso + 2¢31)bao + c30(Wezo + 2W f3 + ¢31)) K¢ — bai(b2o + ¢30)Le
+2Wesg frasbao)bicy + 2Wesgh? (azcsofi 4+ Lo f2)) cos(0) + W2(Kg + L) (asbager + Kges)c)
—W?2by (K6 + Lg)(azcsoer + Leez)ct + ((—KZasbager — Koez)r? + W (Kg 4 Le)b2 (W f3 — c31) K
+W frasbyo))et — bi(—(((e2 + bao) L6 + csoe1a2) K + Lgbao) Ker? + W?bi (Ke + Le)(azcso f1 + Le f2))ci
—(e30K¢g + Le(c30 + f3) Ko + f1Leaszbao)bir?Lecy + r°Lgbs (aacsofi + Lo f2))

— R0, W). (45)

We shall apply the averaging theory described in Theorem 2 to the differential system (44)-(45). Using the
notation of section 2 we havet =0, T =27, x = (r, W)T and

F(,r,W) = ( ?;Ez: %; ) and  f(r,W) = ( ;;E: %; )

1t is immediate to check that system (44)—-(45) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

- D6W2 - R6T2 + CGW
2b2¢3(— K — Lg)"*
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The system f1(r, W) = fao(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

1 |[DgNZ — CsNgT N
(T*5W*): T 6-%6 676 65__6 5
Ty Re Ty

if Ts > 0, and Re(DgNg — CsNgTs) > 0, and the Jacobian (6) at (r*,W*) takes the value Ng(Cng —
DgNg) /2 Tsbct (K + Le)" # 0 where

Dg = 2c3(Kes + L¢) (b3baoci (asfi + baofs + cs0f3) + b3 (azer f3 — ascsofi — foLe) + bic? (ascies

—azcsoer — e2Lg) + baoc (aser + baoes + csoes)),

Ts = 2b2Lg(b1fo + c1f3) — 2c2(brea + cre3)Kg + 2(bff1 + 0%61)(0,2171030 — asbapc)
+bici(biezo — baocr) (Ko + Le)

Rg = ( - chb‘ll (ag(ci’dg — c2ezpdy + clcgofg - cgofl) — (c3dy + cgofg)Lg) +b3cy (a%cl (c1es — csp€1)
—a3cieaLg — azascso fi(ascy + 3baocso + 3g) — azerdy ((bao — c30)(ascr — baocso) — 3baocdy — ¢ig)
+az f3(asc1(ager + 2bageso + 3g) — b3gc3o — baocdy) — azcids(ascr + 263 + 3baocso + ¢3g) — Le ((ascr
+2b2gcz0 + ¢3g)(azfo — c1da) — b%ocldg)) + b1b3,c} (CLQ (azer(bao + 3cz0) — es(azer — b3g — 3bagcso
—2c%))) + azes (CLgCl + bagcso + cgo)) + c%bszo( +a3crf1 + ad(er(azer — baoeso — 2¢3g) + cres(2ba
+3c30)) — azea(bag + 2¢30) Lo + a3 (f3(bao + cs0)c1 — c3dy + c30.f1(2b2o + ¢30)) — as(b2o + c30)(c3d3
+c1dy(bao + €30) — €30.f3(2b20 + €30)) — c1ds(bao + c30)3) — azb3ct(aser + bages + 03063)),

Ng = —bibaic1(Kg + Lg) — bicics L,

CG = ( - Zb%Ci’CglKg (Kg + Lg))

Finally, we apply Theorem 2 like in the first case (i), then for e > 0 sufficiently small system (43) has
a periodic solution (x(0),y(0), 2(0)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when
€ — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (vi).

