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Abstract

In this paper, using some elements of the g-harmonic analysis associated to the g-Dunkl operator
introduced by N. Bettaibi et al. in [1], for fixed 0 < ¢ < 1, the notion of a ¢g-Dunkl two-wavelet is
introduced. The resolution of the identity formula for the g-Dunkl continuous wavelet transform is then
formulated and proved. Calderén’s type reproducing formula in the context of the g-Dunkl two wavelet
theory is proved.

1 Introduction

In recent years, the g-theory, called also in some literature "quantum calculus", began to arise. Interest in
this theory is grown at an explosive rate by both physicists and mathematicians due to a large number of
its application domains. For instance, a lot of work has been carried out while developing some g-analogues
of Fourier analysis using elements of quantum calculus (see [1, 4, 5, 6, 26, 22] and references therein). In
the recent mathematical literature, we find many articles that deal with the theory of ¢-Fourier analysis
associated with the ¢-Dunkl transform. In [1], Bettaibi et al. introduced a new g-analogue of the classical
Dunkl operator and studied its related Fourier transform, which is a g-analogue of the classical Bessel-Dunkl
one and called the ¢g-Dunkl transform. The g-analogue of the Dunkl operator is defined in terms of Rubin’s
g-differential operator dy, introduced in [23, 22].

Calderén formula [3] involving convolution related to the Fourier transform is useful in obtaining recon-
struction formula for wavelet transform besides many other applications in decomposition of certain function
spaces. It is expressed as follows:

+o00 d
20)=— [ ®rpr67 cr, (1)
»,¢ JO
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o) = i (Z) y o Pu(x) = ?15 (?) , VzeR,

Cp, is a constant depending on functions ¢, ¢ and * denotes a convolution operation.

Formula (1) first appeared in the pioneering paper [3] by Calderén. It went on to play an important
role as a tool in harmonic analysis, see e.g. [11] or, more recently, [9]. It also occurs in wavelet theory
[7, 12, 14, 18].

It is believed that Calderén’s type reproducing formula as discussed here will be of great utility in
Inversion Problems (see [19, 24, 25]), and in wavelet theory on Bessel-Kingman hypergroups (see [25]). Our
investigation in the present work consists to study similar questions when in (1), the classical convolution
x is replaced by a generalized g-Dunkl convolution a on the real line generated by the g-Dunkl differential
operator Ay o, & > —1/2, introduced in [1].
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In this paper, using some new elements of g-harmonic analysis related to the ¢g-Dunkl transform F3“
introduced by N. Bettaibi et al. in [1], we define and study the g-Dunkl two wavelet and the continuous
g-wavelet transform associated with this g-harmonic analysis. In addition to several properties, we establish
a Plancherel formula and an inversion theorem for this transform. As applications, we prove a Calderén’s
type reproducing formula in the context of the g-Dunkl two wavelet theory.

The outline of this paper is arranged as follows. In Section 2, we state some basic notions and results
from the g-harmonic analysis related to the g-Dunkl transform that will be needed throughout this paper. In
Section 3, we define and study the g-Dunkl two wavelet and the continuous g-wavelet transform associated
with the ¢-Dunkl operator A, .. Thus, some results (Plancherel’s formula, inversion formula, etc.) are
established. Section 4 is devoted to giving the main results of this paper, Calderén’s type reproducing
formula in the context of the g-Dunkl two wavelet theory is proved.

2 Harmonic Analysis Associated with the ¢-Dunkl Operator
We recall some usual notions and notations used in the g-theory (see [16] and [20]). We refer to the book
by G. Gasper and M. Rahman [16] for the definitions, notations and properties of the g-shifted factorials.

The references [1, 2, 4, 22] are devoted to the g-Dunkl Fourier analysis. Throughout this paper, we assume
0<g<1, aa>-1/2 and we denote

Ry ={x¢",neZ}, Rf={¢",neZ} and I@; =R, U{0}.

For complex number a, the g-shifted factorials are defined by

n—1 +o00
(@@o=1, (@a)=[[(0-ag) n=12 ., (0 =[]0 - ad).
=0 =0
We also denote for all x € C and n € N,
1—g¢" (¢;9)n
[z]q = 1—¢’ [nlg! = [1]g % [2]g x ... x [n]g = 1—qn

The ¢-Gamma function is given by (see [13])
Fq(z) = %(17(])17‘%7 I#07713727""
(4% 0)oo
It satisfies the following relations

Ly(z+1) = [z],Ty(z) = [z],!, Tg(1) =1 and lim I'y(z) =T (x), Re(z) > 0.

