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Abstract

In this paper, we analyze the existence and uniqueness of periodic solutions for a third-order evolution
differential equation set in singular cylindrical domain of R¥*!. The right-hand term of the equation is
taken in some anisotropic Holder spaces. Our strategy is based essentially on the study of a third order
abstract differential equation. In order to achieve our aims, we essentially use the well known Dunford’s
operational calculus and some usual interpolation space.

1 DMotivation and Statement of the Problem

This work is dedicated to the study of a boundary-value problem for a third-order time differential equa-
tion involving the Laplace operator set on a singular cylindrical domain in R3*!'. More precisely, let
x = (21,72, 73) be a generic point of R3, and let  be an open set of R3 defined by

Qi={zeR:0<z1 <1, ¢ (21) <z2 <y (1), 0 <23 <1},
where:

(H1) ¢ and @, are real-valued Lipschitz continuous functions of parametrization defined on [0, 1];

(H2) for all z; €]0,1]
¢1 (21) < @y (21),

(H3) (¢4 — ¢4) is a bounded function on ]0, 1.

(H4) ¢, is allowed to coincide with ¢, for z; = 0 and x; = 1, more precisely

¢1(0) =9 (0), (1)

and
@1 (1) =y (1). (2)

Let T be a fixed positive real number. In this work, we are concerned with the solvability of the following

equation
3

Dju(t,x)+ Y Dju(t,z) = f(t,z), (t,2)€Q, (3)

=1

where @ is the cylindrical domain defined by

Q:=1[0,T] x Q.
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The equation (3) is considered under the following homogenous Dirichlet boundary conditions

ulj )00 =0, (4)
and the following initial conditions of periodic type

D{u = Diu‘ .
{0}xQ {T}xQ

(5)

Here, D, := % and D, := 38 .
T

Let 0 < 6 < 1. We will use the anisotropic Holder space C? ([0,7];C? (©2)) consisting of all /—Holder
continuous functions f : [0,T] — C? (Q) such that

1f @) = f (Dl oo >

It — 7/’

”f”C@([O,T];Cg(Q)) = ||f||c([o,T];cﬂ(Q)) + fgg

We assume also that
f|[o,T]xaQ =0. (6)

Due to the presence of a singular point at the origin expressed by (1) and (2), we must first approximate Q
by a sequence of regular domains (@, )nen defined by

Qn = [O,T] X Qna
where
Q,, = {xeR3:an<x1 <1—ay, o1 (1) <23 < g (1), 0<x3<1},

with ()¢ is sequence chosen such that

0<a,<1l/2and lim «,=0.

n—-+oo
First, Let us consider the following approximate problems

3
D?un(tal')"_ZDgiun(t,x) :fn(tax)v (t,l’) € Qn. (7)
i=1

Here, f,, := flg, and u, is the solution of (7). We use the following change of variables

U [0,T]XQn —[0,T] x 1L,
(t,iE) = (tvy) = <t,ZE1, A (zl) 1‘3) ’

©a (1) — 7 (1)’

where
IO, ={yeR®a, <y1 <1—a,,0<y2 <1,0<y; <1}.

and y = (y1,y2,y3) is also a generic point of R3. We introduce the change of functions given by
U‘rb(t’y) = U”n(tv'x) and gn(ta Z/) = f7b(t7$)~

Denoting by D the vector with ithe component D; = (D,,)1<;<3. After substitution, the new version of (7)
set in the cylinder [0, 7] x II,, is given by

D?Un(tvy) +A(y, D) Un(tvy) = gn(t, ), (8)

where
A(y,D) =D2 —a(y) Dy, +b(y) DZ, + D2
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Here,
0 (@ () + (95 (Y1) — ¢ (11)) ye
o) = 391( 0y (y1) — @1 (1) ) ©)
(1 () + (5 (y1) = @1 (1) v2) 0o )
(a (61) — o1 (41))? (5 (y1) — @1 (1))
_ 1 4 (1) oh (y1) — &5 (1) \?
"= (02 00) — o1 ) <<p2 ) — 21 () | 2 () — 1 (yl)y2> ’ 10
and
. ¢ (y1) (95 (y1) — ¢ (31))
clv) = 2%(1/1)—%(2/1) ? 02 (1) — 1 (g) (1)

