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Abstract

In this paper, we present Hadamard type fractional integral inequalities by using k-analogue of Rie-
mann Liouville (RL) fractional integrals. These inequalities are obtained by using a general class of
functions called strongly exponentially (a, h —m)-convex functions. Error estimates are also established
for differentiable functions applying some well known identities.

1 Introduction
A convex function is usually defined as follows:
Definition 1 A function f : I — R, where I is an interval in R, is said to be convex function if
fre+ 1 =r)y) <rf(z)+ (1 -r)f(y) (1)
holds for all z,y € I and r € [0, 1].

The Hadamard inequality is the geometric visualization of convex function which is stated in the following
theorem:

Theorem 1 ([25]) If f : I — R is a convex function on the interval I of real numbers and a,b € I with

a < b, then
a b .
f< ;rb>§bia/f(w)dx§f();f(b). o

The above inequality is studied very frequently. For some recent versions of this inequality, we refer the
researchers to [3, 4, 7, 8, 11, 12, 13, 14, 15, 25, 17].

Convex functions are very useful for the establishment of very known and vital inequalities. An important
and significant generalization of convex function is strongly exponentially (o, h — m)-convex function. This
generalized form of convexity is given in the following definition:
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394 Fractional Integral Inequalities of Hadamard Type

Definition 2 ([29]) Let J C R be an interval containing (0,1) and let h : J — R be a non-negative function.
A function 1 : [0,b] — R is called strongly exponentially (e, h — m)-convex function, if ¢ is non-negative and

for all x,y € [0,b], z € (0,1), n € R and (o, m) € [0,1]2, C > 0 one has

P) e ) _mC

enT env  en(zty)

Pzz +m(l = 2)y) < h(z") h(z*)h(1 = 2%)|y — =, (3)

Remark 1 By selecting suitable function h and particular value of parameters m and n, the above definition
produces the functions comprise in the following remarks:

(i) By setting C =0, n =0, (a, h — m)-convez function [7] can be obtained.
(i) By setting C =0, n =0 and a =1, (h — m)-convex function [20] can be obtained.
(iii) By setting C =0, n =0 and h(t*) =t%, (o, m)-convex function [18] can be obtained.
(iv) By setting C =0, 1 =0, a =1 and m =1, h-convex function [28] can be obtained.
(v) By setting C =0, 1 =0, a =1 and h(t) = t, m-convez function [26] can be obtained.
(vi) By setting C =0,n1=0, a =1, m=1 and h(t) = ¢, convex function [24] can be obtained.

(vii) By setting C =0, n=0, m =1, a =1 and h(t) = 1, p-function [6] can be obtained.

(viii) By setting C =0, a =1 and h(t) = t°, exponentially (s, m)-convex function [22] can be obtained.
(iz) By setting C =0, « =1, m =1 and h(t) = t*, exponentially s-conver function [19] can be obtained.
(x) By setting C =0, a« =1, and h(t) = t, exponentially m-convez function [23] can be obtained.
(xi) By setting C =0, « =1, m =1 and h(t) = t, exponentially convex function [2] can be obtained.

(zii) By setting C =0, 1 =0, a =1 and h(t) = t*, (s,m)-convex function [1] can be obtained.

S

(ziti) By setting C =0, a=1,n1=0, m=1 and h( t%, s-convex function [19] can be obtained.

t) =
(ziv) By setting C =0, a=1,n=0, m =1 and h(t) = 1, Godunova-Levin function [10] can be obtained.

(zv) By setting C =0, a =1, 7 =0, m =1 and h(t) = t%, s-Godunova-Levin function [5] of second kind
can be obtained.

The aim of this paper is to give a version of the Hadamard inequality for generalized class of convex
function namely strongly exponentially («, h —m)-convex functions by using k-fractional integral operators.
Fractional integral operators are very useful in mathematical inequalities. The following definition gives the
left as well as right Riemann Liouville (RL) fractional integral operators:

Definition 3 Let f € Li[a,b]. The left and right RL fractional integrals I, f and I}* f of order a € C,
Re(a) > 0 of f are defined by

I f(x) = ﬁ /y(x -t f(Hdt, x> a,
and . .
e fa) = @/ (t— )= F(t)dt, o <b

respectively. Here I'(v) is the Euler’s gamma function and 1%, f(z) = I} f(z) = f(x).

