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Abstract

Let f be an analytic and normalized function in the unit disk D := {z: |z| < 1}, such that the quantity
2f'/f or 1+ zf" /' respectively lies in a domain bounded by the Booth Lemniscate
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where 0 < a < 1 and 0 < < 1. We present some results on the function treatment of f that are related
to Booth Lemniscate.

1 Introduction
Let’s define two classes of functions: A and S. The class A consists of functions of the form:
f(z):z+a2z2+a3z3+~~~, (1)

which are analytic in the open unit disk D = {z € C: |z| < 1}. The class S is a subclass of A and contains
functions that are univalent in D.

Furthermore, we have two additional subclasses of S called ST () and CV((), which are introduced by
Robertson [9]. These subclasses consist of functions in S that are, respectively, starlike and convex, with an
order parameter 0 < # < 1 within the unit disk D. In other words, these functions satisfy the conditions
R{zf'(z)/f(2)} > B for starlike functions, and 1+ R{zf"(z)/f'(z)} >  for convex functions, in the domain
D. The classes ST and CV are the special cases of ST () and CV(8), respectively, when 3 = 0. Therefore,
ST is the class of starlike functions and CV is the class of convex functions.

We say that an analytic function f is subordinate to another analytic function g, denoted as f < g, if
there exists an analytic function w such that |w(z)| < |z| and w(0) = 0 and satisfies f(z) = g(w(z)). If g is
univalent, then f < g if and only if f(0) = g(0) and f(D) C g(D).

Ma and Minda [5] provided a unified representation for various geometric subclasses of S as follows:

1) R
Y <o, o ={rean+ L <pml,

Here, ¢ is an analytic univalent function with a positive real part ({p} > 0), which maps D onto domains
symmetric with respect to the real axis and starlike with respect to ¢(0) = 1, such that ¢'(0) > 1 (see [2, 3]).
The classes introduced by Ma and Minda encompass several well-known subclasses as special cases.

For example, when considering the function

2(1 -
%:1—1—2(1—7)(z+az3+a2z5+a3z7+~~~), (2)

ST(<p)—{f€A:

Ba~(2) =1+
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where )
0<a<1l and $§7<1.

These classes ST (Ba,y) and CV (B, ) reduce to the classes ST 1. (¢, v) and CVpr (e, 7), respectively. These
classes are of the Ma-Minda type and consist of starlike and convex functions f € A such that zf'(2)/f(2)
and 1+ zf"(2)/ f'(z) (see e.g., [2]) lie in the domain defined by the Booth lemniscate, given by:
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The figure in the document labeled as Figure 1 illustrates the image of D under the mapping function B, ()
for different values of a and ~.
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(a) a=0.8,y=0.5

(b) @ =0.25,7 = 0.5

Figure 1: The image of D under B, ,(2).

Considering the Alexander relation between the classes ST pr(a, ) and CVpr(a, ), which states that
a function f € CVpr(«,v) if and only if zf'(2) € ST gL («, ), we can obtain the properties of functions in
CVpr(a,7) from the corresponding results for ST pr.(c,y). Therefore, we can focus our attention on the
class ST pr.(a, 7).

Now, we will explore specific examples of functions in the classes ST g1, (o, y) and CVpr (o, ) that serve
as extremal functions for various problems within these subclasses. In particular, we consider the case when
v=1/2 (see e.g., [8]).

The equivalence g € ST pr(«, ) if and only if z¢'(2)/g(2) < Ba,~(2) allows us to determine the structural
formula for functions in S7 gy, (v, y). A function g belongs to the class ST gy, (o, ) if and only if there exists
an analytic function p < B, , such that:

9(z) = zexp (/:%&) for zeD.

The integral representation mentioned above provides numerous examples of functions belonging to the
class ST pr(a, ). Let’s consider the function p(z) = Ba (") € ST pr(a,7) for n = 1,2,.... Then, for
O0<a<l, (1+a)/2<~vy<1,and n > 1, the functions defined as:

" Bay(t") —1 2(1—9)
zexp(/o %dt)-zexp(m
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serve as extremal functions for several problems within the class ST g1 (a, 7).
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For the special case of n = 1, we have:
1+ oz =
1—yaz

= z+2(1—~y)z2+2(1—~y)2z3+2(137_7)(2(1—7)2—1-a)z4+~~ for ze€D. (4)

The Appell series Fy is defined for |z;| < 1 and |22] < 1 as a double series given by
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where the Pochhammer symbol (d),, represents the rising factorial defined as:
I'(d+n)
_— f =1,2,...
(d)n:d(d-l-l)(d—l-n—l): F(d) or n 5 4y )
1 for n=0,
with the second equality holding for all complex d except d =0, —1,—-2,....
When R{c— a} > 0, the Appell function can also be expressed through an Euler-type integral as follows
[6, p. 413]:

T(e)T(c—a)
[(a)
The given relationship states that a function h belongs to the function CVpp(«a,v) if and only if 1 +
zh/'(2)/1 (z) is subordinated to the B, ,(z). Using this, we can derive the structural formula for func-

tions in CVpr(,7). Specifically, a function h is in the class CVpr(a, ) if and only if there exists an
analytic function p such that p is subordinated to the function B, ., and the function h can be represented

as follows: )
z w t _
h(z) = / exp (/ Z% dt) dw for zeD.
0 0

This representation provides several examples of functions in the class CV gy (a, 7). In particular, when
we choose p(2) = Ba,4(2") € CVBr(e,7y) for some n > 1, the functions K, ~.,(2) defined as shown in Figure

