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Abstract

In this paper, we firstly presented the definitions of asymptotical Wijsman deferred Cesaro equiva-
lence, Wijsman strongly deferred Cesaro equivalence and Wijsman strongly r-deferred Cesaro equivalence
(0 < r < 00) for double sequences of sets. Then, we proved some theorems associated with the concept
of W3'[D]"-equivalence, and we examined the relations between the concepts of Wi [D]"-equivalence and
Wi DS-equivalence for double sequences of sets.

1 Introduction

Long after Pringsheim [36] introduced the concept of convergence for double sequences, this concept was
extended to the concept of statistical convergence by Mursaleen and Edely [26] and also to the concept
of lacunary statistical convergence by Patterson and Savag [34]. Furthermore, the concept of asymptotical
equivalence for double sequences was firstly studied by Patterson [33].

The concept of Wijsman convergence which was discussed in this paper is one of the concepts of several
convergence for sequences of sets (see, [4, 5, 6, 27, 38, 43, 44]). The concept of Wijsman convergence for
double sequences of sets was firstly introduced by Nuray et al. [28]. Also, the concepts of Wijsman Cesaro
summability, Wijsman statistical convergence and Wijsman lacunary statistical convergence for double se-
quences of sets were studied by Nuray et al. in [28], [31] and [29], respectively. Furthermore, some basic
asymptotical equivalence definitions in the Wijsman sense for double sequences of sets were given by Nuray
et al. [30] with examples.

Long after Agnew [1] introduced the concept of deferred Cesaro mean for real (or complex) sequences, the
concept of deferred statistical convergence was studied by Kiigiikaslan and Yilmaztiirk [23]. Also, the concepts
of deferred Cesaro summability and deferred statistical convergence for double sequences was presented by
Dagadur and Sezgek in [7] and [37]. Furthermore, some basic asymptotical deferred equivalence definitions as
asymptotical deferred equivalence, strongly r-deferred Cesaro equivalence and deferred statistical equivalenve
for sequences were given by Kosar et al. [22].

In [2], Altinok et al. introduced the concepts of Wijsman deferred Cesaro summability and Wijsman de-
ferred statistical convergence for sequences of sets. Also, the definitions of asymptotical deferred equivalence
and deferred statistical equivalence in the Wijsman sense for sequences of sets were given by Altinok et al.
[3]. Recently, Ulusu and Giille [42] studied on the concepts of deferred Cesaro summability and deferred
statistical convergence in the Wijsman sense for double sequences of sets.

The intent of this paper is to study on some new asymptotical deferred equivalence types in the Wijsman
sense for double sequences of sets, which are more comprehensive than the concepts given in [30].

More information on the concepts of convergence and asymptotical equivalence in this paper can be found
in [8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 24, 25, 32, 35, 39, 40, 41].

*Mathematics Subject Classifications: 40A05, 40C05, 40G05, 40G15.
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466 Double Wijsman Strongly Deferred Cesaro Equivalence

2 Basic Concepts

Let’s start by remembering some basic definitions and notations (See, [16, 28, 30, 31, 33, 34, 42]). For a
metric space (Y, p), u(y,U) denote the distance from y to U where

wly,U) = inf p(y,u) = p, (V)

for any y € Y and any non-empty U C ).

For a non-empty set ), let a function f : N — 2 (the power set of J) be defined by f(k) = Uy € 2Y
for each k € N. Then, the sequence {Uy} = {U1,Us,...}, which is the codomain elements of f, is called
sequences of sets.

Throughout the study, (Y, p) will be considered as a separable metric space and U, Uy; (k,j € N) will
be considered as any non-empty closed subsets of Y. The double sequence of sets {Uy;} is said to be

(i) Wijsman convergent to the set U provided that

i, (Uss) = 1, (U),

k,j—00

for each y € Y and it is denoted by Uy; LUEN U;

(ii) Wijsman strongly Cesaro summable to the set U provided that
. 1 m,n

m,n—o0 M7
k,j=1,1

for each y € Y and it is denoted by Uy; WIS U;

(iii) Wijsman statistically convergent to the set U provided that for every e > 0

1

m,n—o0 MN

for each y € Y and and it is denoted by Uy; Wa(3) U.