RL fractional integral operators have been generalized in many ways. In [16], Mubeen and Habibullah
gave Riemann Liouville k-fractional integrals as follows:
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Definition 4 Let f € Ly[a,b]. The left and right RL k-fractional integrals I:;kf and I;I_’kf of order a € C,
(@) > 0 of f are defined by

140w) = s [ @0 2>

and

b
I f(z) = kr:(a)/x (t—2)FLf0)dt, z<b

_wk
where T (o) = [JCw* te v dw, is the k-gamma function and Ig;lf(:c) = Il?’,lf(x) = f(x).

The rest of the article is organized in the following manner. In Section 2, we prove k-fractional integral
inequality of Hadamard type for strongly exponentially («, h —m)-convex functions and deduce some related
results. In Section 3, we prove a version of k-fractional integral inequality of Hadamard type for differentiable
functions f such that |f’| is strongly exponentially (a, h — m)-convex. In Section 4, we prove k-fractional
integral inequality of Hadamard type for product of two strongly exponentially («, h — m)-convex functions.

2 Main Results

In the following we give k-fractional integral inequalities of Hadamard type for strongly exponentially («, h —
m)-convex functions.

Theorem 2 Let f:[0,00) — R be a strongly exponentially (a, h —m)-convex function with modulus C' > 0,
(a,m) €10,1]? and n € R. Also let f € L1]a,b], a,b € [0,00) and if h(x +y) < h(z)h(y), then we will have

) + 110
1 b a 1
< (ii?+g?>/o tz—lh(ta)dt—i—m(fe(i?) +fe(i3)>/0 tE L h(1 —t*)dt
2mCkh(1)|b — al?
N aen(a+b)
! 1@ IO ([ genigr)”
= Gropr0i (G +58) ([ oara)

)

ile

3R

nb
em (&

b 1 @ . —al?
R e LN y

where p~ ' +q¢ 1 =1 and p > 1.

Proof. Since f is strongly exponentially (o, h — m)-convex on [a, b], then for (a,m) € [0,1] and ¢ € [0, 1],
we have

Fta+ (1 —1)b) + f((1 - t)a + tb)

b a a _ o) |p —
< by [22 4+ LT sy o [fe(%ufe({?)]_zmm(t 1= )~

from which by multiplying both sides with ¢% ~! and integrating over [0, 1], we will have

/1 tE 7 f(ta+ (1 = t)b) + f((1 — t)a + tb)]dt
0
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I a)]/dtz_wwl—tﬂdt

e

)

) I

€

3o
3=

=

< [fo ., 2]

ena enb

1
/t%ﬂmﬂﬁ+m
0

S
3

1 2
2mC|b — a| o a1
_A‘géﬁﬂT*thu_tﬂk dt.

By changing variables and putting the condition h(x + y) < h(x)h(y), we will have

Elk() ok ok
m[‘[@+ () + 1,27 f(a)]
fla) | f(b) ! a_17 (%) f (%) ' a1 o
S |:677a+ enb:|/0 t h(t )dt+m e%) + e% /0 t h(l—t )dt
2mCkh(1)|b — al?
_ Py . (5)

Which completes the proof of first inequality in (4). The second inequality in (4) follows by using the
following inequalities via Holder’s inequality

/01 ()t < W </01(h(ta))th) "

/Oltzlh(l —t*)dt < W (/Ol(h(l —ta))th> "

Thus from (5) we will get (4). =

Corollary 1 The following inequality holds for (e, h — m)-convex function via RL k-fractional integral
kL) ()
(b—a)®

< (f(a) +f(b))/1tif—1h(ta)dt+m (f (:l) L f (:1)) /Olt%—lh(l —)at

0

1555 F(0) + I £ (a)

1
(gp—p+1)¥

e (1(2) 45 () ([ e —ta»wt);] . ©)

Proof. By setting C = 0 and = 0 in inequality (4) of Theorem 2, we get above inequality (6). =

<

@+ son ([ 1(h<t“>>‘ldt)é

Corollary 2 The following inequality holds for (h —m)-convex functions via RL k-fractional integrals

m 19 £(b) + I f(a)
< @) | (ot +m [f (i) +f (m /Olt“h“ ~ Ot
s (L) s en (@) ).

