Applied Mathematics E-Notes, 23(2023), 370-376 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

On Turan’s Inequality Concerning Polynomials*

Faroz Ahmad Bhat’

Received 7 November 2022

Abstract
In this paper, we prove some inequalities that relate the uniform norm of the derivative of a complex
polynomial having p-fold zero at origin and the uniform norm of the polynomial itself. We further extend
the obtained result to the polar derivative of a polynomial.

1 Introduction

Let P(z) be a polynomial of degree n and P’(z) its derivative. The comparison of the norm of P(z) and
that of P’(z) on the unit circle is given by Turan’s inequality [9] which states that, if P(z) is a polynomial
of degree n having all its zeros in |z| < 1, then

max |P'(2)] > = max |P(2)]. (1)

|z|=1 2 |z|=1
Equality in (1) holds for polynomials having all zeros on |z| = 1. As a generalisation of inequality (1) to the
polynomials having all their zeros in |z| < k where k > 1, Govil [3] proved if P(z) is a polynomial of degree
n having all its zeros in |z| < k, k > 1, then

n

P'(2)| > P(z)]. 2

max |[P(2)] 2 - max |P(2)| (2)

Inequality (2) is sharp and equality holds for the polynomial P(z) = z™ + k™. Dubinin [2] established the

refinement of inequality (1) by introducing the extreme coefficients of the polynomial involved. He proved

that if P(2) = an2™ + ay,_12"" 1 + -+ + a1z + ap has all zeros in the disc |z| < 1, then for each z on |z| = 1
for which P’(z) # 0, the following inequality holds

2P (z) |an| — |aol
Re( (2) ) 2 T XJan] + Jao])

Taking into consideration the size of each zero of P(z), Aziz [1] established the following generalisation of
inequality (2) for the class of polynomials having all their zeros in |z| < k, where k > 1 by proving that if
P(z) = a, [[,_,(z — 2,) is a complex polynomial of degree n with |z,| <k, k> 1, then

2 = k
P'(2)| > P(2)|. 3
px 1P 2 T 2 g i P ®)

However the bound in inequality (3) was recently improved by Kumar [5] by involving the modulus of
each zero and some of the coefficients of the underlying polynomial. In fact, he proved that if P(z) =
an [1)_,(z — z,) is a polynomial of degree n with |z,| <k, 1 <v <n and k > 1, then

2 (|a7z|kn \Clo| }
P > . 4
fﬁi’i' () = {1+k” + (1+k”)(|an|k"+|ao|k Zk+|zl,\ ol ax|P(2)] (4)
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Very recently, Milovanovic and Mir [6] strengthened inequality (4) by involving the minimum value of |P(z)|
on |z| = k. They proved that if P(z) = [[,_,(z — z,) has all its zeros in |2| < k, k > 1, then for each ¢ with
0 <t <1, the following inequality holds

, n k 2 ( n \ao\—tm)(k ].)
max |[P(z)] - 2 Zk+|zy|[{1+k"+ (1—|—I€”)(k”—|—k|a0|—tm)}|m| ax |P(2)]

Er—1 (k™ —lao| —tm)(k — 1)
+{kn(1+kn) - (1+k")(k“+k|a0|—tm)}tm} (5)
where m = min,— | P(2)].

Let D,P(z) denote the polar derivative of a polynomial of degree n with respect to a real or complex
number «, then

DoP(z) =nP(z) + (o — 2) P'(2).
The polar derivative D, P(2) is a polynomial of degree at most n— 1. Furthermore, it generalises the ordinary
derivative P’(z) of P(z) in the sense that

lim DaPlz) _ P'(2)
a—00 6
uniformly with respect to z for |z] < R, R > 0.

For more information about the polar derivative of a polynomial one can refer monographs by Rahman
and Schmeisser or Milovanovic et al. [7].

Over the last few decades many different authors produced a large number of interesting versions and
generalizations of the above inequalities by introducing restrictions on the multiplicity of zero at z = 0, the
modulus of largest root of P(z), restrictions on coefficients, etc. Many of these generalizations involve the
comparison of polar derivative D, P(z) with various choices of P(z),« and other parameters. For the latest
research and development pertaining to this topic see ([8], [10]). For the class of polynomials having all their
zeros in |z| < k, k > 1, Govil and Kumar [4] recently proved that if P(z) = 2°(ap + a1z + -+ + an—s2""%),
0 < s <mn is a polynomial of degree n having all its zeros in |z| <k, k > 1, then for any complex number «
with |a| > &,

s KT —
max [DaP(2)] > (ol - 0)( 15 ) x|

l=l=1 Ltk (L k) (lan—s k"= + ao])

Milovanovic and Mir [6] also generalised inequality (5) to the polar derivative of a polynomial by establishing
that if P(z) = []_,(z — 2,) has all its zeros in |z| < k, k > 1, then for any complex number « with |a| > k
and 0 <t < 1, the following inequality holds

— k(o] — k) 2 (k" — Jag| — tm)(k — 1)
max|DaP()] = ; Py [{1+k”+(1+kz")(k"+k:|a0|—tm)}maXuD( )