q—1-

The g-Jackson integrals from 0 to a, from 0 to 400 and from —oo to +o0o are defined by (see [13])

a +oo
/0 f@)dgr = (1- )a' S ¢ f(ag™),

n=0

—+oo

+o0
/0 f@dgw=(1-q) S ¢ f@),

n=-—oo



22 Calderén’s Type Reproducing Formula Related to the ¢-Dunkl Two Wavelet

provided the sums converge absolutely. In particular, for a € R;‘,

-1

+oo
/ f@)dge =(1—qa S q"f(ag").

n=—oo

The ¢-Jackson integral in a generic interval [a, b] is given by (see [13])

/ab f(z)dgz = /Ob f(x)dgx — /Oa f(x)dgx

The g-derivative D, f of a function f is given by
f(x) = fgz)
(1-qz ~
where D, f(0) = £(0) provided f'(0) exists. The Rubin’s g-differential operator is defined in [22, 23] by
fla™'a) + f(=q"'2) — flgz) + f(—qz) — 2f(-=)

f
Ouf(@) = ECETE re 7o
;%mf(x), (in R,) ifx=0.

Dy f(z) = f z#0,

We remark that if f is differentiable at z, then 9, f(x) tends to f (z) as ¢ tends to 1 and by using the
definition of d,, we can see that

Oyf () = ¢ ' Dy-1 fe(x) + Dy folx),
with f. and f, are respectively, the even and the odd parts of f defined by

fe(m) = w and fo(x) = M

A repeated application of the Rubin’s g-differential operator n times is denoted by
Ogf=1f Oy f=08,00;1)

The g-analogue of the integration theorem by a change of variable can be stated as follows

b b
A 3
/ f (X> IAPetld N = X2a+2/ f(@)|z|** T d,x, Yy € R,.
@ %

The third ¢-Bessel function is defined as follows (see [1, 15])

(2a+21q ooz . Te(a+1)gn+D ( T )2"
p2la+n+Dlen+1) \14+q/)

Jo(:;¢?) has the normalized form

400 qu(a_’_l)qn(nJrl) < T >2n

- 2 n
q7) = (=1
Jalz:07) T;( Te(atnt)en+1) \1+q

For a > —1/2, the g-Dunkl operator A, o f is defined by
f(z) = f(==)

2x ’

Agaf(@) = 04[Hg,a(f)l(2) + 2+ 1],

where
quc : f: fe +fo = fe+q2a+1fo-

It satisfies the following relations:
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For a = —1/2, Ag.o = 0,

Ay o leaves S;(R,) invariant.

For all a € C, Ay o [f(az)] = aAg o (f)(az).

If f is odd, then

Aga(F)(@) = 210, f(z) + 20 + 1]q@

and if f is even, then

Agaf(x) = 04 f (2).
It was shown in [1] that for all A € C, the function
AT

— g 2 R 2
[204_"_2}(1] +1(A$7q )’ vxe q ( )

z— U, () = Jja(Az,q?) +

is the unique analytic solution of the ¢-differential-difference equation:
Agaf(z) =iAf(z), [f(0)=1.
Some other properties of the g-Dunkl kernel are given in the following results.
Theorem 1 The following properties are checked:
i) For all \,x €R, ¥, ,(\z) =1V, ,(-)\z).
it) For all \,z € Ry, Ay oVUqa(Ax) =1iAT, ((A2).

iii) For all X € Ry, ¥, o(A.) is bounded on H/%; and we have

|\IJq,a()‘x)| <

Proof. See [1, Proposition 6]. m

In what follows, let us fix some notations:

e CI(R,), the space of functions f, p times g-differentiable on I@; such that for all 0 <n <p, A7, f is

continuous on R,.

e S,(Ry), the space of functions f defined on R, satisfying

Vn,m €N,  Pymq(f) = sup|z™0] f(z)| < oo
R,

and
lmd?(f)(x) (in R,) exists.

z—0 4

e D,(R,), the subspace of S;(R,) constituted of functions with compact supports.
We denote by L? ,(R,), p € [1,+00], the set of all real functions on R, for which

+oo P 2a+1 p :
J2 2 f(@)|P|x| dqx <400 if1<p< +oo,

sup |f((z)] < 400 if p = +o0.
rr€ERy

Hf”q,p,a =
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For p = 2, we provide this space with the scalar product

+o0 -
(,0) 0 = Cqn / (@)g@)e[2+ dya. (4)

— 00

By the g-integration by parts one can verify the correlation (see [1])