Proof. By setting C =0, 7 = 0 and o = 1 in inequality (4) of Theorem 2, we get above inequality (7) which
is given in [7, Theorem 2.4] m
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Corollary 3 The following inequality holds for h-convex function via RL fractional integrals

F(a) « «
(b—a)" [15+ f(0) + Iy f (a)]
’ < @O ()
< [f( )+f(b)}/0 t*7HA(t) + h(1 —t)]dt < — (/0 (h(t)) dt> . (8)

Proof. By setting C =0,7=0,k =1, m =1 and @ =1 in inequality (4) of Theorem 2, we get the above
inequality (8) which is given in [27, Theorem 2.1]. m

Corollary 4 The following inequality holds for exponentially (s, m)-convexr function via RL k-fractional
integral

krk(a) o,k a,k
@—T)%[Iﬁ f(0) + 12" f(a)]
fla) f®)7] K F(E) f(&)] . e
< L”“ + enb} a+ks+m gD + e B(E’S+1)
b a
. {f(:i) . f(;ﬂ b [1G) +f(n,y)] m_ ©
e e a+ks em em (%p—p+1)v(qs+l)q

Proof. By setting C =0, a =1 and h (%) = (%)S in inequality (4) of Theorem 2, we get above inequality
(9) which is given in [9, Theorem 1]. m

Corollary 5 The following inequality holds for (s, m)-convezx function via RL k-fractional integral

TSI F0) + 2 o)
< U@+ 0] s+ | () +7(2)| 8 (T 1)
k b a m
< U@+ 0l g+ | () + /(5] [T (10)

)S in inequality (4) of Theorem 2, we get above

Proof. By setting C = 0,7 =0, « = 1 and h(%) = (%
]

inequality (10) which is given in [9, Theorem 4].

3 Error Estimations

In the following error estimates of k-fractional Hadamard type inequalities for strongly exponentially (o, h —
m)-convex functions in terms of their first derivatives are obtained. For next result we will use the following
lemma.

Lemma 1 ([7]) Let f : [a,mb] — R be a differentiable mapping on interval (a, mb) with a < mb. If f' €
Li[a, mb], then for k-fractional integrals we will have

f(mb)+ f(a)  KTk(f +k) o .
> S a)F U (b + L f ()]

mb—a

1
- ™ /O[(1—t)k—tk]f(m(l—t)b+ta)dt.
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Theorem 3 Let f : [a,mb] — R be a function such that [a,mb] C [0,00) and f € Lila,mb]. If |f'| is a
strongly exponentially (o, h —m)-convex function with modulus C > 0, (a,m) € [0,1]2, n € R and h? € [0, 1],
g > 1. If h(z + y) < h(x)h(y), then for RL k-fractional integrals we have

‘fmb + fla) _ FTk(F 2

(mb—a
=
g
(/Ow(l wyiar|

1,1 _
where};—&—a—l.

135 f(mb) + Iy f(a)]

{2’@"“ (2p+1) ] )
floera]’) g
/;(h(l —t“))th] 1)] _ 2mj(|f+—b)al2 {2(;(%‘%111)}} )

Q=

Q=

_|_

Proof. By using the property of modulus from Lemma 1, we will get

’f(mb)+f(a) k(% + k)
2(mb —a)*

135" f(mb) + I f(a)

mb

/ |(1—t)F —t%||f (m(1 — )b+ ta)|dt.

By strongly exponentially («, h — m)-convexity of |f’|, we have

Fmb) + fla) KRS8 |
e e 2 ) + 13 £ (o)

mb—a 3 N N ’ "(a m a — 4 |p — al?
| IO A A LI LA
0

IA

2 enb ena en(a+b)

1 ! /a m a i _a2
+/ [(1—8)%F — 7] [mh(l )|f (0)] +h(ta)\f( )| mCh(t*)h(1—t*)|b—a] }

1 ena en(a+b)

2
1

) me—a{ue'fljn l/;(l_t)%h(ta)dt—/O?

+w VZ(I —t)Fh(1l — t¥)dt — /Et%h(l t“)dt]
el 0 0

t* h(t“)dt}

_% MQU — ) Fh(t*)h(1 — t*)dt — K tER(t*)h(1 — ta)dt]
+|f/7(72l)| l/lltkh(ta)dt—/l(l_t)zh(ta)dt]
L[ /f(l—t)ifh(l—ta)dt]

iU [ / LR R(L — 1)t — / (- )RR - t“)dt] } : (12)

2
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Now by using Holder inequality in the right hand side of (12), we will get

‘f(mb) + f(a) k(Fmé _*a )’“) 125 F(mb) + 125 f(a)]

e { T [([mi:i%p_jn} a [2%p+1<l‘;;p+ 1)} ;> l/o[h(ta)]thr

= 9 ena

(i) gl ]

