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Abstract

The main purpose of this paper is to extend the invariant convergence, statistical invariant con-
vergence, invariant Cauchy sequence and invariant continuity in asymmetric metric spaces. Also, we
investigate relations between forward and backward invariant convergent sequences. Furthermore, some
results obtained are related invariant Cauhy conditions, invariant continuity and invariant compactness
in asymmetric metric spaces.

1 Introduction

Raimi [14] defined the concept of invariant convergence (σ-convergence) which is generalization of almost
convergence. Following his terminology, many authors studied invariant convergent sequences ([8], [12], [16]).
Let σ be a mapping of the positive integers into themselves. A continuous linear functional φ on l∞, the

space of real bounded sequences, is said to be an invariant mean or a σ-mean, if and only if,

1. φ(x) ≥ 0 when the sequence x = (xn) has xn ≥ 0 for all n.

2. φ(e) = 1, where e = (1, 1, 1, ...).

3. φ(xσ(n)) = φ(xn) for all x ∈ l∞.

The mappings σ are assumed to be one-to-one such that σm(n) 6= n for all positive integers n and m,
where σm(n) = σ(σm−1(n)) denotes the mth iterate of the mapping σ at n. Thus, φ extends the limit
functional on c, the space of convergent sequences, in the sense that φ(x) = limx, for all x ∈ c. In case σ
is translation mapping σ(n) = n+ 1, the σ mean is often called a Banach limit and Vσ, the set of bounded
sequences all of whose invariant means are equal, is the set of almost convergent sequences [11].

Definition 1 (Invariant Convergence) A sequence (xk) is said to be invariant convergent to L if

lim
n→∞

1

n

n∑
j=1

xσj(m) = L

uniformly in m. In this case we write (xk) −→ L(Vσ) and L is called the σ-limit of x [9].

Wilson [18] introduced asymmetric metric spaces as quasi-metric spaces in 1931. Asymmetric metric
spaces, sometimes called quasi-metric spaces, are defined as metric spaces that lack the axiom of symmetry
in metric spaces. Without symmetry, an ’embarassing richness of material’is revealed [18]. An asymmetric
metric space has two topologies which are the forward and backward topology in the same space. So some
notions, such as convergence, continuity, completeness and compactness have two notions namely forward
and backward.
Taxicab geometry topology including one-way streets, where we can have a path from point A to point B

contains a different set of streets than a path from B to A. Therefore, asymmetric metric spaces are common
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in real life [17]. Also, in the realms of applied mathematics and materials science there are many applications
of asymmetric metric spaces [1]. Several authors studied the asymmetric context for many years ([1], [2], [5],
[7], [15], [17], [19]).
If one crucial asymmetric assumption fails, classic statements of symmetric analysis fail. So, we investi-

gate the question of whether invariant convergence, compactness and continuity can be generalized in the
asymmetric metric spaces. Firstly, we recall some definitons in asymmetric metric spaces.

Definition 2 (Asymmetric metric space) A function d : X × X → R is an asymmetric metric and
(X, d) is an asymmetric metric space if

1. For every x, y ∈ X, d(x, y) ≥ 0 and d(x, y) = 0⇔ x = y,

2. For every x, y, z ∈ X, we have d(x, y) ≤ d(x, z) + d(z, y) [1].

Henceforth, throughout this work (X, d) shall be an asymmetric metric space. The following definitions are
in [1].

Definition 3 (Forward and backward topologies) The forward topology τ+ induced by d is the topology
generated by the forward open balls for x ∈ X, ∀ε > 0

B+(x, ε) = {y ∈ X : d(x, y) < ε}.

Likewise, the backward topology τ− induced by d is the topology generated by the backward open balls for
x ∈ X, ∀ε > 0

B−(x, ε) = {y ∈ X : d(y, x) < ε}.

Definition 4 (Boundedness) A sequence (xk) ∈ X is forward (backward) bounded, if there exists x ∈ X
and M > 0 such that d(x, xk) ≤M (d(xk, x) ≤M).

Definition 5 (Convergence) A sequence (xk) ∈ X forward (backward) convergent to x0 ∈ X if and only
if

lim
k→∞

d(x, xk) = 0 ( lim
k→∞

d(xk, x) = 0)

and it is written xk
f−→ x0 (xk

b−→ x0).