The boundary conditions associated to the problem (8) are given by

Unljo,11x00, = 0; (12)

and the initial conditions associated to the problem (8) are

Dlv, = Dlu, L 1<j<2 13
t? {0} x1L,, tv (T} x1L, =7= (13)

Set E := CY(11,,), 0 < @ < 1 and define the vector valued functions :
Up [0, T) = E 5t — v(t) 5 va(8)(y) :=vnlt,y),

9o 0,T] = E5t—ga(t); gu(D)(y) = gult,y).
Further on, consider the operator A defined by

{D(A) ={¢peE:A(,D)p€E, ¢lyy =0}, 1<p<+o0 (14
(A40)(y) = Ay, D)o (y).
Then, problem (8) can be formulated as follows:
ol () + Av, (B) = gn (), 0<t<T,
. . (15)
{vw(m:v%)m, 1<j<e

Remark 1 [t is easy to see that the functions a and b defined by (9) and (10) are in C*°(11,,), uniformly
for ally € Q.

At this level, we note that the class of differential equations given by (15) have recently attracted a
considerable attention from the researcher community. In fact, the abstract third-order differential equations
of the above type can be viewed as an abstract version of several concrete problems useful in modeling certain
problems arising in various fields of agriculture, biology, economics and physics [1]-[18]; such problems also
model some problems of diffusion or heat conductivity in viscoelastic media [16]. For growth population
problems, we refer the reader to [17]. According to the classification of [13], the equation (15) belongs to
the class of parabolic operator differential equations. For the reader’s convenience, we recall that a complete
third-order operator differential equation in its standard form is given by

u" (t) + Au" (t) + Bu' (t) + Cu(t) = f(t), t>0, (16)

where A, B and C are variable operator coefficients in a suitable complex Banach space. Note that the
Hilbertian theory for equation (16) has been studied widely. We mention here the fundamental contributions
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made in [15] and see also the references cited therein. Other relevant results related to the equation (16) can
be founded in [2], where the authors have studied the following problem

u” (t) + (BA+ A u" (t) + (BA + Ag)/ (t) + A3u(t) = f(t), tER. (17)

Some optimal results about the existence and uniqueness of this problem have been established, provided
that

o feL*(R,H),

e (A,D(A)) is a self-adjoint positive definite in a Hilbert space H,

e (A1, D(A;)) and (Ay, D(As3)) are linear operators.
In [3], the problem

" (t)+ (BA+ A u (t) + (BA+ Ax)u/ () + (A% + As) u(t) = f(t), t>0,

was considered under the following assumptions

o fel?(RY,H),

e (A,D(A)) is a self-adjoint positive definite in a Hilbert space H,

e (A1,D(A;)) and (Az, D(A2)) (As, D(Aj3)) are linear operators.

e v’ (0) = (0) =u(0) =0.

Concerning the LP setting of third-order differential equations with variable operator coefficients, we
found in [11] a fairly complete study of the following equation

u” (t) + 3Au" (t) + 3AU (t) + A%u(t) = f(t), t >0,
which is needed to investigate the following problem
(Dy + A u(t,z) = ht,z), (tz)€ll, (18)

where II is a cylindrical domain
I=R" xQ;

b

and its base () is a cusp domain defined by
Qi={(z,y) ER*:0<z<a, —Y(@)<y<v(z)}, (19)

where
P(z)=2% 1l<a<?2,

a is a given positive real number and the right hand term h of (18) belongs to the anisotropic Lebesgue space
LP(RT; E), 1 < p < 400, where F is a suitable Banach space.