<Aq,o¢fa g>q’a = 7<f7 Aq,ag>q,aa (5)

for any functions f,g € D,(R,).
Definition 1 ([1]) The g-Dunkl transform F5 associated with the g-Dunkl operator Ay o is defined for
every function in L} ,(R,) by
e 20+1 ™
FEY(HN) = cq’a/ [(@)Py o (=A2)|2** T dyz, VA ER,, (6)

where
(I1+9)~"

o T (et 1)
The ¢g-Dunkl transform F5“ satisfies the following properties:
e L' — L>™-boundedness: For all f € L} ,(R,), we have FL%(f) € Cq,0(R,) and we get

4cga
(¢, 9)oo

175 (Pllg.00 < 1/ llg.1.a- (7)

e Riemann-Lebesque Lemma: If f € L} ,(R,), then
lim FL(f)(A) =0.

|A|— o0
AER,

e g-Plancherel formula: The g-Dunkl transform FL® is an isomorphism from S,;(R,) onto itself and
extends uniquely to an isometric isomorphism on L2 (R,) with:

175 (NMa2.0 = [fllg.2.0- (8)

e ¢-Parseval’s formula: For all f, g in L? ,(R,), we have
+oo +oo R
| @@l e = [ O Pl e ©)

e g-Inversion formula: If f € L} (R,) such that FL(f) € L} ,(R,), then the g-inversion formula holds
and we have

+oo
@) = coa | TN TN, (10)
= F5U(FEN(N)(@).

Note that a consequence of the g-Plancherel theorem says that for every function f € L;a(Rq), its inverse
transform (F5%) "1 is given by

“+o0
FBOE = [ SOOI (1)

— 00

Fpo () ().
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Proposition 1 (¢-hausdorff inequality) Let f € L? (R,), withp > 1. Then FL*(f) € LZ:Q(Rq). More-
over, if 1 < p < 2, hence we have

2

4c P

175 Dl < (55)" Wl (12)
) (o]

where the numbers p and p’ above are conjugate exponents

1

1
T
PP

Proof. This is an immediate consequence of (7), ¢-Plancherel formula (8), g-inversion formula (10) and the
Riesz-Thorin Theorem. m

Proposition 2 If f in Dy(R,), then for alln =1,2, ..., we have
FEHAG o f)A) = @A) FEH(F)(A).
Proof. The proof is immediate by using the formulas (5), (6) and the proof by induction forn. m

Proposition 3 For all f in Dy(Ry,) (resp. Sy(R,)), we have the following relations
FEHHN) = FFA(HN), VAER,, (13)

FEUHN) =FE (NN, VAR, (14)
where f is the function defined by

f(z) = f(—x), VzeR,.
Proof. For all f in D,(R,), it immediately follows from i) of the Theorem 1 and (6) that

—+oo

FEON = oo [ T Wyal-Xo)lal

+oo
= Cga / (@) Uy o (Ax) 220+ 1y

+oo
= e / F(@) Uy ()21,

= FE"(HN).
Then the formula (13) is proved. In the same way, we prove (14). m
Definition 2 The generalized q-Dunkl translation operator is defined for f € L?,,a (Ry) and z,y € R, by
+00
7 (NY) = g N FE(F)N)Uqa(A2)Pqa(Ay) AT d A

and

" (f) = f-
In particular the product formula

T (Wg,0(A)) (W) = Voa(A2)¥oa(Ay), Vz,Ay € Ry

x

holds.
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Proposition 4 If f € L2 ,(R,), then T2(f) € L2 ,(R,) and we have

4

(Q7q)oo Hf”q,laa V(E € RQ' (15)

174 (Flg2.0 <

Proof. See [2, Proposition 2]. m
Proposition 5 The g-Dunkl translation operator checks the following statements:
i) For f e L2 (Ry) and x,y € Ry, we have

FRHTE NN = Wo,a(Ax) FL(F)(A). (16)

i) For all f € L2 (Ry) and x,y € Ry, we have
T (Ny) =T ()(=) (17)

and

() = T (D )- (18)

Proof. See [2, Proposition 2]. m
The generalized g-Dunkl translation operators allow us to define a g-Dunkl convolution product #g q:

Definition 3 For all f,g € S4(R,), we have

Fraa 9(0) = o | TEDDI@I . Yoy € Ry (19)

provided the q-integral exists.

Theorem 2 For f,g € S4(R,), we have
i) FE(f #q.a 9) = FE(f)-F5(9)-
”) f *q,a § = 9 *q,a f

ii) (f *q,0 9) *q,0 I = f *q,0 (9 *q,0 ).
i) fxga9€ Sy(R,). Moreover,

[ |f *q.0 9(@) Pl dga :/ IFB () (@)PIFB (9) () P> dya.