Example 6 Consider the Kolmogorov system
i= z(—22+y+z+(@—1)%+(@y—1)2+2(z-1)?,
y= y(—2z+y+z—(z—1)2+3@y— 1)+ (z—-1)?), (46)
i= z(=3z+1+y+z+(z-1)3).
This system in the new variables (X,Y, Z) writes
X= (X+1)(X?—4Xe+Y? 4222 -2X+Y + Z),
V= (Y+1)((Y+2)e—2X+Y +7Z - X2 +3Y2+ 2?),
Z= (Z+1)(Q2Y +2)e -3X +Y +Z + Z?).
The corresponding system associated to system (44)—(45) satisfies
Fi(0,r,W) = —sin(f) cos(0)r(—3W + 13) — 3cos(0) sin®(0)r? — sin?(0)r(4W — 2) 4 sin®(0)r?
—(=W — 1)W sin(6) + 2 cos?(0)r(W — 2) + 3 cos(0)W? + 4 cos® (0)r?,
F(0,7r,W) = —2r2?cos(#)sin(0) — (3W — 1)rsin(d) — W2 — (—6W + 6)r cos(0) + r2.
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To look for the limit cycles we must solve the system given by the averaged function

Fr, W) = (hlr, W), f2(r, W) = (0,0)

where

fi(r, W) = —%(2W +2)r and  fo(r, W)= -W? 412 (47)

This system has three solutions for (r,W) given by (0,0), (1,—1), (—=1,—1). Here we have only one good
solution, the (1,—1). Since the determinant (6) at this solution is 2 and thus non-zero, the Kolmogorov
system (46) has one limit cycle bifurcating from the origin provided by the averaging theory of first order.
We plot this limit cycle for e = 107> in Figure 6.

=0.000010 0.000010
-0.000005
0.000005

0.000005 0
X 0.000010

Figure 6: X(0) =¢, Y (0) =2¢, Z(0) = 0.

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular point (1, —1) are 1 £1i, by Theorem
2 this limit cycle is unstable. Going back through the changes of variables as we did in the proof of Theorem
1 we obtain that the limit cycle bifurcating from the equilibrium point (1,1,1) of system (46) is

(z(t,€),y(t,e),2(t,e)) = (1 +ecost + O(e?), 1+ (1 + cost)e + O(e?),1 + (cost — sint — 1)e + O(e?)).

This completes Example 6.

Now we perturb the Kolmogorov system (1) with the parameters given in statement (vii) of Proposition
1, as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X +1,y=Y + 1, 2 = Z+ 1. Then system (1) becomes

X = (X =+ 1)((—2()21 - 2031)X€ + (—b20 - Cgo)X + b1Y + ch + d1X2 + 61Y2 + leQ),
. b bao(b ba1 (b ba1c1Z bao(b X
V= (Y +1) (((_ 22031 ~ bao(bar +031);- 21(b20 + c30) 21()01 )5 ~ bao(b20 + c30)

1 1 1

+dX? Y2+ ,77)),

) X + by Y +
bogc1 Z
1
Z =(Z+1)(X2ds + Y?e3 + Z%f3 + Zecs1 + Xaz + Ybs + Zes).

+booY +
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In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write
the linear part of system (48) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.

into the form
_ RV —b1A2

0 5 0
1
\ _blAQ )
_— 0 0
by
0 0 0

where As = azbicy + blcgo + bogbscy. Then doing the change of variables

2
_agc1 +baocso + 39  bicso — bscy

0
u blAQ b1A2 X
o | = ~ bao +c30 1 ‘1 Y (49)
w bl\/b—blAQ v _1171142 bl \% _b1A2 7 ,
20
B blAQ A2 0
whose inverse is
x —b? 0 by (brcso — bscy) w
v . —b1bag 0 (QBCl + b2oc3o + C%O)bl v
B b2 bi/—b A
Z —0300 - p L2 _by(asby + baobs + bscso) w
1 1