In this research study, we build explicitly a representation of the solution v, (¢) of the problem (15) and
study its optimal regularity. We essentially utilize the Dunford functional calculus and the methods applied
in [9], [10] and [11].
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2 The Abstract Version of Problem (8)

In order to study our abstract problem (15), we need the following useful result (if A is a closed linear
operator, then p(A) denotes its resolvent set):

Proposition 1 Let A be the operator defined by (14). If the assumptions (H1)~(HS3) hold. Then, the
operator A satisfies the following hypothesis
C
1
[

R* C p(A) and 3C > 0,V2 20 |(A—zI)~ (20)

Proof. See Theorem 4.1 in [5]. m

Remark 2 By using a classical argument of analytic continuation on the resolvent. The estimate (20) holds
true in the sector of the form

Yoo,00 = {7 € C* : |arg(2)| < O} U{z € C: |z| < ro},
with some small 0o > 0, and ro > 0.

Following the same strategy as in [6], [7], [8], [9], [10] and [12] the formal solution of our abstract problem
(15) is given using the Dunford integral by

b

vn(t) = 2mi

/ICZ —2I)"tga(s)dsdz, (21)
0

’—J\

where T' denotes the sectorial boundary curve of Xy, ., oriented positively, remaining in p(A)\R", and K,
is the Green kernel given by
C.(tys), 0<s<t<T,
K.(t,s) =
S.(ts), 0<t<s<T,

where C, and S, are complex valued functions given by

2¢~5(:=%) ginh (—@z (t—s)— %)

Colts) = = o7 (2)
2¢=5(t=5)e=5T ginh (—?2 (t—s-T)— %)
Dr(2)
2e~ 3571
+T(z)’
and
5 2¢~3(HT=5) ginh (—@Z(t-ﬁ-T—S)_%)
2bs) &= P (2)
23T 4T sinh (~ ¥ (¢ — 5) — § )
a P (2)

e_%(s_t_T)

T )
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Here, ®, and V¥, are two functions of complex variables given by
= 3
@y (2) :=32" (1+e ") —2e 27 cosh (—{zT) ) (22)

Ur(2) :=32"(1—e*T). (23)
For the sake of simplicity, set
Up (1) 1= vy 1(E) + vp 2(t),

where

U1 (t 1 //Czts A—2I)"tg,(s)dsdz,

2
0

—

and

vn2

gm//s t,s) (A= 21)" ga(s) ds dz.

Remark 3 If not stated otherwise, the symbol C denotes henceforth a generic positive real constant.
Let us show that our representation formula (21) is proper. We need the following auxiliary results:

Lemma 1 Let & and Uy be the functions defined by (22) and (23). Then, for all z € X¢, r,, we have
. (T)] = 0 (|=),

Wr (2)| = O (|z|2).

and

Proof. The consideration is similar for both functions, ®7 and ¥r. First of all, it is easy to see that

2 3
©. ()] = [32° (1+e*") —2¢ 2" cosh (—{zT) |
= 3
> 3|z|2 |1 —|—e_2T’ —2le 2T cosh <—\2[zT>
> 3z 1+ e,

Thanks to [4, Lemma 3], it follows that there exist C' > 0 such that, for every z € 35, .,, we have:
1+ >C.

This confirms that
. (T)| > C2|*.

Remark 4 Observe that, thanks to (20) and Lemma 1, all integrals appearing in the formula (21) are
absolutely convergent.
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Now, we will establish some regularity results for the problem (15). First, we recall that a strict solution
vy, to (15) is any vectorial function v, such that

v e C([0,T]; E) N C([0,T]; D(4)),

and (15) is satisfied, where
E:=C'(1I,).

The following propositions are needed for proving some optimal regularity results of the solution (21):
Proposition 2 Let g, € C? ([0,T]; E) with 0 < § < 1. Then, we have v, € D(A).

Proof. Since v, (t) = vy,1(t) + vy 2(t), it suffices to prove the absolute convergence of the following integrals

_ -1
27”//6 (t,s) 2I) " gn(s) ds dz,

T
= %m//sz (t,8) A(A — 2I) " 'g,(s) ds dz.