Proof. See [2, Proposition 3 and Proposition 4]. =

Proposition 6 Let p,r,s > 1 such that
1 1 1
S —1==C.
p T s

Given two functions f € L? (R,) and g € Ly ,(R;). Then f %, g evists and we have
fraag € LyaRy), FH(f *qa9) = F55(NFH(9)- (20)

Moreover, if s > 2, then
4c
I *q.0 9llg,s.0 < ﬁ”f“q»p@é”f”qma- (21)
) o0
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Proof. Using similar ideas as in the proof for Theorem 5 in [8]. m
In the sequel, we need some technical Propositions.

Proposition 7 For all f,g € L;Q(Rq) and all ¢ € §4(R,), we have the identity

+o0 +o00 7
| Fraa s@@FE @R e = [ OO @R

— 00 — 0o

Proof. Fix g € L2 ,(R,) and ¢ € S;(R,). For f € L2 ,(R,), we put

+o0 -
Ji= / f %g.0 9(2) FE) 1) (@) |22 dg

and oo
Tz = FEHHNFE (9INPT dg.

By using the formula (21), Holder’s inequality and g-Plancherel formula (8), we have

7l < If *q.0 9llaool(FBY) 7 ()

4c,
L fllg2.0llglla2.alFE (@)lg 1,0

(4,9)0

4 4 Z-1
qua cqva >oo f
2,a01911¢,2,a||Pllq,
<(q>Q)oo> <(q?q)oo H ”q aH ”q oz” ||qoo

N

q,1,c

IN

= |[f] q,2,a||g| q,Z,aH@”q,oo <0
and
(2l < NFE(NFE5(Dlg1.all#llg00
< NFE Y (NDla2,alFE (@ llg2,allellg,00

= |flla2allgllgz.allelse < oo,

which shows that these two integrals are well defined. Furthermore, by formulas (20) and ¢-Parseval’S
formula (9), we get

+oo - Too L
[ I *aa 9@)(FEY) T @)@ dgw = [ FBU(S #g.a )N AP* T A
+o0 L
= | FEUNDNFEH 9NN AP A

Then, Proposition 7 is proved. m

Proposition 8 Let f,g € L2 (R,). Then f xqq g belongs to L2 ,(Ry) if and only if F5*(f)F5%(g9) €
L2 (Ry) and we have
f}%a(f *q,0 ) = ]:ga(f) X fga(g)a

in the L2 ., (Ry)-case.

Proof. Suppose [ *4q 9 € Lgya(Rq). By Proposition 7 and g-Parseval’S formula (9), we have for any
¢ € Sq(Ry)

+oo 7 +o0 -
[ A O0A @R = [ e @ @ e

— 00 — 00

“+o0 7
/ FL( g ) NPT AR A,

— 00
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which shows that FLY(f *q.a 9) = FH*(/)F5%(g). Conversely, if FL*(f)F5%(9) € L2 (R,) then by
Proposition 7 again and g-Parseval’S formula (9), we have for any ¢ € S;(R,):

+oo
/ [ 400 9@ FE) (@) @) dyga

— 00

+o0 .
:/ FE(HNFE (9)(Ne(NAPFdgA

— 00

+o0 -
= [ e e )P ) W T T @

— 00

which shows, that f 4.4 g = (F5%) "N F5*(f)FL“(g)). This achieves the proof of Proposition 8. m

3 ¢-Dunkl Two-Wavelet Theory

The concept of "wavelets" or "ondelettes" started to appear in the literature only in the early 1980’s.
This new concept can be viewed as a synthesis of various ideas which orginated from different disciplines
including mathematics, physics and engineering. In 1982, Jean Morlet a French geophysicist engineer, first,
introduced the idea of wavelets transform as a new mathematics tool for seismic signal analysis. The
mathematical foundations were given by Grossmann and Morlet [17]. The harmonic analyst Meyer and
many other mathematicians became aware of this theory and they recognized many classical results inside
it (see [18, 21]).

Next, the theory of wavelets and continuous wavelet transform has been extended to the harmonic analysis
associated with a class of singular differential operators (see [10]). Recently Triméche [24], with the aid of
the harmonic analysis associated to the Dunkl theory, has defined and studied the Dunkl wavelet transform.
In the same paper [24], Trimeéche has proved for this transform the Plancherel and inversion formulas.

In this Section, we define and study the g-Dunkl two wavelet and the continuous g-wavelet transform
associated with the g-Dunkl operator and we establish a Plancherel formula and an inversion theorem for
this transform.