2kp+1( p_|_1

_mClb—a? [/2(1 — 1) F () h(1 — t*)dt — tF h(t*)h(1 — ta)dt]
0

en(a+b)
\f;gb)\ |:<|:2ki:zjz—lp—il):|; - {zml(l p+1)r) Vj[m _ta)]th] ;

(] ) [ -er] |

/1 tER(E™)h(1 = t%)dt — (1 — ) FR(t*)h(1 — ta)dt] } '

) < h(x)h(y) and after some calculation one can get inequality (11)

By putting the condition h(x 4 y) <
Corollary 6 The following inequality holds for exponentially («, h — m)-convex function via RL fractional

mC|b — al?
en(a+b)

integrals

Q[I;X+f(m )+ Loy fla)]

‘f(mb)+f(a) [(a+1)
2 2(mb — a)

: mes (] b))
. [lf;f,ff)' ([/ﬁh@a»th f(h“a”thr)
/l(h(l - t“))th] )] : 1)

4
3). m

Proof. By setting C =0, k = 1 in inequality (11) of Theorem 3, we get the above inequality (13)

1
q

_|_

1
q

+

-

Corollary 7 The following inequality holds for (e, h — m)-convex function via RL k-fractional integrals

‘ fmb) + 1(@) _ FUu(E 4R ok 4 10k p(a)

2(mb — a)*
_ omb—a ([ 281 1P 1 g
= T2 2frHl(ep+1)|  [2FPFI(gp+1)

g

1
q

_|_

/; l(h(t“))th] )

x [|f’<a>| ([ / Y () 1de
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1
q

+

1
2

+mlf (b)] Vog(hu—ta))qczt /(h(l—t“))th]q . (14)

Proof. By setting C = 0, n = 0 in inequality (11) of Theorem 3, we get the above inequality (14). m

Corollary 8 The following inequality holds for (h — m)-convex function via RL k-fractional integrals

‘ f(mb) + f(a)  KLy(% %)[Igff(mb)—klgjfff(a)]

2 2(mb — a)

(mb—a) [|f(@)] +mlf ®)] ([ 28r+1-1 17 1 ;
: 2 <[2“’“( p+1)} [2“’“( p+1)}

1

L 1(h(ta))th] Rl (15)

2

[
~—

+

Proof. By setting C = 0, 7 = 0 and o = 1 in inequality (11) of Theorem 3, we get the above inequality
(15). m

Corollary 9 The following inequality holds for exponentially (s, m)-convexr function via RL k-fractional
integrals

'f(mb)+f(a) FLRGE HR) ok by 4 13 ()]

2 2(mb—a)®

m[ ' ®)] | ()
(mb — a) ( o T “ona 9g+s+1l _ 9 1 s 92¢s+1 _ q 3
< _ _
- 2 2k T2 g+ 1) {2#’“( p—i—l)] [2qs+1(qs+1)}

- [2 iii?lpjl)r [Qqsﬂ(;ﬂ)r”. (16)

Proof. By setting C =0, « = 1 and h(t) = ¢° in inequality (11) of Theorem 3, we get the above inequality
(16) which is given in [9, Theorem 2]. =

Corollary 10 The following inequality holds for exponentially (s, m)-convex function via RL k-fractional
integrals

‘f(mb)+f(a) N ka(Z‘ k)
2 2(mb — a)*
(mb —a) (m|f (b)] — |f'(a)]) 255t — 2 _[ }[ gustl _ }

B 2 2fFstl(@ g4 1)  [2FPFL(2p 1) | [295+1(gs + 1)

i [2?”*??‘,1:10_4:1)} {245+1(}]5+ 1)} ;1 } (17)

Proof. By setting C = 0,7 =0, @« = 1 and h(t) = t° in inequality (11) of Theorem 3, we get the above
inequality (17) which is given in [9, Theorem 5|. m

55" f (mb) + Iy f (a)
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4 RL k-Fractional Integral Inequalities for Product of Two Func-
tions

Now we obtain some Hadamard type inequalities for product of two exponentially (c, h—m)-convex functions
via RL k-fractional integrals.

