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Abstract

We exhibit a family of planar polynomial differential systems of degrees greater than or equal to
three by presenting polynomial curves which generally contain closed components, and by introducing a
function that is a solution of a certain partial differential equation. We discuss the existence of hyperbolic
algebraic limit cycles according to the parameters of these systems. Furthermore, we introduce examples
that demonstrate the applicability of our results.

1 Introduction

One of the important problems in the qualitative theory of differential equations is to solve the second part of
the 16th problem out of 23 problems that Hilbert presented at the International Congress of Mathematicians
in Paris (1900), as discussed in [9]. The problem is to determine the upper bound for the number of limit
cycles in two-dimensional polynomial vector fields of degree n of the form{ .

x = dx
dt = P (x, y) ,

.
y = dy

dt = Q (x, y) ,
(1)

and to investigate their relative positions, P (x, y) and Q(x, y) are real polynomials of the variables x and
y, and t ∈ R is an independent variable. The degree of the system is the maximum of the degrees of the
polynomials P and Q. These systems arise in a great variety of applications, such as ecology and population
dynamics, chemical reaction and plasma physics.
Several articles have been published on the analysis of the non-existence, existence, number, and stability

of limit cycles of the system (1), see for instance [1, 2, 3, 8, 10, 11, 12, 13, 15]. Colin Christopher in his paper
[4] analyses the existence of limit cycle of differential system{ .

x = αU +DUy,
.
y = βU −DUx,

where α and β are real numbers, D(x, y) is a polynomial of first degree and U(x, y) is polynomial of degree
m.
Our contribution consists in analyzing the existence of hyperbolic algebraic limit cycles for a family

of polynomial differential systems of degrees greater than or equal to three where we consider first degree
polynomials instead of constants α, β and a second degree polynomial instead of D.
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Let us recall some useful notions. In the phase plane, a limit cycle Γ = {(x (t) , y (t)) , t ∈ [0, T ]} of system
(1) is an isolated periodic solution in the set of all its periodic solutions. If the limit cycle is contained in
the zero of an invariant algebraic curve of the plane, then it is said to be algebraic, otherwise, is said to be
non-algebraic.
For U ∈ R [x, y] , the algebraic curve U = 0 is called an invariant curve of the polynomial system (1), if

for some polynomial K ∈ R [x, y] called the cofactor of the algebraic curve, we have

P (x, y)
∂U

∂x
+Q(x, y)

∂U

∂y
= KU.

Let X be the polynomial vector field identifies with the differential system (1). A T -periodic solution Γ

is a hyperbolic limit cycle of system (1) if
∫ T

0
div (X ) (Γ(t)) dt 6= 0, where div (X ) =∂P

∂x + ∂Q
∂y .

The curve Γ =
{

(x, y) ∈ R2, U(x, y) = 0
}
is non-singular of system (1), i.e. it must not contain any

singular point that satisfy {
P (x, y) = 0,

Q(x, y) = 0.

System (1) is said to be integrable on an open set Ω of R2 if there exists a non-constant continuously
differentiable function H : Ω → R called a first integral of this system on Ω which is constant on the
trajectories of the polynomial system (1) contained in Ω, i.e. if

dH (x, y)

dt
=
∂H (x, y)

∂x
P (x, y) +

∂H (x, y)

∂y
Q (x, y) = 0 in the points of Ω.

Moreover, H = h is the general solution of this equation, where h is arbitrary constant.
It is well known that for differential systems defined on the plane R2 the existence of a first integral

determines their phase portrait and if the first integral is rational, the system (1) cannot possess a limit
cycle.

2 The Mean Result

Let Γ =
{

(x, y) ∈ R2, U(x, y) = 0
}
, be a curve of degree n with n ≥ 2. We consider a polynomial differential

system of degree m with m ≥ 3 { .
x = R(x, y)U + Φ(x, y)Uy,
.
y = S(x, y)U − Φ(x, y)Ux,

(2)

where Ux and Uy denote, respectively, the partial derivatives of U with respect to the variables x and y.
R(x, y) and S(x, y) are polynomials of first degree and Φ(x, y) is a polynomial of second degree chosen so
that they satisfy the partial differential equation

(Rx + Sy) Φ− SΦy −RΦx = C, (3)

where C is a real constant.
Our contribution consists of analyzing the existence of hyperbolic algebraic limit cycles according to

parameters of system (2). Consider R(x, y) = αx+σy, S(x, y) = λx+βy and Φ(x, y) = ax2 + by2 + cxy+ d.
The polynomials R(x, y), S(x, y), Φ(x, y) satisfying the partial differential equation (3) are given by

R(x, y) = αx+ σy,

S(x, y) = λx+ βy,

Φ(x, y) = −c λ

α− β x
2 + c

σ

α− β y
2 + cxy + d,
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or

R(x, y) = cαx+ b (α− β) y,

S(x, y) = a (β − α)x+ cβy,

Φ(x, y) = ax2 + by2 + cxy + d.