Notations: We denote by
(i) R2, =R} xR,.
(i) LP (RZ ), p € [1,+00], the space of measurable functions on R? | for which

1/p .
fR3 . |f(a,x)|pdﬂq7a(a,x)) <400 if1<p< oo,

W loor =" st 17(a,2)] < oo if p = +oo,
(LL,;L')E]R?Jr

where the measure p, , is defined by

|22t d,xd,a 5
d,u'q,a(avw) = W, V(a,x) S Rq7+.

Definition 4 ([27]) A g-wavelet associated with the g-Dunkl operator A o, is a square g-integrable function
h on Ry satisfying the following admissibility condition

+oo d +oo d
0<Con= [ IFEW@PL = [ 1B 0P <.
0 a 0 a
Remark 1 For all A € Ry, we have

+o0 d
Con= [ 1B (W@
0
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Definition 5 Let u and v be in L2 ,(R,). We say that the pair (u,v) is a q-Dunkl two-wavelet on Rq if the
following integral, noted by Cq y.v,

dqa

—+o0
| A AT (22)

is constant for almost all A € R,. We call the number Cy v, the g-Dunkl two-wavelet constant associated to
the functions u and v.

Remark 2 [t is obvious that if u is a q-Dunkl wavelet then the pair (u,u) is a g-Dunkl two-wavelet, and
Couu coincides with Co y .

Let a >0, a € R} and h € L7 ,(R,). We consider the function h, defined by

ha(z) = Wizh (2) , VzeR,

Proposition 9 (i) For all function h belongs to L ,(R,). We have
Mrallaza = —prlbllgna: (23
(i) Let h be in L} ,(Rg) UL2 ,(Ry). Then, we get
FEY(ha)(A) = F5%(h)(aX), VaeR},:VAeR,. (24)
Proof. The change of variables u = 2 gives the result. m
Remark 3 Let h € L? (Ry),p € [1,+00]. The function hy belongs to LE (R,) and we have

P = o2 t2GED |,

q,p,x P2

Proposition 10 Let h be a q-Dunkl wavelet in L;a(Rq). Then, for all © € H/%; and a € R,‘]", the function
Rz, defined by
hao(X) = a® T (ha) (M) (25)

is a q-Dunkl wavelet in L2 ,(R,) and we have
Az
e ()

—+oo
COéJLa,m = a2a+2/
0

with T is the generalized ¢-Dunkl translation operator defined by Definition 2.
Proof. Let h € L ,(R,). We first ascertain that ha . is in L2 ,(R,). Indeed, in view of formulas (15), (23),
we have

2
N do\
FE (L,

—+o0
lhoclize = @ [ GO
162> +2
(:9)%
16
= @9 [1R]IZ 5.0

IN

[ha

2
q,2,00

Then 4
hazllg2,0 < ———Ihllg2,a < o0. 26
H ||q (q_q) || ||q ( )

)
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On other hand, it follows from (16) and (24) that

too o dg\
Conee = [ 1FB (ha) WP
0
2a+42 oo 2 q,x 2dq/\
a ; Wg,a(A)[*[F5" (h)(a))] DY
+o00 2
@ [ g (22) e
0 a A
Moreover, we have
16a2et2  [+oo d,\ 164212
0 < Cq Mgi/ FER)YN)|? S = ———Cap < 0.
N (R ER 5" (= (G "

So, the essential is proved. m

Definition 6 Let h be a g-Dunkl wavelet on R, in nga(Rq), We define the continuous q-wavelet transform
associated with the q-Dunkl operator for all f € L2 ,(Rqy) by

+oo o
6P (M) = cga / FOVraa VAP d, (27)

— 00

<f, ha,z>q,a-

Remark that (27) is equivalent to

D +oo L
P (P@a) = o [ TR

+oo
= cona®™ [ FVTTGIIAR

and also equivalent to

Ve (Na,x) = a® T FE [FE(f g0 ha)] (—2)

= cgaa®t FEUHNFEX(R)(aN) g0 (—=Az) | NPT, A

— 00

Proposition 11 Let h be a g-Dunkl wavelet in L7, (Ry). Then for all f in L2 (R,), we have

D
1S (Dl o0 <

4cq7a
(45 9) oo

Proof. Suppose that f € L7 ,(R,), z € ]1/%:1 and a € R, it follows from (26), (27) and the Cauchy-Schwartz
inequality that

Hf”qﬂ@”h”q,?ﬂ'

+o00 -
WP N@ < cgn [ IO BaaOAP A
< cqallfllg2.allPazlq2.a
dcg a0

= (Q'q) ||f||q,2,a||h||q,2,oz-
9 (o]
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Then, the necessity is proved. m