{ k™ —1 (K" — lao| — tm)(k —1) }tm},

6
En(14+ k™) (14 k™) (k™ + k|ao| — tm) (6)
where m = min,—, | P(2)].

In this paper, we extend inequality (5) to the class of polynomials having p-fold zero at origin. In fact,

we prove

Theorem 1 If P(z) = 2*(ap + a1z + ... + an—p2" ") = anp 2" [[7_{'(z = 25), 0 < p < n with z; # 0 for
1 <j<n-—puisa polynomial of degree n which has all its zeros in |z| < k wzth k>1, then for 0 <t <1,
we have

k

, [
max | P'(z)| (L4 kn=r)(k + |2])

>
|z|=1 - 14 kn—#w +

<. 3
|
M1

x {(2 + X(k,t,m)) max |P(2)| + (kn_]:n_ Ly X(k];ﬁ’ m>> tm}, (7)
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where m = miny,|—y |P(z)| and

(k= D(lan—p|k™ = |ao|k" — tm)

X(k,t =
( s ,m) |an_u|k”+|ao|k“+1—tm

Remark 1 If we take p =0 and a,—, =1 in Theorem 1, we obtain inequality (5) due to Milovanovic and
A. Mir.

If we take k = 1 in Theorem 1, we obtain the following refinement of inequality (4) for the polynomials
having p—fold zero at origin.

Corollary 1 If P(z) = 2"(ap + a1z + .. + ap—p2" ) = 2" [[721'(2 — 25), 0 < p < n with z; # 0 for
1<j<n—pisa polynomial of degree n which has all its zeros in |z| < 1, then

n—+p
P'(2)| > P —_— P(z)|. 8
max |P'(2)] > u+21+w max | P(2)] > == max|P(2) (8)

|z|= |z]=1

The lower bound given by inequality (8) is sharp and provides the stronger information than the inequality
(1) due to Turan. For instance if we take a polynomial P(z) = 2'0(2%2 + 1), then P(z) has all its zeros in
|z| <1 with n =20, g =10 and

max |P'(z)| =30 and glmlax |P(2)| = 20 while as ntu max |P(2)| = 30.
z|=1 z|=1 z|=1

We next prove the following extension of Theorem 1 to the polar derivative of a polynomial having p-fold
zero at origin.

Theorem 2 If P(z) = 2*(ag + a1z + ... + ap—p2" ") = an_p, 2" [[J2{'(2 — 2;), 0 < p < n with z; # 0 for
1< j<n—pisa polynomial of degree n which has all its zeros in |z| < k, then for any complex number a
with |a] >k, k>1 and 0 <t <1, we have

PP > u<|a|—k>+”z“( E(lo] = #)
Jj=1

B = | Tgnn 1+ k=) (k + |2])
n—p _
x{<2+w>m§|p(z)+<k o 1+X(ké£’m))tm} 9)

where m = min|,|—, |P(2)| and

(k= D(lan—p[k"™ — |ao|k" — tm)

X(k,t =
( 9 7m) |an7‘u|kn+|a0|ku+1_tm

Remark 2 If we divide both sides to inequality (9) by |a| and let || — oo, we get inequality (7) as a special
case of Theorem 2.

2 Lemmas

Following lemma is due to Mir et al. [8].

Lemma 1 If P(2) = Z?:o a;jzd is a polynomial of degree n > 2 with no zeros in |z| < 1, then for any p > 1
and 0 <t <1,

(14 p")(plan] + Jao] — tm) () plan ool — ) Y,
fﬁii'P(z)<( @+ ) Jan] + Jao] — m) )‘?ffi'P(Z)' ( @+ ) (an] + Jao] — m) 1>t

where m = min|,— |P(z)].
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Lemma 2 If P(z) = 2z"*(ap+ a1z + ... + an—p, 2" #), 0 < p < n is a polynomial of degree n which has all its
zeros in |z| < k with k > 1, then for 0 <t <1, we have

2™ (k= DE"(|an—u|k™ — |ag|k* — tm)
P > P
mi’;‘ (=) > [ (1 T fn—n + (k"= 4 1) (|an— k™ + |ao kT — tm) gﬁ%l (2)]

Enmr—1 (k= 1)(lan—p|k™ — |aolk* — tm)
tm|,
Fn 1 T B ) (an B+ Jao B — )

where m = min|,|— |P(z)|. The result is sharp and the extremal polynomial is P(z) = z#(2" ™" 4+ k"7H).

Proof. Since all the zeros of P(z) lie in |z| < k, k > 1, the polynomial T'(z) = P(kz) has all zeros in |z| < 1.
Therefore the (n — p)th degree polynomial H(z) = 2"T(1/z) does not vanish in |z| < 1. Hence applying
Lemma 1 to the polynomial H(z) with p =k > 1, we get

(14 k") (|an—plk™ + |aglk* T — tm*)
<
U K 0+ F)(Jan [ + Jao o —tm) ) B )]

max |H
|z|=k

<<1+k”-“><|anm+|ao|k~+l—tm*) ) ]
— —1)tm|,
(1 +E)(Jan—p| k™ + |ao|k* — tm*)
where
m" = min [H(z)| = ‘H‘Iinl |z"P(k/z)| = Irr‘liq |P(k/z)| = ‘H‘Iir}c |P(z)] =m
and

max |H(z)| = max |z"P(k/z)| = ‘mlawli |P(2)].