The deferred Cesaro mean Dy, ,, of a double sequence U = {Uy;} is defined by

1 q(m) t(n) g(m),t(n)

Z ty (Ukj),

k=p(m)+1
j=s(n)+1

1
(D¢,<Pu)vrbn = W Z Z My(Ukj) - W

k=p(m)+1 j=s(n)+1

where [p(m)], [¢(m)], [s(n)] and [t(n)] are sequences of non-negative integers satisfying following conditions:

p(m) < q(m), mlgnoo q(m) = o0; s(n) < t(n), nlirréot(n) =00 (1)
and
q(m) —p(m) = P(m); t(n) —s(n) = ¢(n). (2)

Note here that the method Dy, ,, is openly regular for any selection of the sequences [p(m)], [g(m)], [s(n)]
and [t(n)]. Throughout the paper, unless otherwise specified, [p(m)], [¢(m)], [s(n)] and [t(n)] are considered
as sequences of non-negative integers satisfying (1) and (2).

The double sequences of sets {Uy;} is said to be
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(i) Wijsman deferred Cesaro summable to the set U provided that
a(m),t(n)

N Wk_p%ﬂ“yw’”) = 1, (U),

j=s(n)+1

for each y € Y and it is denoted by Uy; 2Ry ;
(ii) Wijsman strongly r-deferred Cesaro summable (0 < r < o0) to the set U provided that

q(m),t(n)

im ———— S |, (Uky) — 1, ()] =0,
e w(m)@(n) k=p(m)+1
j=s(n)+1

for each y € Y and it is denoted by Uy; el U; where if

If » = 1, then the sequence is simply called Wijsman strongly deferred Cesaro summable to the set U

and it is denoted by Uy; W2—[[>)} U; and

(iii) Wijsman deferred statistically convergent to the set U provided that for every ¢ > 0

k,j) i p(m) < k < q(m), s(n) <j <t(n),

1, (Urs) = 1, (U)] 2 e }| = 0

lim

1
Wil

and it is denoted by U, WaDS 7,

The non-negative double sequences a = [ax;] and b = [by;] are said to be asymptotically equivalent to
multiple A provided that

P— lim

=\
k,j—o00 bkj

It is denoted by a 2 b

For any non-empty closed subsets {Ug;},{Vi;} € J such that p,(Uy;) > 0 and p,(Vi;) > 0 for each
y € Y, the double sequences {Uy;} and {Vj;} are said to be Wijsman asymptotically equivalent to multiple
A provided that

U .
lim ,uy( ki) = lim ,uy(Ukj) = A,
k,j—o00 My(ij) k,j—o00

W)\
for each y € Y and it is denoted by Uy; ~ Vi,.
As an example to this concept, the following sequences of circles in R? can be given. Let Y = R? and
double sequences {Uy;} and {Vj;} be defined

Uy = {(u,v) cu? +v? = 2kju = 0},

Vi = {(u,v) : u® +v* + 2kjv = 0}.

Then, we have

A

W,
for each y € Y, i.e. Uy; ~ Vi
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Definition 1 ([16]) For any non-empty closed subsets {Ug;}, {Vi;} € Y such that p, (Uy;) > 0 and i, (Vi;) >
0 for each y € Y, the double sequences {Uy;} and {Vi;} are said to be asymptotically Wijsman deferred sta-
tistical equivalent to multiple \ provided that for every e > 0,
Ukj )
— ) = Al >
Hy ( Vij =¢

e P(m)p(n)

{(k,j) :p(m) <k < q(m), s(n) <j <t(n),

W3 DS
for each y € Y and it is denoted by Uy; ~ "~ Vi,.

The class of all double sequences of sets that asymptotically Wijsman deferred statistical equivalent is
denoted by {W3DS}.

A double sequence 05 = {(kn,jn)} is said to be double lacunary sequence if there exist two increasing
sequences (k,,) and (j,) of integers such that

ko =0, hyy =k — kin—1 — 00 and jy = 0, ﬁn:jn—jn,lﬁooasm,nﬂoo.

3 New Definitions

In this section, we give the definitions of asymptotically Wijsman deferred Cesaro equivalence, Wijsman
strongly deferred Cesaro equivalence and Wijsman strongly r-deferred Cesaro equivalence for double se-
quences of sets.

In the following definitions, we will consider that p, (Uy;) > 0 and p,(Vi;) > 0, for each y € ) and any
non-empty closed subsets {Uy;}, {Vi;} € V.

Definition 2 The double sequences {Uy;} and {Vi;} are said to be asymptotically Wijsman deferred Cesaro
equivalent to multiple X provided that

(m),t(n)
I Ukj
m S, (Y oy
matoe () 2= M\
j=s(n)+1
A
for eachy € Y. In this case, the notation Uy; Wb Vij is used and simply call these sequences asymptotically

Wigsman deferred Cesaro equivalent if A = 1.