Theorem 3 (Parseval formula) Let (u,v) be a g-Dunkl two-wavelet. Then for all f and g in L2 ,(Ry),
there holds

+oo  ptoo N +oo -
[ e P s, ae.0) = Coe [ S@E@RE de, @9

where

oo q, 0 q, 0 dga
Comr = | B ()N FF ) (ah) L
0

Proof. Using Fubini’s Theorem, formula (28) and Parseval’s formula (9), we get

+oo  ptoo D D,
| [ v e o, ae.q)
+oo

“+o0 -
/ a2+ / F g0 ()7 g Ta(@)dpty o (0, 7)
0

_ /+OO /+OO f- e %($)m|m|2a+lw
0 —00 a
+oo  ptoo . - - d\d
= [ [ A OW OO @ W o e
e NN\ TGO 0 e dqa
[T OWEE@W ([ A @ oo )

On the other hand using the formulas (13) and (14), we deduce that

400 ptoo —_————
[ vl ee o)
+oo

“+ o0

-/ fga(f)(A)W<o nga(v)(m)dza)uhﬂw
+oo -
= Cons [ FEDNFFDONE 1,

+oo 7
= oo [ F@@

— 00

which completes the proof. =

Remark 4 The previous theorem generalizes the Parseval formula for the continuous Dunkl wavelet trans-
form proved by Triméche [24].

Theorem 4 (Plancherel formula) Let u be a q-Dunkl wavelet. Then for all f in Laa(Rq), we have

1 +oo +oo
COC’U« /O [oo

+oo

2
vl (DM@, dugala) = [ 1) PPy,

— 00

where

+oo
Con= [ 1P @O (30)
0
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Proof. Taking on account the result of Theorem 3. If u = v is a ¢-Dunkl wavelet and f = g, we obtain

400 ptoo b 2 —+o0
/0 / ¢g,’u (f)(&, .%‘)‘ dluq’a(aa l‘) = CO@’U« \f(m)|2|x|2°‘+1dqa:,
where
oo d,a
Cor = Covnens = / 50 () M) 22
o a
n

Corollary 1 Let (u,v) be a g-Dunkl two-wavelet. We have the following: if Co o = 0, then w“’D(L?I’a (Ry))

q,u
and 1/12‘,’1,D(L3,Q(Rq)) are orthogonal.

Proof. This immediately follows from (29). m

Theorem 5 (Inversion formula) Let (u,v) be a g-Dunkl two-wavelet. For all f in L}, ,(Ry) (resp. L2 ,(Ry))
such that FE*(f) belongs to L} (Ry) (resp. Lj o(Rq) L% (Ry)), we have

Ca o —+o0 —+o0 I
0 =gt [ [ el i ofa.0). e (31)

Ca,u,v

where for each A € Ry, both the inner integral and the outer integral are absolutely convergent, but eventually
not the double integral.

Proof. In view of formulas (16), (17), (18), (25), (28) and the g-Parseval formula (9) for the g-Dunkl
transform F3“, we deduce that

+oo
B e e e
0o i
e / F g0 T (@) T2 (02) () 227+ g
-
= @ [ T ) @l
+oo
= @ [ o T T el g
+oo
= [ e (O T DO T TR @
+oo
= 2 [ () COTE ) aa(NOFE () (O e
+oo
2 [ e (1) P @0 MO () (O)€

Therefore, by using the formula (24), we have

+oo
W (F)(a, 2)va,e (V)| dga

- —+oo -
_ g / FB (O W00 (N FE (W) (@€) 557 (v) () |6 d 6.
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Taking into account the g-inversion formula (10) and integrating both sides of this equality over R;‘ with
respect to the measure dya/a** ™3, we get

Cq,a e e a,D 2041 dga
m . Ygu (f)(a, 2)va,z(N)|z| dgx 220+3

Cq too Foo d

= - f%’a(f)(é)\lfq,a<A£)<o J%)(a&)fg“(v)(ag)f) €2 d .

— 0o

+oo
— cn | FEDOULOOIE T = FO.