2 |21=1
Using these observations in (11), we get

E (04 B) (an K"+ Jaol# — tm)
P H
PN 2 ) o+ Tao ot — ) 2% 1)

o (1o OB (anpul” + ol —tm)
(1 + k"= 1) (|an—plk™ + |aglkHt+1 — tm)
which is equivalent to
2k™ E™(k—1)(|lan—p|k™ — |aglk* — tm)
P > P
mi}lﬂ (Z)| = {1_|_ fn—p + (1 4 kn—ﬂ)(|a”_u|kn + |a0|k.y+1 _ tm) glli}§| (Z)|

k=1 (k= 1)(Jan—ulk™ — [ao|k" —tm) o
Er=r+1 (14 k" #)(|an—p| k™ + |aolk#+L — tm)

This completes the proof of Lemma 2. m

Next lemma is a simple deduction from maximum modulus principle, see ([7]).
Lemma 3 If P(2) is a polynomial of degree n, then for R > 1

max |P(z)| < R" max|P(z)]|.
max |P()] < R" max | P(2)

3 Proofs of Theorems

Proof of Theorem 1. Since P(z) = ap_,2" " H?:_l“(z—zj), 0 < pu <nhasallits zerosin |z| < k, k> 1,
the polynomial T'(z) = P(kz) = k"a,—,2" [[;_1' (2 — 2;/k) has all its zeros in |z| < 1. Hence for all z on
|z| =1 for which G(z) # 0, we have

2G'(z) — =z
=p+ % -
G(2) ; z—Z
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This gives for all z on |z| = 1 for which G(2) # 0

Re(ZGI(Z)>— + Re "Z_fliz > +7§7k
G )" /) ST Skl

Jj=1

which implies

l
>
') 2 u+§:k+|z| G(2)

(10)

for all z on |z| = 1 for which G(z) # 0. Since the inequality (10) is already true for the points z for which

G(z) = 0. It follows that

max |G’ (2)| > + max |G(z
||1‘ a Zk+|,z]| |z|:1‘ ()l

or equivalently

kmax |P'(kz)| > p—i—Z l<:+\z| max |P(kz)]|.
j

|z|=1 |z|=1

Using Lemma 2 and the fact that £"~! max,|— |P’(z)| > |P’(kz)|, we obtain from (12)

n—p
. k
k" P’ >
max[P(2)l > | et Z (14 k=) (k + |21)

X [(Qk” + k"X (k,t,m)) max |P( )+ (" =14 X(k,t,m)) tm|,

which is equivalent to

max |P'(z)] > . +Z(

|z|=1 S = 14+ Ekn=r)(k + |z])

x [(2—|—X(k;,t,m))max|P( )| + (kn_# —1, X(k’t’m)) tm}

km kn

This completes the proof of Theorem 1. =

Proof of Theorem 2. Since P(z) has all its zeros in |z| < k, k > 1, the polynomial G(z)
its zeros in |z| < 1. Therefore for |a|/k > 1, it can be easily seen that

—k
x| DapG2)| = L= o)

or

(ol =8) o
ax |DoP(z)| > ———— max |G
max [ D, P()] > S max |62

Using inequality (12), we have

(|a|
max |D,P > —7= |+ E max |G ,
|z|= k| ( )| - k+|zj| |z|:1| (z)|

= P(kz) has all
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which is equivalent to

max | D P(,z)|>M u;ifL max |P(z)].
R = k j:1k+|zj| |z|=k

|2l

Now applying Lemma 2 in the right hand side of above inequality, we get

pllol k) N~ Kk(al k)
> A=)
kmax|DoPE) > | T e+ 2 G ny G )

j=1
X |:(2k" + k"X (k,t,m)) ‘mla)i |P(z)| + (K" " — 14 X (k,t,m)) tm (13)
z|l=

where
(k — D)(lan—p|k" — [ao|k* — tm)

X(k,t =
(k,t,m) |@pn—pu|k™ + |aolk# L — tm

Since D, P(z) is a polynomial of degree at most n — 1, so that by Lemma 3, we get

‘ma)]i |DoP(2)] < k™t lmlax | Do P(2)].
z|= z|=1

Using this observation in (13), we obtain

plol —k) | k(o] — k)
D.,P > —_
ﬁi}’ﬂ (Z)| = 1+ kn—n + z (1 + kn—u)(k + |ZJ|)

x [(2 + X (k,t,m)) max |P(2)| + <kn]:n L X(k];ﬁ’ m)) tm} .

This is the desired inequality and hence completes the proof of Theorem 2. =
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