Definition 6 (Cauchyness) A sequence (xk) ∈ X is forward (backward) Cauchy if for ∀ε > 0 there exists
N ∈ N such that for k ≥ n ≥ N , d(xk, xn) < ε (d(xk, xn) < ε) holds.

Definition 7 (Continuity) A funciton f : X −→ Y is forward (backward) continuous at x ∈ X if and

only if whenever xk
f−→ x (xk

b−→ x) in (X, dX) we have f(xk)
f−→ f(x) (f(xk)

b−→ f(x)) in (Y, dY ).

Definition 8 (Compactness) A set S ⊂ X is forward (backward) compact if every open cover of S in the
forward (backward) topology has a finite subcover.

2 Invariant convergence in Asymmetric Metric Spaces

In this section, we will define invariant convergence, invariant Cauchy sequence, statistical invariant conver-
gence and statistical invariant Cauchy sequence in any asymmetric metric spaces. Then we will have some
results.
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Definition 9 Let (X, d) be an asymmetric metric space. A sequence (xk) forward invariant converges to
x ∈ X if and only if

lim
p→∞

1

p

p∑
j=1

d(x, xσj(m)) = 0

uniformly in m. In this case, it is written xk
f−→ x(Vσ). Similarly, a sequence (xk) backward invariant

converges to x ∈ X if and only if

lim
p→∞

1

p

p∑
j=1

d(xσj(m), x) = 0

uniformly in m. In this case, it is written xk
b−→ x(Vσ).

Theorem 1 Let (X, d) be an asymmetric metric space. If a sequence (xk) ∈ X is forward convergent to
x ∈ X and backward convergent to y ∈ X, then x = y.

Proof. Fix ε > 0. By assumption, (xk) is forward convergent to x so there exists ∃n1 ∈ N for all m and
p ≥ n1 such that

1

p

p∑
j=1

d(x, xσj(m)) <
ε

2
.

Also, (xk) is backward convergent to y so there exists ∃n2 ∈ N for all m and p ≥ n2 such that

1

p

p∑
j=1

d(xσj(m), y) <
ε

2
.

Then for all p ≥ n = max{n1, n2},

d(x, y) ≤ 1
p

p∑
j=1

d(x, xσj(m)) +
1

p

p∑
j=1

d(xσj(m), y) <
ε

2
+
ε

2
= ε

for each m. As ε is arbitrary, we deduce that d(x, y) = 0, which implies x = y.

Corollary 2 If forward invariant convergence of a sequence implies backward invariant convergence, then
forward invariant limit is unique.

Example 1 The function d : R× R→ R+0 defined by

d(x, y) =

{
y − x, y ≥ x,
1, y < x,

is an asymmetric metric wich is called Sorgenfrey asymmetric metric. Here, B+(x, ε) = [x, x − ε) and
B−(x, ε) = (x − ε, x], provided ε ≤ 1. It is easy to find a sequence which does not invariant convergent in
this metric but invariant convergent in a metric space. For example, let

xk =

{
1, if k is odd,

0, if k is even.

This sequence is invariant convergent to 1
2 in a metric space. But it isn’t invariant convergent to

1
2 in

asymmetric metric space. Let σ(m) = m + 1. According to Sorgenfrey asymmetric metric space for (xk)
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sequence:

lim
p→∞

1

p

p∑
j=1

d(
1

2
, xσj(m)) = lim

p→∞

d( 12 , xm+1) + d(
1
2 , xm+2) + · · ·+ d(

1
2 , xm+p)

p

= lim
p→∞

1 + 1
2 + 1 +

1
2 + · · ·+ 1 +

1
2

p

= lim
p→∞

p
2 +

p
4

p
=
3

4
,

lim
p→∞

1

p

p∑
j=1

d(xσj(m),
1

2
) = lim

p→∞

d(xm+1,
1
2 ) + d(xm+2,

1
2 ) + . . . d(xm+p,

1
2 )

p

= lim
p→∞

1
2 + 1 +

1
2 + 1 + · · ·+

1
2 + 1

p

= lim
p→∞

p
2 +

p
4

p
=
3

4
.

Thus, (xk) sequence does not invariant convergent in Sorgenfrey asymmetric metric.

Example 2 Let X = R and d be an asymmetric metric on X defined by

d(x, y) =

{
y − x, x ≥ y.
0, x < y.