Theorem 1 Consider a differential system of degree m with m ≥ 3{ .
x =

(
ax2 + by2 + cxy + d

)
Uy + (cαx+ b (α− β) y)U,

.
y = −

(
ax2 + by2 + cxy + d

)
Ux + (cβy + a (β − α)x)U,

(4)

where U = U(x, y) is a polynomial function of degree n with n ≥ 2, Ux = ∂U
∂x , Uy = ∂U

∂y . The coeffi cients
a, b, c are real numbers, α, β, d are non-zero real numbers. Choose the curve ax2 + by2 + cxy+d = 0 that lies
outside all the non-singular bounded components of curve Γ =

{
(x, y) ∈ R2, U(x, y) = 0

}
of the differential

system (4). If α + β 6= 0 and c 6= 0, then the system (4) admits all bounded components of Γ as hyperbolic
algebraic limit cycles.

Proof. We assume that all bounded components of Γ are non-singular of system (4). To show that all the
bounded components of Γ are hyperbolic algebraic limit cycles of system (4), we will prove that Γ is an
invariant curve of the system (4), and

∫ T
0
div (X ) (Γ(t)) dt 6= 0. (See for instance [14]).

1) Γ is an invariant curve of system (4):

dU

dt
= Ux

((
ax2 + xy + by2 + d

)
Uy + (αx+ b (α− β) y)U

)
+Uy

(
−
(
ax2 + xy + by2 + d

)
Ux + (βy − a (α− β)x)U

)
= U (xαUx + yβUy − axαUy + axβUy + byαUx − byβUx) .

The cofactor is K(x, y) = Ux (xα+ byα− byβ) + Uy (yβ − axα+ axβ) .

2)
∫ T

0
div (X ) (Γ(t)) dt 6= 0 :

Note that ∫ T

0

div (X ) (Γ(t)) dt =

∫ T

0

K(x(t), y(t))dt,

see for instance [6, Theorem 2].∫ T

0

K(x(t), y(t))dt =

∮
Γ

(by (α− β) + cαx)Ux
− (ax2 + by2 + cxy + d)Ux

dy +

∮
Γ

(ax (β − α) + cβy)Uy
(ax2 + by2 + cxy + d)Uy

dx

= −
∮

Γ

(by (α− β) + cαx)

(ax2 + by2 + cxy + d)
dy +

∮
Γ

(ax (β − α) + cβy)

(ax2 + by2 + cxy + d)
dx.

By applying Green’s formula, we obtain∮
Γ

(ax (β − α) + cβy)

(ax2 + by2 + cxy + d)
dx−

∮
Γ

(by (α− β) + cαx)

(ax2 + by2 + cxy + d)
dy

=

∫ ∫
int(Γ)

∂
(

(ax(β−α)+cβy)
(ax2+by2+cxy+d)

)
∂y

+
∂
(

(by(α−β)+cαx)
(ax2+by2+cxy+d)

)
∂x

 dxdy

= cd

∫ ∫
int(Γ)

α+ β

(ax2 + cxy + by2 + d)
2 dxdy.

As c 6= 0, d 6= 0, α+β 6= 0 and the curve ax2 +cxy+by2 +d = 0 lies outside Γ, the integral
∫ T

0
K(x(t), y(t))dt

is non-zero.
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Remark 1 If c2 − 4ab ≤ 0 and bd > 0, the set
{

(x, y) ∈ R2 : ax2 + cxy + by2 + d = 0
}
is empty and the

condition that the curve ax2 +cxy+by2 +d = 0 must lie outside Γ can be removed. So, we have the particular
case, if c 6= 0, α + β 6= 0, c2 − 4ab ≤ 0 and bd > 0 the system (4) admits all bounded components of Γ as
hyperbolic algebraic limit cycles.

Now, we will analyze a general form with more parameters. Consider

R(x, y) = αx+ βy + γ,

S(x, y) = λx+ σy + µ,

Φ(x, y) =
(
−α λ

α−σ

)
x2 + αxy +

(
− α

(ασ−βλ)(α−σ)

(
ασµ− α2µ+ αλγ + σλγ − 2βλµ

))
x

+ α β
α−σy

2 + α
(ασ−βλ)(α−σ)

(
ασγ − σ2γ + αβµ+ σβµ− 2βλγ

)
y + h.

(5)

The polynomials R(x, y), S(x, y), Φ(x, y) satisfying the partial differential equation (3).