We restrict ourselves to the study of Ay; we can analogously consider the integral A,. We write the first
integral in the form

and

Ay =5 +1+Is,

where

1 F2e~3(=9) ginh ( V3o (t—s)— ) A(Ay — 2zI)7 g, (s)dsdz
/]

271 (I)T(z) ’
r o
1 l9e=3(t=9)¢—3 s1nh( *égz(tfsz)f%> .
= — A(As — 21)""g, ,
Iz 27rz// O (2) (Ax — 2I) " gn(s)dsdz
r o
t
1 2e 3071 .
r o

Concerning the first integral I, it is easy to see that the estimate (20) implies

14CA = =Dy

is bounded. On the other hand, Lemma 1 allows us to write

iU “)cosh( ‘fRez(t—s)—E)
Iy < C// 7 (] ds |dz|[|gnll o (0,7 )

e e (- ( ‘fRez(t—s)—f)
c/ / - ds | 141 lgnll o o 71
T

0

A

IN
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and

A
Q

Il < 3 ds | |dzllgnllce o,1y:)

j 6(7(%7§) Re z(tfs)Jr%)
0

|2

_¥3)Rez(t—s
2) ( )ds |dz|||9n||c9([o,T];E)

IN
Q

Re 2 PR lgnllce oz

IN
Q
4
—
E‘H
(V)
o—__
m\
e

1 |dz]
r

which implies that the integral I is finite. Similarly we can estimate I3 and I3, which implies the required
result. m

Proposition 3 Let g, € C? ([0,T]; E) with 0 < § < 1. Then, we have
gn () — Av, () € CY([0,T); E) .

Proof. The proof of this result is based on a cumbersome calculus and we will only present here the main
details. Let 0 < t1 <ty < T . Then we have:

(gn (t2) — Avn(t2)) = (gn (t1) — Avn(t1))
9n (tQ) —dn (tl) - (Avn (t2) - Avn (tl))
= gn(t2) —gn (t1) + A

First, we set

A(z) := A(A = zI)7!
Then

Av, (ta) — Avy,(t1)

— 72im//(cz (tQ,S)fcz (tl,S))A(z)gn(s)deZ
r o0
21‘1“/t 2 (t2,8) — S (t1,8)) A(2) gn(s) dsdz

1
21

-2

These three integrals can be treated similarly. For instance, the first integral can be written as follows

3
L= Z L,
k=1

(’Sz (tQa 5) - Sz (tla 5)) A (2) gn(s) dsdz

=
—=

-~
)
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where
Iy = —— et 67%(5%1)/\(,2) (s)ds dz
11 = o U, (z) In )
r o
. ) t1e 2(1‘2—9)6_2Tsinh(_ 5 z(tQ—S—T)—%)A dsd
. __E// e (2) gn(s) ds dz
r o
1 " em3(ti=9)e=3T ginh (—?2 (t1—s-T)- %)
il A n(s)dsdz,
[ e () gu(s) dsd
r 0
. t1 e~ 5(t2—5) ginh (—732 (tg — S) - %)
I __+ A n(s)dsd
13 i / P (2) (5 9n(5) s =
r o
1  e=3(t=5) ginh (—ﬁz (t1 —s) — E)
+7/\/ 2 ‘ A (%) gn(s)dsdz.
T dr(2)
r o

Taking into account (20) and using the Lagrange mean value theorem, we conclude that
Inkllp =0 (e =tal") . ke {1,2,3).

Summing up, we deduce that
[Ava(t2) = Ava ()]l = O (It2 = 1al”)

This completes the proof of proposition. m
The following useful remark clarifies the anisotropic character of the Holder continuos spaces:

Remark 5 We should not identify the space CV (RT;CV (Q)) and the space CV (II), 0<wv <1. In fact,
we have:

Cv (1) = L=([0,T]; C*()) N ¢*([0, T1; C(%)), (24)

For more details, we refer the reader to [14].