Theorem 4 Let f,g: [0,00) — R be functions such that fg € L1[a,b], a,b € [0,00), a < b. Also, let function
[ 1is strongly exponentially (o, h — my)-convex and function g is strongly exponentially (o, h — mo)-convex

n [0,00) with modulus C > 0 and (a,my), (o, ma) € (0,112 If h(z + y) < h(z)h(y), then the following
inequalities hold for RL k-fractional integrals

Elk(a) [rak a,
B L 090+ I fa)g(o)

{f(a)g(a) . f(b)g(b)} Altiliﬁ(t‘l)dt

e2na e2nb

I CE T BT L) P
0

I R (rersy G R Crersy

1o () 1G] s
e 0

my tmg mytma
oSy ) na( o)

+mims

e

mumaOlp — af [f () +o (@) | 7(5) +o (i)

1
- - / tE L h(t*)R2(1 — t*)dt
en(a+b) e”(%+%) o (,;:1+7;:2) ] 0

—Clb— a)? {mlg( a) +maf(a) i m1g(b) +m2f(b)}

en(2a+b) en(2b+a)

/ tRTIR2 () (1 — t*)dt

0

2m1m202\b (1‘4 a o o
T / tE A2 (t*)h2 (1 — tv)dt

— { h2‘1 £ dt)l {f(a)g(a) N f(b)g(b)]
b

IN

(gp—p+1)» e?n e2nt

ma f(a ( ) mig(a) f (%) . ma f(b)g (miz) m1g( gn;) (/ t”‘)h(l—ta))th)}]

RGeS RICE) (0 55)
! @ f(i)g(i) 7 () L 2mmaCP k(D] — a*
2 o mi msa 1M2 (1)“) G,‘
+ (‘/0 h q(l —1 )dt) mimso b( w:ﬂllt:lr;z) + 7]a(7r:n11+7;’:;2) aen(2a+26)
mimsCr2 ()~ af? [ () +9(m%) ) e e
B n(a+b) b b + a o tk h( )dt
e en(m71+mz) en(mfl-‘r@) 0
mig(a) + maf(a)  mig() +maf(b)] [* a_ o
—~Ch*(1)|b - 2[ : en<2a+b>2 +— e17(2b+a)2 ]/O 5T R(L + ) dt, (18)

wherep>1and%+%:1.
Proof. Since function f is strongly exponentially (a, h —m1)-convex and function g is exponentially (o, h —
ma)-convex, for ¢ € [0,1], we have

Fta+ (1 —t)b)g(ta + (1 — t)b)
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—mlmgCh(to‘)hQ(l — ta) + mlmQCQhQ(to‘)hQ(l — ta)

b
afaga 6] (xf(a)g my « afa b—aQ
S hQ(t )%—‘erh(f; )h(l—t )n(a_,'_b))_mQChQ(t )h(l—f} )%
e m2
+myh(t*)h(1 - to‘)ga)f("b”) + mimah?(1 — ta)f("l;)g("?"’)
oot s) ()
fl2 | al? b o2
o . my N wgla a
,ml’ITLQCh(t )h2(17t )En(azlﬂrré’l)mlc’h?(t )h(l*t )%
g () 10— o b
e

7](a+b+m—q) en(2a+2b)

By multiplying both sides of above inequality with t% ~! and integrating over [0, 1], we have

/1 t& = f(ta + (1 — t)b)g(ta + (1 — t)b)dt
0

f(a)g(a) ! %71 2/ mzf(a) (m%) ' %71 @ «
< eT/O 12t )dt+(a+)A TR h(1 — 1) dt

_ a2
~meCRE ol [ ena e
e a

0
mig(a)f (mil) L . mime f (i)g(%) 1 "
+—/ tE T R(E*)h(1 —t)dt + e / tr T hA(1 —t%)dt
gars)  Jo S rer) 0
mlmng( )\b—a\z miC _ 2 1
-1 ayp2 a 1 g(a)|b CL‘ 2112 e
Matbt ) [) tETR(E)hT(1 —t )dt*W ; R RF(EM)R(1 — tY)dt
mlmQC’g( ) |b— al? s C2lb — alt 1
2121 — gygp 4 2O —alt [T e 1po a2 e
) [;t a1 — ey + MRl [ e - yar

By substituting z = ta + (1 — t)b in left hand side of above inequality, we get

kg (o)
KO ok 0)g(0)
(b—a)®
o ma f(a)g mlz 1
< {lala) tk1h2(t°‘)dt+< )/ tE R h(1 — ) dt
627111 0 6n<a+% 0
mgla)f () 1. mmaf ()9 (%) /1.,
+—/ FET RV R(L — £9)dt + ) / FEIR2(1 — ) dt
7/(«1-&-%) 0 MRy 0
mimClb — af® f(ml) +g(m > a1y a2 o
_mmaClh em=y /0 2T R()R2 (1 — 1) dt
Clb — al? [mag(a) + maf(a)] 21,200 o
_ ! /0 IR0 h(1 — %) dt

mymeC?|b — al?