— 00

Then, the proof of this theorem is finished. m

4 Calderén’s Type Reproducing Formula in the Context of the
g-Dunkl Two-Wavelet

In this Section, we will prove a Calderén-reproducing formula for the continuous g-wavelet transform in the
context of the g-Dunkl two-wavelet. More precisely, we prove the following theorem:

Theorem 6 (Calderén’s type formula) Let u and v be two q-Dunkl wavelets in L7, (R,) such that (u,v)
is a q-Dunkl two-wavelet, Co .y, # 0, and Fj5%(u) and Fj5%(v) both belong to L, (R,). Then, for all f in
L% (R,) and 0 < e < § < oo, the function

q,x

€, 6 Cq, oo 2a+1 dqa
fe — z/J (@, )vg,z(N)|x] dqma2a+3 (32)
belongs to Laa(Rq), and satisfies
i 15 fllgza =0, (33)

To prove this theorem we need the following lemmas:

Lemma 1 Let u and v be two q-Dunkl wavelets satisfying the conditions of Theorem 6 and f in Laa(Rq).
Then,

(i) The functions (f *g.0 Ug) and (f *g.0 Ug) *q,0 Vg ATE N nga(Rq), and we have
FEANS *g,0 Wa) #g,0 va)(A) = FE ()N FE (ua) V) FE (0a)(A), YA € Ry (34)

(it) The following inequality is checked

a.2.0 < NF5" (Wllg,0 | F5 (V) llg00l f]

1(f *q.0 Ta) *g.0 Va g2, (35)

Proof. Taking on account the relations (13) and (14) of Proposition 3, we have

FB(Fraa®DO) = FB( g0 TN
= R PENFR @) ()
= FEONFE )N

Therefore,

FES #q.0 @) (N) = FEH(HNFB (ua) (V). (36)
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Furthermore, we put
w(@) = (f #ga W) (@), o €R,.
Thus,
FE(f *q.0 Ta) *q,0 va)(A) = FE* (W xg.0 va)(N).

By using Proposition 8, we deduce that the function w belongs to L?])Q(Rq), and we have
T (w xg.0 va)(A) = FE (W) (N FL" (va) (A)-
We deduce (34) from (36) and (37).

From (i) we have

+oo
/ | FE((f *q.0 Ta) *q,0 @a)()\)|2|)\|2a+1dq)\

— 00

+oo
- / FBHNPIFE () VIPIFE () D) PN

— 00

Then, from the Plancherel formula (8) and the fact that F/5“(u,) and Fj5%(v,) both belong to LgS,

obtain
[(f *q,0 Ta) *q,0 Vallg,2,0 < NFE" (Ua)lg,00[FH (va)llg,00 1 f1lg,2,0-

We deduce the result from the relation (24). m

(Rq)v we

(38)

Lemma 2 Let u and v be two q-Dunkl wavelets satisfying the conditions of Theorem 6. Then, the function

K. s defined by
1 dya
o [ F e ) e,

Ca,u,v

K. 5(\) =

)

satisfies, for almost all A € R;:

COt uCOl v
0 < K. (V)] < Yoo

|COL,’U.,’U |
and

lim K. s;(\)=1.

e—0, d—o00

Proof. From the Cauchy-Schwarz inequality and the relation (30), for almost all A € R,, we have

Kool < (/ 8 () |2d“> (/ B () |2d“>
1/2 too 1/2
1 a dqa a
< o ([T Erwert) ([T i werts)
< Ca,uca,v.
o ‘Ca,u,v

On the other hand, for almost all A € R,, we have

lim K.s5(\) =1.

e—0,: >0

This completes the proof. m

(39)

(40)
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Lemma 3 Let (u,v) be a g-Dunkl two-wavelet satisfying the admissibility condition (22). Then for all
fel; Ry)NL:,(Ry), we have

+o0 a
f()‘) = ! A ((f *q,0 uia)v *q,a Ua)()‘)di'

Ca,u,v a

Proof. From Theorem 5, the formulas (25) and (28), we have
c +oo +oo
O U2 (@20 (N o 0,)
C‘L oo +OO V q 2a+1
= *g,0 Ua(2) T (Va) (A) |27 dga
+oo +oo d
- C% / / (f #g.0 ) (@ )Tqa(va)(*x)lﬂmﬂdqxia-
a u,v a

By Proposition 6, we see that (f ,. Tg) belong to L2 (R,) for each f e L} ,(R,). Hence also (f *q.0 Ta)
isin L2, (Ry). Then (f #g,a UWa) #¢,a Va exists and we have

~ ~ +Oo ~ ~
(f *q,0 Uq) *q,0 va () = Cq,a[ (f *q,a Uq) (x)Tf’a(va)(—x)|m|2o‘+1dq£c.
Then N
1 <. . d,a
10 = g [ 20T t )
| |

Lemma 4 We consider the functions u, v and f satisfying the conditions of Theorem 6. Then the function
1% defined by the relation (32) belongs to L2 (R,) and satisfies

FEH(F)E) = Kes(©F 5 ()(€): VEERy, (41)
where K. 5 is the function given by the relation (39).
Proof. We first prove that the function f5° belongs to L2 ,(R,). From Lemma 3, we have