Definition 3 The double sequences {Uy;} and {Vi;} are said to be asymptotically Wijsman strongly deferred
Cesaro equivalent to multiple A provided that

1 q("ﬁi(")

lim ————
oo ()2
j=s(n)+1

)|

W3 D
for eachy € Y. In this case, the notation Uy; 2Pl Vij is used and simply call these sequences asymptotically

Wigsman strongly deferred Cesaro equivalent if X = 1.

As an example to this concept, we can give the following sequences of circles in R2.

Example 1 Let Y = R? and double sequences {Uy;} and {Vi;} be defined as following:

{<u,v>eR2:<u+1>2+<v—1>2=,jj} if p(m) < k < q(m), s(n) < j < t(n)

Upj == and k, j are square integers,

{(—e,—€)} otherwise.
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and

kj
Vij == and k, j are square integers,

{(um) ER*: (u—1)2+(v+1)2= 1} if p(m) <k <gq(m), s(n) <j<t(n)

{(—e,—€)} otherwise.

Then, we have

1 Ui ‘
— ) -1 =0, (m,n— )
y .
s, 2 [T )
j=s(m)+1

A
for eachy € Y (i.e. Uy, P Vij, A=1).

Definition 4 The double sequences {Uy;} and {Vi;} are said to be asymptotically Wijsman strongly r-
deferred Cesaro equivalent to multiple A provided that

q(m),t(n)

1 U;j "
lim ————— > |u, (L) = A =0,
m,n— o0 w(m)gp(n) k=p(m)+1 (ij )
j=s(n)+1

W3 [D]”
for each y € Y, where 0 < r < oco. In this case, the notation Uy; X Vij is used and simply call these

sequences asymptotically Wijsman strongly r-deferred Cesaro equivalent if X = 1.

The class of all double sequences of sets that asymptotically Wijsman strongly r-deferred Cesaro equiv-
alent will be denoted by {W3\[D]"}.

Remark 1

(i) For p(m) = 0, g(m) = m and s(n) = 0, t(n) = n, the concepts of asymptotical Wijsman deferred
Cesaro equivalence, Wijsman strongly deferred Cesaro equivalence and Wijsman strongly r-deferred
Cesaro equivalence coincides with the concepts of asymptotical Wijsman Cesaro equivalence, Wijsman
strongly Cesaro equivalence and Wijsman strongly r-Cesaro equivalence (W3 [C]") for double sequences
of sets in [30], respectively.

(ii) For p(m) = km—1, ¢q(m) = kp, and s(n) = jn_1, t(n) = jn where {(km,jn)} is a double lacunary
sequence, the concepts of asymptotical Wijsman deferred Cesaro equivalence, Wijsman strongly deferred
Cesaro equivalence and Wijsman strongly r-deferred Cesaro equivalence coincides with the concepts
of asymptotical Wijgsman lacunary equivalence, Wijsman strongly lacunary equivalence and Wijsman
strongly r-lacunary equivalence for double sequences of sets in [30], respectively.

4 Main Theorems

In this section, we firstly prove some theorems associated with the concept of W' [D]"-equivalence for double
sequences of sets. Let {Ty;}, {Ux;} and {V4,} be double sequences of non-empty closed subsets of Y.

Theorem 1 Let Ty; C Vi for all k,j € N, then

W3 D]" W D]"
Ukj Zi/] ij:>Ukj 2,\[,] Tkj.
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A T
Proof. Assume that Tj; C Vj; for all k,j € N and Uy; W L] Vij. For all k,j € N,

Tij € Vig = 1y (Vi) <y (Tij)

EORE

is hold for each y € ). Thus, for 0 < 7 < co we have

=

()

q(m),t(n) r 1 q(m),t(n) r

1 Uk, Ukj

Y ()N < ———— m\y) =2

P(m)e(n) fmp(rm)+1 (Tkj ) w(m)p(n) k=p(m)+1 (V’” )
j=s(n)+1 j=s(n)+1

. W3 [D]"
For m,n — oo, by our assumption, we get that Uy; 2 [Pl Tyj. ®

Theorem 2 Let Uy; C Ty for all k,j € N, then

D" W)\[D]’r'
Ukj ~ ij = Tkj 2 ij.

A r
Proof. Assume that Uy; C T}; for all k,j € N and Uy; o Vij. For all k,j € N,

Ukj CTrj = gy (Thj) < pyy (Ukz)

NOBE

is hold for each y € ). Thus, for 0 < 7 < co we have

=

(5

q(m),t(n) g(m),t(n) .