And by following the same steps as the first case (i) indicated in (2), we get the system
roo= m (\/ —blAQ( — sin(0)r cos(0)cq (((ag,cl + baocso
+¢30)brc1 (b1 — bao) (bibao + bicso — bacr) + by(bicso — 2baoez — bscso) + 2bzo(baoer — cres + caper))
—(b1eso — bser)brcr ((bao + c30) (bibao + bieso — 2b1dy — b3g) + bi(ascso + 2bida + 2c1ds))
—(asby + baobs + bscso)b1 (2b1 ((aser + baoeso + 30) f1 — (bicso — bser) fa
—cs0(brf2 — baof1 + cieso + c1fz — c30.f1)) — ¢F((az — bao — c30)b1 + b3 + bagbs) ) )W — 3bicicsocs
—ba1c1(2b1bag + 4biczo — bser) + barby (b + e30)c1)
+b3 Ag sin®(0)r2 (by fo — baof1 + c1c30 + 1 f3 — c30f1) + by sin(0)r? cos? () (b3 (3 (a3 — d3)
+3c3.f1(b20 + c30) + c1c30(2a3 f1 + 2b3f2 — ¢39 — cs0f3) — ¢ (cs0(as — bao — c30 — d1) — baody))
—b? (c?dz + 3c§0f2) — baoct (bibao(cso + €2) — bag(baoer + ber — cres + csper) + bibseso))
—c?sin(f) ( (bl ((agcl + bogcso + 030)2(1)1()20 + bies — bagey + cres — c3peq)
+(breso — bger)? (bada + bao(bao + 2¢30 — di) + c1ds + 5y — c3od1)
+(asby + baobs + bscso)? (b1 fa — baof1 + crc30 + 1 f3 — Csofl))
—(aser + baocso + ¢3)br((breso — bser)(bao + €30)(bao + b1) + (asby + baobs + bscso)c(bao + b3))
—(b1czo — bser)(asby + bagbs + bzczo)bici(az — bag — 030)) W2 + (ba1((ascr + baocso + c30) b
+(b20 + 2¢30) (bicso — bacr) — (asby + baobs + bzcso)er) + e31(2(breso — bser)eso
—(asby + baobs + bscso)er) — bar(bieso — bser) (bao + c30)) W)
+b3(azbicr + bicsy + bagbscr) cos(6) sin? (0)r? (by f1(azer + 3bagczo + 3¢30)
—ci((az — bao — c30)b1 + b3 + baobs) — b1(3brcsofo — c1(bsfo — 2650 — 2¢30/3)))

+¢3 cos(0) (( — (aser + baocso + €30) (breso — bscr )by ((ascr + baocso + ¢39)b1 (by — bao — €2)
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—(b1eso — bser)((bao + c30 — d1)by — b3y — baoeso) — (asby + bagbs + bscso)er (b1 — bag)) — b?((QBCl
+bagczo + 030)361 — (breso — 5301)3612) — (asby 4 baobs + bacso)*bi ((asc1 + baocso + 30) f1

—(b1czo — 5301)f2))W2 + ((b1eso — bser)bar ((2azcr + 2bageso + 3c30)br — bscicso)

+2(b1cso — bzer)ear Az — bar (breso — bser)? (bao + 030))W) + b7 ((breso — bscr) (bicida + bics fa
+b30ctes) — (ascr + baoeso + c3o) (bicidy + bic3y f1 + b3gcier)) cos® (0)r?

+blclr((((agcl + baoeso + o) brer (b + 2baoer) — (breso — baer)2er (262dy — by — b2ocso)

—(azer + baoezo + c3g) (bieso — baer)bier ((bao + c30 — 2d1)by + b3y + 2b20e2)

—(agby + baobs + bacso)(aser + baocao + Bg)b3(e3 + 230 /1) — (breso — baer) (iesofz + bock)) )W
—barc1(2(ascr + baocso + ¢3) by + (breso — bscr)eso + Az)

—01031(2(a301 + b20030 + C§O>b1 - 2(b1030 — bgCl)bQO + A2) + b21(b1030 - b301>(b20 + 030)01) COS2(9)
+b1(asbicr + b1y + baobscr ) ((ascr + baocso + c3g)er(bao + bs) + (bieso — baer)er(as — bao — c30)

—2(&3()1+b20b3+b3030)(b1f2—b20f1+01030+01f3—Cgofl))WSin2(9)+A201(b21+031))) = F1(9,r, W), (50)

. € .
W = 7@%142\/% (\/ —blAQ (Clbl sm(@)r(Wbl (bQOCl (CLgCl — blcgo —+ b20030 —+ bBCl —+ C%O) — 2(a3b1 + b20b3

+bscso)(br fo — bgofl)) + bzlcl) — cos(0) sin(@)r%f (2bf030f2 + bgocf — bag (c? + 2030f1)b1))

+bic cos(@)r(((agcl + bogcso + cgo)bzocl (b1 (b1 — bag — 2€2) + 2baper)

—(b1c30 — bzcr)cr (261 (brda — baody) + bao(b2o + €30) (b1 — b20)) + (a3b1 + baobz + bzcso) (2b?030f2