This explains why we must describe the smoothness of (21), when the right-hand term of the problem
(15) has a spatial smoothness; that is, for all ¢ € [0,T]

gn € L([0,T];Da(0,+0)), 0 <20 < 1,

where D 4(6, +00) denotes a real Banach interpolation spaces between D (A) and E defined by
D0, +00) := {1/) € E:sup HTUA (A—rD)7" Q/JHE < oo} .
r>0

We continue by stating the following result:

Proposition 4 Suppose that g, € L>([0,T],Da(c,+0)), 0 < 20 < 1. Then, under assumptions (20) and
(6), we have
vn () € L([0,T]; Da(o, +00)).
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Proof. The required result is obtained by proving the convergence of the following term

sup sup [|[r7 A(A — TI)il’Un(t)HE .
t€(0,T]r>0
Using the identity

A(A — 1)y YA -yt = AA=2DTD A 1)1

z—r z—r
one has
o _ -1 _ZI)
r7A(A —rI) " v, (t) 2171'/1“1/ K. (t,s) P gn(s)dsdz
—’I“I)
2m// K. (t,s) P gn(s)dsdz

=1 + L.
It is easy to see that by integrating to the left of I", we get
I, =0.

Concerning the term I, we have:

e <o [ ([ weewanas) AE g
1lEg X r ] z 9 ‘Z—’/‘||Z|J n DA(U,+OO)7
|dz| 1
=0(—).
/|z—r|z (r")

||‘[1HE C”gnHDA (o,400) *

since

This implies
and ends the proof. m
In our framework, the assumption (6) imply
Da(o,+00) = { € C7 () : Y]yq, =0}, 0<20 < 1.
This allow us to conclude that the following result holds good:
Proposition 5 Suppose that g, € L>([0,T]; Da(c,+0)), 0 < 20 < 1. Then, under assumptions (20) and
(6), we have
vy (1) € L=([0,T];C7 (11,,)).

Taking into account the preceding result, our main result concerning the abstract problem (15) is formu-
lated as follows:

Theorem 1 Let
gn € C%([0,T]; E)n L>([0,T];C° (IL,))), 0<60<1, 0<20<1.

Then, under assumptions (20) and (6), the problem (15) admits a unique strict solution v,, given by (21).
Furthermore, there exists a real constant C > 0 independent of n such that

< (.
max [fon(®)loqn,) < € (25)
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3 Going Back to the Singular Domain

Observe that the estimate (25) and an elementary argumentation enables one to extract a convergent sub-
sequence (ou,;) from (o,) with

lim a,; =0.
n—-+o0o

After that, it is easy to show that there exists v such that

lim wv,; = lm wv,; (¢ = .
n—-4oo n n—-—+o0o n]( 7y)

On the other hand, we have
lim Q, =,
n—-4oo
and
lim g, (t,y) =g (t.y), (t,y) €[0,T] x Q.

n—-+4oo

This allow us to conclude that the following result holds good:

Theorem 2 Let g € CY([0,T];C™n(%:7) (), 0<60<1,0<20 <1, such that

g|[0,T]><BQ =0.
Then, the problem
Djv+A(y,D)v =g,
v‘[O,T]x()Q =0,
ng‘ = Div L 1<j<2
{0}xQ {T}xQ

admits a unique strict solution v such that
D}v, A(y,D)ve C%([0,T] ; Cmin(9,0) (Q)).
The inverse change of variables is given by

U=t [0, T)]xIT —[0,T] xQ,
(t,y) = (L) = (s (2 (1) — 1 (Y1) Y2 + 91 (Y1) , ¥3)-

Using the argumentation from [6], we finally get the main result of this work:
Theorem 3 Let
fec?o,1];c™nl(Q)), 0<h<1, 0<20<1,
such that
flio,r)x00 = 0-
Then, the problem

3
Diu(t,z) + 3 Dy u(t,z) = f(t,z),  (t,2) €Q,
i=1
u|[_o,T]xaQ =0, _
Diu‘ = Dfu’ ,
{0}xQ {T}xQ

admits a unique strict solution u such that

3
D}u, Y D2 ue CO[0,7];C™ %) (Q)).

i=1
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