1 T r 1 Uy,
LS () < () -
w(m)W(n) k=p(m)+1 (VkJ ) w(m)@(n) k=p(m)+1 ( Vk] )

j=s(n)+1 j=s(n)+1

. W [D]"
For m,n — oo, by our assumption, we get that Tj; 2 [P Vij. ®

Considering that Vj; NTy; C Vi; and Uy; C Uy; UTy; for all k,j € N, we give the following corollary.

A ™
Corollary 1 Let Uy, W IPl Vij. Then

A r A "
Uk; v Vi NTkj  and Uy UTk; " Vij-

In the following theorem, we will give the relation between the concepts of Wi [D] -equivalence and
W3 [C]-equivalence for double sequences of sets.

Theorem 3 Let (ZE’%) and (;EZ%) are bounded. Then, double sequences {Uy;} and {Vi;} are W3\[D]"-

equivalent if these sequences are W3\ [C]"-equivalent.
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A r
Proof. Assume that (p (:Z))) and (:((:))) are bounded, and Uy, Wz ¢ Vi;. Here, we can write
(m),t(n) T q(m),t(n)  p(m),t(n) (n)  p(m),s(n) -
1 g Uk 1 Uk;
Z pyly ) = A = Z Z Z Z y( 7 ) = A
w(m)(p(n) k=p(m)+1 ij) w(m)go(n) k,j=1,1 k,j=1,1 k,j=1,1 k,j=1,1 (Vk])
j=s(n)+1
_ g (1 R (Yea) [
vme() \ a2 [\w,
_pmitn) (1 TR Uy
vme() \ s, 2| 1\,
1 q(m),s(n) T

plmjs(n) (1 O gy
*iomee s 2, () )

for each y € Y. From here, it can be clearly seen that the asymptotical Wijsman strongly r-deferred Cesaro
equivalence of the sequences {Uy;} and {Vi;} is equal to the linear combination of the asymptotically
Wijsman strongly r-Cesaro equivalence of these sequences. Here, this linear combination can be considered
as a matrix transformation. For this matrix transformation to be regular (which is desirable), the sequence

(p(m) + a(m)) (s(n) + t(n))
Y(m)p(n)

must be bounded that similar stuation was shown in [37]. Thus, the proof is completed. ®

Now, we will give some relations between the concepts of W3 [D]"-equivalence and W' DS-equivalence
for double sequences of sets.

Theorem 4 If double sequences {Uy;} and {Vi;} are W3\[D]"-equivalent, then these sequences are W3 DS~
equivalent.

W3 [D]"
Proof. Assume that Uy; 2 [P Vij and 0 < r < oo . For every € > 0, we can write

q(m),t(n) r a(m),t(n)

Uk; Uk "
S @) =S )
k=p(m)+1 J k=p(m)+1 J
j=s(n)+1 j=s(n)+1
ny (7E2) 7| ze

e’ {(k,j) tp(m) <k < g(m), s(n) <j <t(n), p
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for each y € ) and so we have

1 1 a(m),t(n) (%) ) r
= metm),_2= "\,
j=s(n)+1
> 1 (k,7) : p(m) < k< q(m), s(n) < j < t(n) (%> - )\’ >e
— pm)em) || ’ TV

W3 DS
For m,n — oo, by our assumption, we get that Uy; ~ Vij. ®

The sequence {Uy;} is said to be bounded if sup, ; {,uy(Ukj)} < oo for each y € Y. Also, we denote
the space of all bounded double set sequences by L% . The converse of Theorem 4 is provided when the
sequences {Uy;} and {Vi;} are bounded. Otherwise it is not provided. We can explain this situation with
the following example:

Example 2 Let Y = R? and double sequences {Uy;} and {Vj;} be defined as following:

{(u,v) €ER?: (u—k)* + (v —j)? =1} if p(m) <k < q(m), s(n) <j <t(n)
and k, j are square integers,
Ukj =
{(=m,m)} otherwise,
and
{(wv) €R?: (u+ k) + (v+5)* =1} if p(m) <k <q(m), s(n) <j<t(n)
and k, j are square integers,
ij =
{(—m,m)} otherwise.

It is obvious that both double sequences are not bounded. Also, for every e > 0 we have

1 _ | -
%b(m)w(n)‘{(k’j) tp(m) <k < q(m), s(n) <j <t(n), uy(v—;) ~ 1‘ > 5}|
M - m,n — 00

S lmyplny % mm )
WaDS

foreachy €y (i.e. Uy ~  Vij, A=1). On the other hand,

q(m),t(n) U
ﬁ) 1‘ -0, (m,n— o0)
kj

Y(m)e(n) Hy

k=p(m)+1
Jj=s(n)+1

A
for eachy € Y (i.e. Uy, W2 IP] Vijs A=1).