+b30¢1 — bao(cF + 2¢30f1)b1) )W — barc1(2b20 + c30) + ba(bao + c30)c1)

+hict (((a3cl + bagczo + 030)251(51520 + brea — bager) + (bicso — bger)?by(bida + bag(boo + c30 — d1))

—(aser + baocso + 39) (breso — bsct)bibao(by + bag + ¢30) — (asby + baobs + bseso)bibaocr (aser — bicso + baocso + bscy
+(asby + baobs + bscso) b1 (b1 fa — baof1))W? + bar ((aser + baocso + c30) b1

+(b1cso — bscr)bao — (azby + baobs + bscso)er — (bieso — bser) (bao + ¢30)) W)

+r2b7 cos®(0) (ci (bida — b3ger) + b3 f2 — bibao(bicidy + b1y f1 — baociez))

6} Agr®(ba f2 — bao f2) sin?(6) ) = Fa(0, 7, ).

We shall apply the averaging theory described in Theorem 2 to the differential system (50)—(51). Using the
notation of section 2 we havet =0, T = 2n, x = (r,W)T and

F(0,r,W) = ( ZZ::;E: %; ) and  f(r,W) = ( ;;E: %; )

It is immediate to check that system (50)-(51) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

b2 (TW + N;) 03 (DrW? + Ryr? 4+ CoW)
201( - b1A2)3/2, 20%( — b1A2)3/2
The system f1(r, W) = fo(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

fl(TaW):_ fQ(TaW):

(r*,W*) =

1 |C:N:Ty — D;N? N;
17 Ry T |
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if Tr > 0, and R7(C7N;T7 — D;N2) > 0, and the Jacobian (6) at (r*,W*) takes the value b1N7(C7T7 —
D7N7)/2T7c3A3 # 0 where
Ty = (ager + baocso + o) bren (B2 + 2bager) — (breso — baer) er (2b3ds — b3y — b3geao) — (aser + baoeso
+c30) b1 ((breso — baer)er ((bao + c30 — 2d1)b1 + b3y + 2ba0e2) + (asby + baobs + bscso)bi (¢ + 2¢30f1)
) + (bieso — bser)(asbr + baobs + bseso) (2b3¢z0 fo + b3c?) + biAs ((aser + baoeso + c3g) ca(b2o + bs)
+(brcso — bser)er(as — bao — c30) — 2(asbt + baobs + bseso) (b1 fo — baof1 + cies0 + c1fs — cs0f1)),
D7 = 2by1bagc ((aser + baoeso + c3g) (bicso — bser) (b1 + bao + cs30) + (asbi + bagbs + bseso)er (aser — bicso

+bopc3o + bzer + C%O)) — 2b10% ((CLgCl + bogczp + C§0)2(b1b20 +bres — b20€1) + (blcgo — b301)2(b1d2

+b3 + baocso — baody) + (asby + baobs + b3030)2(b1f2 - b20f1)),

N7 = b2101( — b (&301 + 2bogcso + 20%0) + bogbzcr + bgclcgo) — ci1c31 42 + (b1b20030 + blcgo — bogbscy

—bscieso)barcr,
Ry = by (bibao(brcidy + bic3ofi1 — baocien) — b3(clda + c3 fo) + b3gcier + b1 Aa(b1fo — baof1)),
Cr = —2b31¢3(2b1bagcso + bicdy — 2bagbser — baciczo — (bao + c30)(bicso — bsc)).

Finally, we apply Theorem 2 like in the first case (i), then for e > 0 sufficiently small system (48) has
a periodic solution (x(0),y(0), 2(0)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when
€ — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (vii).