1
Ca,um

dqa

6 ~ -
/ ((F #gre o) g va) (V) 222,

a

Fro) =

dqa
By using Holder’s inequality for the measure ——, we get
a

SN S o
0P S s (/ >/| v T2) Ha ta )22

So, by applying Fubini-Tonelli’s theorem, we obtain

Foo 1 *dya
€,0 21y [2a+1 < a7
[ R < (/ :

4 too ) d
X/E </OO |(f *q,0 Ta) *q,a Va(A )2 |)\|2a+1d )\> dq@
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From the Parseval formula (9) and the relation (34), we deduce that

“+o00 1 5 d “+o00 N
[ i pEta < C(/ ) | imrmer

° a
x < / |f§s“<ua><§>|2|fga<va><s>|2dg) € 1d .

On the other hand, from the relations (24) and (30), we have

2da

5
/ 75" (ua) (P17 (va) () == < Cau | 7B (W17 00

Thus,

too o Ca, dqa
| AR < (/ )fq’ @12 e IFE () 2

and the Plancherel formula (8) implies

too o Ca dqa
IR < ( [ ) I8 @I e 712 20 < o0

—00

Then, f5° belongs to L2 (Ry).
We now prove the formula (41). Let ¢ in S,(R,). We have the function (F5%)~(¢) is in Sy(R,). From
the Lemma 3, we have

+oo
/ FEONFET)H@) APy (42)

— 00

e 1 ’ — dga TG 17 Ny [ 2at1
- o | Fraa ) rga v ) FE TR d A,

We consider

a JU,V
1
Ca,u,v

+o0o
I/ /I 0 ) g0 vV TBT TRV 2 AP,

/8 [/w [(f 4.0 Ta) g0 vaWIFE) T ) NIAZHd, A} dac.

By applying Holder’s inequality to the second member, we get

1 g “+00 B ) X 2 1 d
C / U (f #0.0 ) #q.0 vaWIFB) T WINPT A} o
a,U,v € — 00
. 17 Ug) ay— dga
=l / I(F *g.0a) *g.0 Vallg 2.0l (FE™) 7 (@)llg 202
U,V e "
In view of formula (35) and the g-Plancherel formula (8), we obtain
1 g +o0 B ) X 2 1 d
ol U (F #0 a) 0.0 va W (FE) T QWAPd A} £t
1 dqa N
< e (/ ) [FES ()|l g00 | F ()l grooll Flla2,al@llg2,0 < 00
a,U,v e
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Then, from Fubini’s theorem, the second member of the formula (42) can also be written in the form

L ([ bt ST, 0) 2 4

Ca,u,v —o00

Now, by using the ¢g-Parseval formula (9) and the formula (34), the formula (43) becomes

4 +oo - - )
1 /</ f%’a<f><€>f]%’°‘(ua)@)fz;“(va)(oso(s)|f|2a+1dq£) &,

Coe,u,v —00

By applying Fubini’s theorem to this integral, it takes the form

+o00 6 a\ ——
/ f?ﬁ“(f)(f)( 1 /ffﬁua)(f)fz)’“(va)(@ﬁ) EGIERAY:

— 00 o,U,v £
+oo

= FE (O Kes(©)p(€)|]7*H dyt. (44)

—0o0

On the other hand, by applying the g-Parseval formula (9) to the first member of the formula (42), we get

+oo -
JRE X CEG T (1)

From the formulas (44) and (45), we obtain for all ¢ in S;(R,):

+o0 _
| FB O - F DRSO g =0,

Hence,
FEH0E) = Kes(OFE ()6, : VE € Ry,
This puts the end of the desired proof. m

Proof of Theorem 6. From Lemma 4, the function f° belongs to Lg)a(Rq). By using the ¢-Plancherel
formula (8) and Lemma 4, we obtain

+oo
o = / FE(f5 — F)()PIEPdye

— 00

150 = f

+oo
/ F5(E) (Ko 5(6) — 1) I[P dgt

— 00

+oo
/ FEEPIL — Ko (€)P1E27 dyé

— 00

Furthermore, from Lemma 4 again and formula (40), for almost all £ € Ry, we have

lim [FE(§)F[1 - Kes(6)* =0,

e—0,0—00

and

[FBEH P+ [Kes5(E)])?
CIFE (I,

IFB P = Ke (6

IAIA

where

2
oo (1 . \/ca,uca,v>

|Coz,u,,v
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is a positive constant.

Moreover, since the function & — [F5%(£)|? is in L2 ,(R,). The dominated convergence theorem yields

(33). m
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