Theorem 2 Consider a differential system of degree m with m ≥ 3,{ .
x = ΦUy +RU,
.
y = −ΦUx + SU,

(6)

where U = U(x, y) is a polynomial function of degree n with n ≥ 2, Ux = ∂U
∂x , Uy = ∂U

∂y , R, S,Φ as defined
in (5), where α, β, γ, λ, σ, µ, h are non-zero real numbers, α− σ 6= 0 and ασ − βλ 6= 0. Choose the curve
Φ(x, y) = 0 that lies outside all the non singular bounded components of curve Γ =

{
(x, y) ∈ R2, U(x, y) = 0

}
of the differential system (6). If α+σ 6= 0 and h 6= αβµ

2−λγ2+αγµ−σγµ
(α−σ)(ασ−βλ) then the system (6) admits all bounded

components of Γ as hyperbolic algebraic limit cycles.

Proof. Assume that all bounded components of Γ are non-singular of system (6). It easy to see that Γ is
an invariant curve of system (6),

dU

dt
= Ux (ΦUy +RU) + Uy (−ΦUx + SU) = U (RUx + SUy) .

The cofactor is K(x(t), y(t)) = RUx + SUy and∫ T

0

K(x(t), y(t))dt =

∮
Γ

RUx
−ΦUx

dy +

∮
Γ

SUy
ΦUy

dx

=

∮
Γ

S

Φ
dx−

∮
Γ

R

Φ
dy

=

∫ ∫
int(Γ)

(
SyΦ− SΦy

Φ2
+
RxΦ−RΦx

Φ2

)
dxdy

=

∫ ∫
int(Γ)

(
(Rx + Sy) Φ− SΦy −RΦx

Φ2

)
dxdy.

(Rx + Sy) Φ− SΦy −RΦx = − (α+ σ)

(ασ − βλ) (α− σ)

(
− (α− σ) (ασ − βλ)h+ α

(
βµ2 − λγ2 + αγµ− σγµ

))
.

As α−σ 6= 0, (ασ − βλ) 6= 0, α+σ 6= 0, h 6= αβµ
2−λγ2+αγµ−σγµ
(α−σ)(ασ−βλ) and the curve Φ(x, y) = 0 lies outside Γ, the

integral
∫ T

0
K(x(t), y(t))dt is non-zero. So the system admits all bounded components of Γ as hyperbolic

algebraic limit cycles.



Benyoucef et al. 421

Remark 2 If α+ σ = 0 the system (6) becomes{ .
x = ΦyU − ΦUy,
.
y = −ΦxU + ΦUx,

(7)

where

Φ (x, y) = −1

2
λx2 +

1

2
βy2 + αxy − µx+ γy + h.

The system (7) is Hamiltonian with rational first integral

H(x, y) =
Φ (x, y)

U(x, y)
,

and it has no limit cycle.

3 Examples

Example 1 Let α = β = a = b = c = d = 1 in system (4), U(x, y) =
(
x2 + y2 − 5

)2 − xy2 + x2y + 1. The
quintic differential system

.
x =

(
x2 + y2 + xy + 1

) (
4x2y + x2 − 2xy + 4y3 − 20y

)
+ x

((
x2 + y2 − 5

)2 − xy2 + x2y + 1
)
,

.
y = −

(
x2 + y2 + xy + 1

) (
4x3 + 4xy2 + 2xy − 20x− y2

)
+ y

((
x2 + y2 − 5

)2 − xy2 + x2y + 1
)
,

(8)

admits three hyperbolic algebraic limit cycles represented by the curve

Γ1 =
{

(x, y) ∈ R2 :
(
x2 + y2 − 5

)2 − xy2 + x2y + 1 = 0
}
.

Each bounded component of the curve Γ1 which is a limit cycle, surrounds a stable focus. See Figure 1.

Figure 1: The phase portrait with limit cycles of the polynomial differential system (8) in the Poincaré disk.
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Example 2 Let α = β = γ = λ = µ = 1, σ = h = 2 in system (6), U(x, y) = 2x2 + y2 − 8x− 4y + 11. The
cubic differential system{ .

x = 2x3 + 4x2y − 10x2 + 3xy2 − 12xy − 5x− y3 + 3y2 + 7y + 3,
.
y = −2x3 − 6x2 + 5xy2 − 16xy + 11x+ 2y3 − 15y2 + 26y + 27,

(9)

admits a limit cycle represented by the curve Γ2 =
{

(x, y) ∈ R2/ 2x2 + y2 − 8x− 4y + 11 = 0
}
. See Figure

2.

Figure 2: The phase portrait with limit cycle of the polynomial differential system (9) in the Poincaré disk.

4 Conclusion

We have proposed a family of planar polynomial differential systems of degree m with m ≥ 3.We may check
certain conditions on the parameters of the system to conclude directly the existence of hyperbolic algebraic
limit cycles.

Note: All figures are plotted on the Poincaré disk by using a program for polynomial planar phase
portraits, such as the one described in [5, Pages 233-257].
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