Example 7 Consider the Kolmogorov system
i= z(—2+y+z+4(z—1)?),
v= y(—24+y+z-3@x—1)°+8(y—1)?), (52)
z= z(3—2y—z).
This system in the new variables (X,Y, Z) writes
X= (X+1)4X2+Y +2),
V= Y+1)((X+Y+2Z)e+Y +2Z—-3X2+8Y?),
Z= (Z+1)(-Ze—2Y - 2).
The corresponding system associated to system (50)—(51) satisfies
Fi(0,r, W)= sin(0)r cos(0)(6W — 3) — sin®(0)r2 + 7sin(0)r? cos?(0) + sin(0)(—3W? + W)
—cos(6) sin?(0)r? — cos(0)(—=3W?2 + W) — 5cos®(0)r2 — r(6W — 1) cos?(6),
F(0,r,W) = —sin(@)r(—W + 1) — cos(0)r(14W — 1) + TW?2 — W — 12 cos?(6).
To look for the limit cycles we must solve the system given by the averaged function f(r,W) = (f1(r, W),
fa(r,W)) = (0,0) where
A, W) = —%T(GW —1) and folr,W)=TW?— %rz’ —W. (53)

This system has four solutions for (r, W) given by (0,0), (0,1/7), (v/2/6,1/6), (—/2/6,1/6). As in Ezample
1 we have two good solutions, the (0,1/7) and the (v/2/6,1/6). Since the determinants (6) at these two
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solutions are 1/14 and —1/6 and thus non-zero, respectively, the Kolmogorov system (52) has two limit
cycles bifurcating from the origin provided by the averaging theory of first order. We plot these two limit
cycles for e = 1075 in Figure 7.

1.x 1078
2.%x10°° ;
3.x10"

X 4.%10°

Figure 7: 1st LC: X(0) = 8¢/49, Y(0) = £/49, Z(0) = £/49. 2nd LC: X(0) =

Since the eigenvalues of the Jacobian matriz of (f1, f2) at the singular points (0,1/7) and (v/2/6,1/6) are
(1/14,1) and (4 ++/22)/6, respectively, by Theorem 2 the limit cycles are both unstable. Going back through
the changes of variables as we did in the proof of Theorem 1 we obtain that the limit cycles bifurcating from
the equilibrium point (1,1,1) of system (52) are

(x(t,e),y(t,e), z(t,e)) = (1 + /T + O0(e?),1 + O(?),1 + O(e?)),

(z(t,e), y(t,€), 2(t,€)) = (1 —e(v2cost — 1)/6 + O(e?), 1 — ev2cost/6 + O(?),
1+ ev2(cost +sint)/6 + O(?)),

respectively. This completes Example 7.

Now we perturb the Kolmogorov system (1) with the parameters given in statement (viii) of Proposition
1, as it is indicated in (2). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables x = X +1,y=Y + 1, 2= Z+ 1. Then system (1) becomes

X=X +1)(—2c1Xe+ (=bo —c30)X + 1Y + 1 Z +di X2 + e Y2+ f12?),
Y = (Y +1)(X2do + Y22 + Z%fo + Xas + Yba + Zcs),
Z = (Z +1) (((agbica1 + (ba + c30)bacsy + cz1(baczo — bzca) X)/(bica — bacr) + c31Z) € + (az(bicso — bzcr)
+(ba + ¢30)(baczo — b3ca)) X/ (bica — bacy) + b3Y + c30Z + dz X? + e3Y? + f3Z2).
(54)

In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write
the linear part of system (54) with e =0 at the equilibrium point (0,0,0) in its real Jordan normal form, i.e.



268 Periodic Orbits in the Zero-Hopf Bifurcations of Kolmogorov Systems

into the form
(b102 — bQCl)A

0 B b102 — bQCl 0
(blc2 - b201)A 0 0 )
b102 — bQCl
0 0
where
A = —(—bgcl + blb%CQ + b2(—2b30102 =+ b10203) =+ 02(b1b302 — b30103 —+ blcg)
+Q2(b%02 — bgC% + b101 (03 — b2)))
Then doing the change of variables
FL _FM F
EA EA A X
o | = | _KVFA FVFA v
w EA EA A
G H F
A A A
whose inverse is A
C1
F - —F
VAF
)15 K -4 g
= — — v y
Z VAF w
§ _ 03014 P
F VAF

where
2 2 2
FE = a2y — b102 + 2b20102 + C1C2C30, K = asci + bQCQ + C2C30, M = a2b101 + b102030 + b201,

P = asby + b3 + bacsg, F =bica —bacr, G = bacgo — bsca,
L = CL2b102 —+ a2C1C30 —+ b%CQ —+ 2b202030 —+ CQC%O, H = b1030 — bgCl,
S = a2b101030 - CLngC% + blbgcg + b102C§0 + b%clcgo - 2b2b30102 — b30102030.