Consider the sequence xk = (−1)k and σ(m) = m + 1. Then xσj(m) = (−1)m+j, i.e. xσj(m) ∈ {−1, 1}.
Therefore,

lim
p→∞

1

p

p∑
j=1

d(−1, xσj(m)) = 0 uniformly in m,

lim
p→∞

1

p

p∑
j=1

d(xσj(m), 1) = 0 uniformly in m,

i.e. the sequence (xk) forward invariant convergent to 1 and backward invariant convergent to −1.

Corollary 3 The forward (backward) invariant limit of a sequence (xk) in an asymmetric metric space
(X, d) is not unique in general. This can be seen in the preceding example using the fact that, for all k ∈ N,
(xk) is forward invariant convergent in x ∈ [1,∞) and (xk) is backward invariant convergent in x ∈ (−∞, 1].

Remark 1 In general, forward invariant convergence does not implies backward invariant convergence in
asymmetric metric spaces or vice versa.

Example 3 Let X = R and d be the asymmetric metric on X defined by

d(x, y) =

{
0, y ≥ x,
1, y < x.

Consider the sequence (xk) given as (xk) = 2(1+ 1
k ) and σ(m) = m+1. This sequence is invariant convergent

to 2 in metric space. But in asymmetric metric space,

lim
p→∞

1

p

p∑
j=1

d(2, xσj(m)) = lim
p→∞

1

p

p∑
j=1

d(2, 2 +
2

m+ j
) = 0,
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lim
p→∞

1

p

p∑
j=1

d(xσj(m), 2) = lim
p→∞

1

p

p∑
j=1

d(2 +
2

m+ j
, 2) = 1 6= 0.

So, this sequence is forward invariant convergent to 2, but it is not backward invariant convergent to 2.
Consequently, it is not invariant convergent in asymmetric metric space.

The proposition below, gives the relation between forward and backward limits [1].

Proposition 4 Let (X, d) be an asymmetric metric space. Suppose for any x, y ∈ X

d(y, x) ≤ c(x, y)d(x, y) (1)

where c : X ×X → R satisfies the following constraint:

∀x ∈ X ∃ε > 0 such that y ∈ B+(x, ε) =⇒ c(x, y) ≤ C(x)

where C is some function which depends only on x. In this situation, the existence of forward limits implies
the existence of backward limits and limits are unique.

Proof. It is easy to see that C which depend only on x. For example,

d(x, y) :=

{
ey − ex, y ≥ x,
e−y − e−x, y < x,

is an asymmetric metric. Assumption of Proposition 4 is satisfied with

C(x) := max{ex(ex + ε), e−x(e−x + ε)}.

Suppose (xk) forward converges to x0. From (1), ∃δ > 0 such that c(x0, xk) ≤ C(x0) for d(x0, xk) < δ. Fix
ε > 0. Since (xk) forward converges to x0, ∃N ∈ N such that ∀k ≥ N , we have d(x0, xk) < min{δ, ε

C(x0)
}

and thus
d(xk, x0) ≤ c(x0, xk).d(x0, xk) ≤ C(x0).d(x0, xk) < ε.

By the Corollary 2, limit must be unique.

Theorem 5 Let (X, d) be an asymmetric metric space satisfying (1). Then forward invariant convergence
of (xk) sequence implies backward invariant convergence sequence and limits are unique.

Proof. Suppose (xk) forward invariant converges to x0. From (1), there exists ∃δ > 0 such that c(x0, xσj(m)) ≤
C(x0) for d(x0, xσj(m)) < δ for each m. Fix ε > 0. Since (xk) forward converges to x0, there exists ∃N ∈ N
such that for every ∀k ≥ N , we have d(x0, xσj(m)) < min{δ, ε

C(x0)
} for each m and thus

d(xσj(m), x0) ≤ c(x0, xσj(m)).d(x0, xσj(m)) ≤ C(x0).d(x0, xσj(m)) < ε

for each m. By the Theorem 1, limit must be unique.

Definition 10 Let (X, d) be an asymmetric metric space and p be a positive real number. A sequence (xk)
forward (backward) p-invariant convergent to x ∈ X if and only if

lim
n→∞

1

n

n∑
j=1

[d(x, xσj(m))]
p = 0 ( lim

n→∞

1

n

n∑
j=1

[d(xσj(m), x)]
p = 0)

uniformly in m. In this case, it is written (xk)
f−→ x(Vpσ) ((xk)

b−→ x(Vpσ)).