2 satisfy
1—o
: Y B s (t7) — 1 (1 tn\
) ) : , \1= Vat

1
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0
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= i/ u (1+Vaz"u)™V (1 —az"u) "V du
nJo
11— 1-— 1
= ZFl(ﬁ;n\/g’_n\/g;n: ;\/az",—\/az"> for zeD. (5)

Furthermore, when n = 1, we have the special case:

Kor(2) ;_KMJ(@_zFl( =2, \F, 2 as, f) for zeD. (©)

The bound for the Fekete Szego inequality for the classes can be estimated as in [1, Theorem 1, p.38]
and [7]. If f € ST pr(a, ) of the form (1) and A is a real number, then
1—-2y
A1 =7)’
1—2y 3—2v
-y SA STy
2

32y
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Figure 2: The image of D under K 4, (ID) for v = 0.25,7 = 0.625 with 3% <~ < 1.

The inequalities are sharp for the functions
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where U, -2 and ¥, - are given by (3) and (4), i is an unimodular constant, and f, and g, (0 <z < 1)
are given by

2f1(2) _ o, z(z 4+ x) and zgh(2) _ >, _2(ztx) '

fz(2) ’ 1+ 2z 9x(2) ’ 1+ 2z
Also, If f € CVpr(a, ) of the form (1) and ) is a real number, then
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where K, 2 and K, , are given by (5) and (6), p is an unimodular constant, and F, and G, (0 < z < 1)
are given by

2F(z) z(z + x) 2Gl(z) z(z 4+ x)
L+ F!(z) _%a”y( 1+zz and 1+ G' (z) = Ban |~ l4xz )

The Fekete Szego inequality yield the sharp first three coefficient bounds for both the classes S7 gy (o, %)
and CVpr (o, 7y), which are as follows: If f € ST pr(«, ) given by (1), then

1
2(1_7)2 for Y < 55
laz| <2(1—7), lag| < 1
1—7 for v> -
2
and 1
21-97 for y<1.
jag — a3 < 1
1—7 for ~v> 3
Also, if f € CVpr(a,7) given by (1), then
2 1
~(1—=7)2 for v< -, 1
laz| <1 -7, Jas| < i % ; ]ag—a§]<pr
T’Y for Y Z 5

2 Radius Estimates

The first theorem in this section establishes the sharp radii for univalence in the class 87 pr,(«a, ) within
the class ST for 0 < < (14 «)/2. The largest disk centered at the origin, within which the function f is
univalent, is referred to as the univalence radius of f

The radius of starlikeness for a class M is the maximum value Rs7 (M) such that any function f € M is
starlike within the disk |z] < Rs7(M). An example is the class S, where the radius of starlikeness is given
by tanh(w/4), as determined by Grunsky.

Theorem 1 Let 0 <y < (1+a)/2,0<a<1land0< < 1. If f € STpr(a,v), then f is starlike of
order (3 in the disc

VI-9?+al-F?2-(1-7)
a(l-p) '

lz| < p:=
The result is sharp.

Proof. From [2], for
1+«

2 3
we conclude that function f € ST g (,7) may not be univalent in D (see Figure 3). Thus for analytic
function w with |w(z)| < |z| and w(0) = 0 we get

%{ZJ{;S)}_HM—V)%{%} for zeD. (7)

Now from the relationships —|z| < R z, we conclude that

%{%}2_ L S (8)

1 — aw(z)?| 1—aw(z)?| = 1—ar?

0<a<l and 0<y<
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(a) a =v=0.25

Figure 3: The image of D under ¥, -(2) with 0 <~ < 132,

The function defined by m(r) = 1 — 21=2" 0 < r < 1 is a decreasing function. Let p is the root of the

1—ar2

equation m(r) = . Taking into account the relation (7) and (8), it follows that

%{Z}zg)}zl—%zm(ﬂZm(p)zﬂ for 0<|z|=r<np. (9)

This shows that if » < p, then results follows. Therefore f is starlike of order 8 in |z| < p. Also at the point
z = —p, we see that

2ff(z) . 20=-7z , 20-%p _
f(2) =1+ 1—az? 1 1—ap? (o) =45

This proves the sharpness of the result. By way of explanation the function ¥, - given by (4) proves that
the estimation is sharp.
From (9), for |z| < 1, we deduce that if

2r — 1+ ar? < 14+«
o TS

then each function f € ST g1 (e, ) maps the disk |z| < r onto a starlike domain. m

For 0 < a<1and 0 <+ < (1+ «)/2 with putting 8 = 0 in Theorem 1, the function ¥, - given by (4)
is extremal function for problem in the class

2f'(2) 2(1-1)z
f(2) AR 1—az?

STBL(a,’y)z{fEA: ;o lzl<r for 0<r<

_1+7+¢m}

Putting v = 1/2 and 8 = 0 in Theorem 1, we get the following result. The reader is urged to compare our
next corollary with the [4, Corollary 1.1].

Corollary 1 For 0 < a < 1, the function U, 15 given by (4) is extremal function for problem in the class

ST 1, oz,l =< feA: Zf(z)<1+ i .zl < for 0<TSM .
2 f(2) 1—az? 2a
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3 Conclusions

The paper provides detailed descriptions of the Booth Leminiscate curve, considering different parameters
and offering precise specifications. It explores families of starlike and convex functions associated with the
Booth Leminiscate, where common function properties are found within the regions bounded by the Booth
Leminiscate curve. The paper also presents examples and characteristics of extremal functions within these
defined families. Additionally, it derives extremal functions for the bounded domains of convex functions
using Euler-type integrals.
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