And by following the same steps as the first case (i) indicated in (2), we get the system

1;‘ =

ﬁ ((sm(@)\/ﬂ((F?’dg + F2K(CL2 + b2 + c30 — dl) - F(K2(b1 — b2 — 62) — P((Cl — CQ)K

+Pfo)) — K¢y — KP? fi)W? — 2WF Kcsy) — (cos(0) ((FE(F?ds + K?e3 — P(—Kbs + Pcsg) — KPbs

+P?(cs0 + f3)) + F2(F(L(ba + 30 — d1) + Mdp) — K(Lby — Mas) + LPcy) — F(K*(Le; — Mby — Mes)

+KMPcy+ P*(Lfi — Mf2)))W? — c31(EFG + 2F*L)W)) ) F? 4 cos®(0) sin(0)V F Ar? (F°d,
+F4K(CL2 + b2 + C30 — dl) + F2(S + FCgo(Cgo + 2f3))) - 2FK361 - FK(L(blcl + 20261) - M(CLQCl
+(e30 + 262 + 2b2)c2)) — F(S((c1 — 2) K + 2P fa) — P((cf + 2¢30./1) L — M (c3 + 2¢30/2))))

+F2(E(2F01d3 — KbgCgo + PC%O) + F(KP(Cl - 02) - 2K2(b1 - b2 - 62) - L(b102 — Cl(2b2 + C30 — 2d1))

+M (azcs + 2c1ds))) + 2F*(Fdy + K (as + ba + c30 — d1)) + 2FKPSf1)W — Fesi (E(Hez + Pey)
+2F?K +2FLey))) — FA(cos(9) sin®(0)r* (F? K (c1(az + 2b + c30 — 2d1) — c2(by — 2ba — c30 — 2€2))
+F3(CL202 + 201d2) + E(F(C?dg + 0363 + Cgofg) + 8030) - F(K2(b101 + 20261) + L(C%dl + 0361 + Cgofl
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+Fecp) — M((b2 + 30 + €2)ch + ascico + cAdy + cgofg) —S(c3 + 2030f2)) — KS(c? + 2030f1))
—(sing(t?)\/ﬂTQ (F((ba + c30 + €2)c3 + ascica + cida + 3 f2) — K(cidy + cer + c3ofi + Fcl))))

tF (r( —2AFKeies1 + ((2F*(Eds + Mdsy + L(bs + c30 — d1)) + EF2(2Ke5 — P(—Kbs + Peso)

—KPbs) — F?(2K(Lby — Mas) — LPcy) — 2F?K*(Ley — M (by + €2)) — F?’KMPcy + S( — PEF (c30 + 2f3)
—F?Ley + F(KMey +2P(Lfy — M f2))) )W — Fesi(EF(P + G) 4+ 2F?L — 2K Acy + ES)) cos?(6)
+FW(FK(K — F + c1(ba + c30 — 2d1) + c2(ba + 2€2)) — FP(c3 + 2c30f2) + F?(agca + 2¢1d2)

—((bre1 + 2c2e1) K — P(ci + 2¢30f1))K) Asin(0)?) — (cos® (0)r? (F(KS(Ebs + Mcs) + F(K?(Ees

—Ley + M(bs + €2)) — LSc1) + ES(—Kbs + Pcsg)) + F4(Eds + Mds + L(by + c30 — d))

—F3K(Lby — May) + S*(Ecso + Efs — Lfi + Mfz))))) =F(0,m, W), (55)
—ﬁ ( sin(0)V/F Ar (W (F?(2F cyds — Kbscso + Pc3y) + F(GF (F — c1(bs + c30 — 2d1))

—F(H(a202 + 2c1ds) — K(bsesp + 20263)) - P(blcgo(azcl + 2¢ac30) + bacieso(be — c30) + 2F c30f3
—bs (ach - blcg + c1c2(2bg + 030)))) + GF(K(b101 + 2coe1) — P(C? + 2030f1))