Theorem 5 If double sequences {Uy;},{Vi;} € L2, are W3 DS-equivalent, then these sequences are W3 [D]" -
equivalent.

9 WDS . 9 .
Proof. Assume that {Uy;}, {Vi;} € L2, and Uy; ~  Vi;. Since {Uy;}, {Vi;} € LZ,, there is an M > 0
such that

uJ(‘U/:j) —A‘ <M
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for all k,7 € N and each y € ). Thus, for every € > 0, we have
q(m),t(n)
P(m)p(n) 2

k=p(m)+1
j=s(n)+1

q(n),t(n)

k=p(m)+1
j=s(n)+1

U s
Hy ( ij ) —Alze

q(m),t(n)

e SEDY)
¢(m)¢(”) k=p(m)+1
j=s(n)+1

“y(%)_’\

<e

PY(m)p(n)

{(k:,j) :p(m) <k < q(m), s(n) <j <t(n),

W/\ r
for each y € V. For m,n — oo, by our assumption, we get that Uy; 2 [Pl Vij. m

As a result, combining Theorem 4 and 5 yields the following corollary.
Corollary 2 {W3[D]"} N L2, = {WDS} N L2,.
The following theorems will be considered under the restrictions:
p(m) < 9(m) < ¢'(m) < q(m) and s(n) < s'(n) < #(n) < t(n)
for all m,n € N, where all of these are sequences of non-negative integers.

Theorem 6 Let (%) — L €R. Then

W2 DI" [y, ) W DI (41 )
Ukj ~ ij = Ukj ~ Vk-j.

/ / W3 D",
Proof. Assume that (%) — L € R and Uy; 2 el Vi;. Here, we can write

q(m),t(n) q' (m),t' (n)

FADY
wlm)e(n), o k=p/ (m)+1
Jj=s(n)+1 j=s'(n)+1

Y]

v

|
for each y € Y. Then, for m,n — oo, by our assumption, we get that Uy; ~ kj- W

473



474 Double Wijsman Strongly Deferred Cesaro Equivalence

Theorem 7 Let the sets K1 = {k:p(m) <k <p'(m)}, Ka={k:q¢'(m) <k <qgm)}, h={j:s(n)<j<
s'(n)}, Jo ={j:t'(n) <j <t(n)} are finite for all m,n € N and {Uy;},{Vi;} € L% . Then,
W [P (1,1 W DIy,
Uk] wh ij = Ukj ~ el ij.

Proof. Let the sets K1, K»,.J1,Jo are finite for all m,n € N. Assume that {Uy;}, {Vi;} € L% and

WD [y
Uk;j PR Vij. Since {Uy;}, {Vi;} € L2, there is an M > 0 such that

(1) <0

kj

for all k,7 € N and each y € ). Thus, we have

q(m),t(n) r 1 p'(m)s'(n)  p'(m)t'(n)  p'(m),t(n)

1 Uss Ui
IS D Dl U TR G A S s I MO
w(m)<p(n) k=p(m)+1 Vk] ’(/J(TTL)(,D(’I’L) k=p(m)+1 k=p(m)+1 k=p(m)+1 Vk]

j=s(n)+1 Jj=s(n)+1 j=s'(n)+1 Jj=t'(n)+1

q'(m),s'(n)  ¢'(m),t'(n) ¢ (m)t(n)

1
et |2t 2t 2
k=p’(m)+1  k=p’(m)+1  k=p’(m)+1
j=s(n)+1 j=s"(n)+1 j=t’'(n)+1

q( (n) q(m),t'(n) g(m),t(n)

1 ms
T om)em) Z PN

k=q'(m)+1  k=q'(m)+1  k=q'(m)+1
j= s(n)+1 j=s"(n)+1 j=t’'(n)+1
§ 1q(m),t(n),u(Ulw_)_)\r—’_8 M
= T, 2 1\, e ()
j=s'(n)+1

4%
for each y € Y. Then, for m,n — oo, by our assumption, we get that Uy; ~ ] Vij. m

5 Conclusion

In this study, we introduced some new asymptotical deferred Cesaro equivalence concepts in the Wijsman
sense for double sequences of sets, which are more comprehensive than the concepts given in [30]. Also,
we proved some theorems associated with the concept of asymptotical Wijsman strongly r-deferred Cesaro
equivalence (0 < r < 00), and we showed that for bounded double set sequences, {W3'[D]"} = {W3DS}.
Furthermore, these defined concepts can be extended to new concepts for double sequences of sets with the
help of the concepts of ideal convergence, invariant mean.

Acknowledgment. The author is thankful to the referees for their valuable comment.
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