Statistical convergence of sequences of points was introduced by Fast [3]. Fridy [4], Nuray and Savaş [11],
Nuray [13], Hudal and Gürdal [10] and many authors studied statistical convergence.
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Definition 11 Let (X, d) be an asymmetric metric space. A sequence (xk) is forward (backward) statistical
invariant convergent to x ∈ X if and only if

lim
p→∞

1

p

∣∣{j ≤ p : d(x, xσj(m)) ≥ ε}∣∣ = 0 ( lim
p→∞

1

p

∣∣{j ≤ p : d(xσj(m), x) ≥ ε}∣∣ = 0))
uniformly in m. In this case, it is written (xk)

f−→ x(Sσ) ((xk)
b−→ x(Sσ)).

Theorem 6 Let (X, d) be an asymmetric metric space.

1. If the sequence (xk) ⊂ X is forward invariant convergent, then (xk) ⊂ X is forward statistical invariant
convergent,

2. If the sequence (xk) ⊂ X is bounded and forward statistical invariant convergent, then (xk) ⊂ X is
forward invariant convergent.

Proof.

1. Let (xk)
f−→ x(Vσ). Then we can write

p∑
j=1

d(x, xσj(m)) =
∑

d(x,xσj(m))≥ε

d(x, xσj(m)) +
∑

d(x,xσj(m))<ε

d(x, xσj(m))

and
p∑
j=1

d(x, xσj(m)) ≥
∑

d(x,xσj(m))≥ε

d(x, xσj(m)) ≥ ε.|{j ≤ p : d(x, xσj(m)) ≥ ε}|.

Here, both sides are multiplied by positive 1
p and if the limit is passed for p→∞

lim
p→∞

1

p

p∑
j=1

d(x, xσj(m)) ≥ ε. lim
p→∞

1

p
|{j ≤ p : d(x, xσj(m)) ≥ ε}|.

Since (xk)
f−→ x(Vσ), the left side of the inequality is 0 while p→∞. So

ε. lim
p→∞

1

p
|{j ≤ p : d(x, xσj(m)) ≥ ε}| ≤ 0

and we have that (xk)
f−→ x(Sσ).

2. Let (xk) be bounded and (xk)
f−→ x(Sσ). Then ∀x ∈ X and for all j and m such that M > 0

d(x, xσj(m)) < M .

Thus for ε > 0 we have that

1

p

p∑
j=1

d(x, xσj(m)) =
1

p

∑
d(x,xσj(m))≥ε

d(x, xσj(m)) +
1

p

∑
d(x,xσj(m))<ε

d(x, xσj(m))

6 M

p

∣∣{j ≤ p : d(x, xσj(m)) ≥ ε}∣∣+ ε
so

1

p

p∑
j=1

d(x, xσj(m)) ≤
M

p
|{j ≤ p : d(x, xσj(m)) ≥ ε}|+ ε.

Here, both sides are limit for p→∞, we obtained that (xk)
f−→ x(Vσ) .
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Definition 12 Let (X, d) be an asymmetric metric space. A sequence (xk) is said to be a forward (backward)
invariant Cauchy sequence if for every ε > 0, there exists a positive integer N such that if n > p > N then
for all m ∈ N we have that

d(tpm, tnm) < ε (d(tnm, tpm) < ε)

where,

tnm =
1

n+ 1

n∑
j=0

xσj(m)

Definition 13 Let (X, d) be an asymmetric metric space. A sequence (xk) is said to be a forward (backward)
statistical invariant Cauchy sequence if for every ε > 0, there exists a number N(= N(ε)) such that

lim
p→∞

1

p
|{n ≤ p : d(tNm, tnm) ≥ ε}| = 0 ( lim

p→∞

1

p
|{n ≤ p : d(tnm, tNm) ≥ ε}| = 0)

uniformly in m.

Theorem 7 Let (X, d) be an asymmetric metric space. If (xk) is a invariant convergent sequence in (X, d),
then it is a forward statistical invariant Cauchy sequence.

Proof. Suppose that (xk) is invariant convergent to x and ε > 0, then (xk) is both forward invariant
convergent to x and backward invariant convergent to x. Then, we can write

d(x, tnm) <
ε

2
, d(tnm, x) <

ε

2

for all m. If N is chosen so that
d(tNm, x) <

ε

2

for all m. Then we have
d(tNm, tnm) < d(tNm, x) + d(x, tnm) < ε

for all m. Hence, (xk) is a forward statistical invariant Cauchy sequence.