—HF (K (azc1 + (2ba + c30 + 2e2)c2) — P(c3 4 2¢30f2))) — cs1(F(Hez + Pey) — 2FeiG))
+F((F*ds — F*(G(F (b2 + c30 — dv) — Kby + Pey) + H(Fdy + Kag) + P(—Kbs + Pesp)
—K(Kes — Pbs) — P*(cs0 + f3)) + F(G(K?e1 + P*f1) — HK?(by + e2) + HP(Kco — Pf2)))W?
+WGF?c31) +r*((F*(KF(Gby — Hag + Kes) + S(—Kbs + Pcs)) + F(K*F(Gey — Hby — Hes)
+SF(Gey + Kbs) — HK Sca + S%(c30 + f3)) — F*((b2 + c30 — d1)G + Hdy — Fdg) + S*(G f1 — H f2)) cos® ()
—|—FA(G(cfd1 + cgel + cgofl + Fcl) - H(C?dQ + 0362 + cgofz + Keo) + F(cfdg, + 0363 + Cgofg)
+c30(Feso + Per) — bseso(—Fea + Key)) sin®(0)) — (cos(0)r(2F°Wds — F2(2F (GW (bs + cs0 — di)
+HWds) + PW(—Kbs + Pcsg) 4+ cs1(P + G)) + F? (W (FG(2Kby — Pcy) — 2FHKas + 2K*(Fes + Gey
—H (b + €2)) + KP(—Fbs + Hcg) + S(Gey — P(eso + 2f3))) + ¢31(2FG — S))

—SWFQ2GPf, + H(Kcy — 2P f5)))) — (cos(8) sin(0)V FAr?(F?(2Fc1ds + 2K caes + Pc,

+G(F — c1(ba 4+ c30 — 2d1)) — H(azco + 2¢1d2)) + KF(G(bic1 + 2c2e1) — H(azer + (2b2 + c30 + 2e2)c2))
—|—S(2F030f3 — by(agct — bics + ciea(2by + 030)) + c30(b1(agcr + 2cac30) + bacy (b2 — 030)))

+S((C? + 2030f1)G - H(C% + 2030f2))))) = FQ(@, T, W) (56)

We shall apply the averaging theory described in Theorem 2 to the differential system (55)-(56). Using the
notation of section 2 we havet =0, T = 2n, x = (r, W)T and

F(0,r,W) = ( ZZ::;E: %; ) and  f(r,W) = ( ;;E: %; )

It is immediate to check that system (55)-(56) satisfies all the assumptions of Theorem 2. Now we compute
the integrals (5), i.e.

rF(TsW — Ng) (DsW? 4 Rgr? 4 CsW)
0,7, W)= 87 18 W)= — .
Al W) 2AEVFA fa(r, W) 2FAVEFA

The system f1(r, W) = fo(r, W) =0 has a unique solution (r*, W*) with r* > 0, namely

1 DgNZ2 — CsNgTs N,
(T*5W*): T Skt L 85_8 5
T3 Rg T3
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if Ts > 0, and Rg(DsN3 — CsNgTg) > 0, and the Jacobian (6) at (r*,W*) takes the value —Ng (Cng +
DgNg) /2 Ts APFE # 0 where
Ts = 2F3(Eds+ (bs +c30 — di) L+ Mdy) — F?(2K (Lby — Mas) — LPe; + A(K — ascy — 2c1ds)) + F(
E(2K?e3 — P%c39) — K%(2Ley — 2Mby — 2Mey — A) — K(MPcy — A((ba + c30 — 2d1)e1 + c2(ba+
2e2))) — PA(c3 + 2¢30f2) — LSc1) — KA(K (bier + 2ce1) — P(c 4 2c30f1)) — S(EP(cs0 + 2f3)—
KMecy —2P(Lfy — Mfy)),
Rg = F3K(Gb1 — Has + K€3) — F(HKSCQ — S?%(c30 + f3) — A(G(C%dl +cdey + cgofl) — H(C%dQ + cZey
+c3ofo + Kcz) — c1e30(Kbs — P030))) + F? (K2(Gel — Hby — Hes) + (b302030 + 3y + Gey + cids
+cdes + By fs) A+ S(Ger + Pesg)) + FPdz + S*(Gf1 — Hfo) — F4((ba + c30 — d1)G + Hds),

Ds = 2F%d3 —2F*((ba 4 c30 — d1)G + Hdy) 4 2F3(K (Gby — Hay + Kes) — P(Gey — P fs)) + 2F%(G(
K2ei + P%f) — HK?(by + e3) + HP(Kca — Pfa)),

Ns = c¢31(EF(G+ P)+2FL +2KAc, + ES),

Cs = 2F3Gcs;.