Corollary 8 If the sequence (xk) is statistical invariant convergent, then sequence (xk) is a statistical in-
variant Cauchy sequence.

Theorem 9 Let (X, d) be an asymmetric metric space. If (xk) is a forward (backward) invariant Cauchy
sequence in (X, d), then it is a forward (backward) statistical invariant Cauchy sequence.

Proof. If (xk) is a forward invariant Cauchy sequence then ∀ε > 0, there exists a positive integer N0 such
that if n > p > N0 then for all m

d(tpm, tnm) < ε.

We choose a N
d(tNm, tnm) < ε

uniformly in m. So

lim
p→∞

1

p
|{n ≤ p : d(tNm, tnm) ≥ ε}| = 0.

The proof is similar for the backward case.
Forward convergent sequence doesn’t imply forward Cauchy sequence [6]. The following example shows

that in general forward (backward) invariant statistical Cauchy sequence does not imply forward (backward)
invariant Cauchy sequence.
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Theorem 10 Let (xk) be a forward invariant Cauchy sequence. If

1

p+ 1

p∑
j=1

d(xk, xσj(m)) −→ 0 uniformly in m,

1

n+ 1

p∑
j=1

d(xσj(m), xk) −→ 0 uniformly in m,

forward and backward conditions holds, then it is forward Cauchy and vice versa.

Proof. Let (xk) be a forward invariant Cauchy sequence and the above conditions hold. We have for k > l

d(xl, xk) ≤ d

xl, 1

p+ 1

p∑
j=0

xσj(m)


+d

 1

p+ 1

p∑
j=0

xσj(m),
1

n+ 1

n∑
j=0

xσj(m)

+ d
 1

n+ 1

n∑
j=0

xσj(m), xk

 .

Let (xk) be forward Cauchy sequence and conditions hold. We have for k > l

d

 1

p+ 1

p∑
j=0

xσj(m),
1

n+ 1

n∑
j=0

xσj(m)


≤ d

 1

p+ 1

p∑
j=0

xσj(m), xl

+ d(xl, xk) + d
xk, 1

n+ 1

n∑
j=0

xσj(m)


so (xk) is a forward invariant Cauchy sequence. The proof is completed.

3 Invariant Continuity and Invariant Compactness in Asymmetric
Metric Spaces

Now, we will investigate invariant continuity and invariant compactness in asymmetric metric spaces.

Definition 14 Let X and Y be asymmetric metric spaces. Let f : X −→ Y be a mapping. f is said to be
invariant continuous at a point x ∈ X if

(xk) −→ x(Vσ) implies f(xk) −→ f(x)(Vσ).

We can introduce four types of forward continuity in asymmetric metric spaces:

(xk)
f−→ x implies f(xk)

f−→ f(x), (2)

(xk)
f−→ x implies f(xk)

f−→ f(x)(Vσ), (3)

(xk)
f−→ x(Vσ) implies f(xk)

f−→ f(x), (4)

(xk)
f−→ x(Vσ) implies f(xk)

f−→ f(x)(Vσ). (5)

(2) is forward continuity and (5) is forward invariant continuity. We have

(4)⇒ (2)⇒ (3), (4)⇒ (5)⇒ (3).
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We can introduce four types of backward continuity in asymmetric metric spaces:

(xk)
b−→ x implies f(xk)

b−→ f(x), (6)

(xk)
b−→ x implies f(xk)

b−→ f(x)(Vσ), (7)

(xk)
b−→ x(Vσ) implies f(xk)

b−→ f(x), (8)

(xk)
b−→ x(Vσ) implies f(xk)

b−→ f(x)(Vσ). (9)

(6) is backward continuity and (9) is backward invariant continuity. We have

(8)⇒ (6)⇒ (7), (8)⇒ (9)⇒ (7).

Definition 15 Let X be an asymmetric metric space, and S be a subset of X.

1. S is forward (backward) invariant compact if every sequence has a forward (backward) invariant con-
vergent subsequence with limit in S.

2. S is forward (backward) invariant complete if every forward (backward) invariant Cauchy sequence is
forward (backward) invariant convergent.

Remark 2 Compactness and sequentially compactness is equivalent in a metric space. Similarly, for-
ward(backward) invariant compactness and forward (backward) invariant sequentially compactness is equi-
valent in asymmetric metric space (X, d).

Theorem 11 Let d : X × X → R+0 be an asymmetric metric. If (X, d) is forward invariant compact and
xk

b−→ x(Vσ), then xk
f−→ x(Vσ).

Proof. Consider a sequence {xk}k∈N such that (xk)
b−→ x(Vσ) for some x ∈ X. By invariant compactness,

every subsequence {xkn}n∈N of {xk} has a forward invariant convergent subsequence. Say xknj
f−→ y(Vσ) ∈

X as j →∞. Then x = y by Theorem 1.

Suppose that xk
f9 x(Vσ). Then there exists ε0 > 0 and a sequence {xkn}n∈N with 1

p

∑p
l=1 d(x, xσjl (m)) ≥

ε0 for all m. But this subsequence has a subsequence {xknj}j∈N forward converging to x , so there exists
J ∈ N such that for j ≥ J , one has 1

p

∑p
l=1 d(x, xσjl (m)) < ε0. This is obviously a contradiction, so

xk
f−→ x(Vσ).

Remark 3 Whenever we have invariant compactness, we have unique limits of sequences and backward
invariant limits imply forward invariant limits.

Theorem 12 An asymmetric metric space (X, d) is forward complete if every forward invariant Cauchy
sequence has a forward invariant convergent subsequence.

Proof. Let {xk}k∈N be a forward invariant Cauchy sequence in (X, d) with a subsequence {xkn}n∈N of {xk}
forward invariant converging to x ∈ X. Fix ε > 0. First choose n ∈ N so that d(tpm, tnm) ≤ ε

2 for every
n ≥ p ≥ N . Then choose r ∈ N so that kr ≥ N, d(x, xσkr (n)) < ε

2 . Then for k ≥ kr ≥ N

d(x, tkm) ≤ d(x, tkrm) + d(tkrm, tkm) < ε.

So xk
f−→ x(Vσ), hence (X, d) is forward complete.
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Theorem 13 Let X and Y be asymmetric metric spaces and f : X −→ Y . f is forward continuous and if

d

f(xk), 1
p

p∑
j=1

f(xσj(m))

 −→ 0

uniformly in m, then it is forward invariant continuous.

Proof.

d

f(x), 1
p

p∑
j=1

f(xσj(m))

 ≤ d (f(x), f(xk)) + d
f(xk), 1

p

p∑
j=1

f(xσj(m))

 .

Theorem 14 Let X and Y be asymmetric metric spaces and f : X −→ Y . f is forward invariant continuous
and if

d

1
p

p∑
j=1

f(xσj(m)), f(xk)

 −→ 0

uniformly in m, then it is forward continuous.

Proof.

d (f(x), f(xk)) ≤ d

f(x), 1
p

p∑
j=1

f(xσj(m))

+ d
1
p

p∑
j=1

f(xσj(m)), f(xk)

 .

Theorem 15 Forward (backward) invariant continuous image of an forward (backward) invariant compact
space is forward (backward) invariant compact.

Proof. Let X and Y be asymmetric metric spaces, Z be a forward invariant compact subspace of X and let
f : X −→ Y be forward invariant continuous. We have to show that f(Z) = {f(x) : x ∈ Z} is also forward
invariant compact. Let {f(xk)} be a sequence in f(Z). Then (xk) is a sequence in Z. Since Z is forward
invariant compact, there is a subsequence (xkn) which is forward invariant convergent to x ∈ X. Observe
that {f(xkn)} is a subsequence of f(xk). Since f is forward invariant continuous,

xkn
f−→ x(Vσ) implies f(xkn)

f−→ f(x)(Vσ).

Thus, f(Z) is forward invariant compact. The proof is parallel to backward situation.

4 Conclusion

Asymmetric metric spaces do not have symmetry property. Thus, unlike metric spaces, definitions are given
in pairs, namely forward and backward. Therefore, the theories are also proved differently. For this reason,
in this study, it is shown that a sequence that is invariant convergent in a metric space may not be invariant
convergent in an asymmetric metric space. And it is shown that invariant convergent sequence must be
forward and backward invariant convergent. The mutual necessity of forward and backward convergence
is proved using a property. The relations between invariant convergence and invariant Cauchy sequence
are given and some theorems are obtained. In addition, the concepts of invariant continuity and invariant
compactness are defined and theorems giving their relations are proved. The study of invariant convergence
types, which have been studied by many mathematicians in recent years, but in asymmetric metric spaces it
will be a source for future studies. Nevertheless, many questions about invariant convergence in asymmetric
metric spaces remain as open problems.
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