Finally, we apply Theorem 2 like in the first case (i), then for e > 0 sufficiently small system (54) has
a periodic solution (x(0),y(0), 2(0)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when
€ — 0. Therefore, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of Theorem 1 under the condition (viii).

Example 8 Consider the Kolmogorov system
T = x(x—10+6y+3z),
. 14 2
U=y —§x+§—2y+z—2(z—1) , (57)
i= zlz—1l-y+z—(2—-1)2-3@y—1)2—(2—1)?).
This system in the new variables (X,Y, Z) writes

X= (X+1)(-2Xe+ X +6Y +32),

: 1

Y = (Y+1)(—2ZQ—§X—2Y+Z>,

7 1 1 2 2 2
Z= (Z+1) —EXJFZ E—EX—Y-FZ—X —-3Y2—-Z7%).

The corresponding system associated to system (55)—(56) satisfies

1 464 24 4
Fi(0,r,W) = —% cos? () sin(0)r? + % sin(0) cos(0)rW + 8T\/ﬁcosg O)r? + FQ sin(#) cos(0)r
4 1 1
—§r2 sin(0) — 1808 2 cos?()Wr — 36 sin()W — 2\/5 cos?(0)r 4 312v/2 cos(0) W2
, 10 56 2
+34v/2 cos(0)r? + ?\/ﬁcos(ﬁ)w - ?ﬁWr - 5\/§T’
1
Fy(0,r,W) = === (65in(6)V2r(~10800W — 180) — 26956812 — 1728V 4 12(~267624 cos? (6)

—11664 sin*(6)) — cos(8)r(—537840W — 864) + 64800 sin(6) cos(6)v/2r?)v/2.
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To look for the limit cycles we must solve the system given by the averaged function f(r, W) = (f1(r, W), fa(r,W)) =
(0,0) where

1

—ﬁ( — 539136W? — 2792881 — 34561 ) V2.

fi(r, W) = —ﬁr(ﬁQlZOW +324)V2, and fo(r, W) =
(58)

This system has four solutions for (r,W) given by

1 ) <\/18533 —3) ( V18533 —3>'

0,0), { 0, —— — — -
(0,0), ( 156 34480 ’ 640 34480 ’ 640

As in Example 1, we have two good solutions, the (0,—1/156) and the (v/18533/34480,—3/640). Since
the determinants (6) at these two solutions are —86/39 and 129/40 and thus non-zero, respectively, the
Kolmogorov system (57) has two limit cycles bifurcating from the origin provided by the averaging theory of
first order. We plot these two limit cycles for e = 107 in Figure 8.

1.x10°® Y
2. %108
X 3. %107
244/1
Figure 8: 1st LC: X (0) = 7¢/78, Y (0) = 0, Z(0) = ¢/78. 2nd LC: X(0) = ( 82:36—5 3879)5, Y(0) =
~ (8V/18533 +1293)¢ 0) = V18533
137920 ’ T 68960

Since the eigenvalues of the Jacobian matriz of (f1, fo) at the singular points

V18533

—3/640)

are (—2v/2,43v/2/78) and (—37v/2 % iv/17902) /80, respectively, by Theorem 2 the limit cycles are unstable
and stable. Going back through the changes of variables as we did in the proof of Theorem 1 we obtain that
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the limit cycles bifurcating from the equilibrium point (1,1, 1) of system (57) are

(x(t,e),y(t,e), z(t,e)) = (1 + /13 + O(e?),1 — /78 + O(e?),1 + O(£?)),

(2(t,9). (¢, ). 2(t.)) = (1 3 (V/37066sin(v2t/2) — 2\8/916%533005(\/§t/2) —1293) e Lo,
) £(2v/37066 sin(v/2t/2) + 8/18533 cos(v/2t/2) + 1293) O(e2
N 137920 +OE),
- \/18533(\/55111(\22;/6%) +cos(v21/2)e 0(52)> |

respectively. This completes Fxample 8.
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