1
L—1712/a\1,2 (e}
Gt /0 tF IR (1) R2 (1 — t*)dt.
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By using Holder inequality we will have

1 1
/ tE A2 (At < —————— (/ B2 (t> dt) :
0 (gp—p+1)» \Jo
1 1
/ t* ()1 — t*)dt < ——————— (/ ))th> :
0 )e 0

(kp p+1

1 1 1
/trlh2(1—t°‘)dt< _— (/ h*1 ) :
0 (Fp—p+1)7 \Jo
Thus we will get

BT ok (g 1)

(b—a)®
1 maf(a)g mLQ L,
< M/ tkth(ta)dt+()/ tfﬁlh(ta)h(lfta)dt
eZna 0 en (a+ 7:2 ) 0
b b b
+W/lt2—lh(ta)h(l —t%)dt + mamsf ( )9 (m) /1t%—1h2(1 —t%)dt
myt+my
e"(H%) 0 e Catms) 0

_mamyClb—af? [f(,f;) *9(732>] /1tz—1h(t“>h2(1_t“)dt

oD | T ) |

Clb— al? mig(a) + maf(a)] [ S 1,200 .
- en(2atb) /0 ERTRT (%) R(1 — %)t

mimsC?lb —al* [ @ 112002 o
+W Otk h(t )h (].—t )dt

1 { (/01 h2‘1(ta)dt>; % + </01(h(t“)h(1 — m)%)é

— T
(Gp—p+1)7
b

(/ (- t“)dt); el (T),ng (&
0 b )

en ( mimo

+ma

RICE) e(wta)
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b b
mumaC2RA ()b~ al*  mymaCH(D]b ~ af [f () +9 (m)] [tz e
0

ael(2a+2b) en(a+b) 67,(L+m%)

Ch*(1)|b— af? [maig(a) + maf(a)] [* o, N
- . /0 EE U (L 4 1) dt.

Similarly by changing the roles of a and b, after a little computation one can get

P 1k fa)g(a)

(b—a)¥
1 maf(0)g () 1 .
f(b>g<b)/ P20 g T2 ( >/ tETh(t)h(1 — t)dt
e2nb 0 e"(b"‘%) 0
migO) f () 1 . mimof (=) 9(ms) .
+1()/ TR0V h(1 — 1)t 4 — ()( >/ PR — 1)t
en(lﬂrﬁl) 0 ena(W) 0

(19)
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_mumaCla o [1(5) +9 ()

1
/ tE T h(t)A2 (1 — t*)dt

en(bta) () 0
Cla —b|? [m1g(b) + ma f(b)] a_1;9
- iyl /0 FELR2(1R(1 — 1)t

mimaC?la —b* (1 o o o

! {(/01 h2‘1(t“)dt>; f@fb(b) 4 (/Ol(h(t“)h(l _ my&u) !

[mz f::zj+(§) + m1gii)(l:+<nf1)> + (/01 th(l — ta)dt> ’ mims 4][ E:fbl(l}g;ég%) }

mymeC?kh?(1)|a — b
aen(2b+2a)

o mmaewia—op [£Gi) vo )] e
— ) — te T (2 —tY)dt
en en(mil—i_miz) 0
Ch?(1)]a — b)? v [t
_Ch*(1)]a Lnggzﬁ)(awmgf( )]/0 FEUh(1 4 £9)dt. (20)

Adding (19) and (20), we get the required result. m

Corollary 11 The following inequality holds for exponentially (c, h —m)-convex function via RL fractional

integrals
G I F0)g(0) + T F(a)g(a)]
< {f (ZQ);‘,’@(“) + 1 (Zf,’b(b)} /O L2 (eay
f@e (L) 1o () g@f () 90 G o )
*{m“‘[ewaﬂ;) ") }*"“_en( g | b e
b b a a1
< p+1;{ o) L), 1000
maf(@)g (25) mg@)f () maf®@o () mo®f (F)] N
{ ) ) T ) )| L M)

mi

1 : f(
+ h29(1 — t™*)dt +
([ - e [m 9IS AL

Proof. By setting C =0 and k£ = 1 in inequality (18) of Theorem 4, we get the above inequality (21)

g(2) () (:2)] } (21)

Corollary 12 The following inequality holds for (a, h — m)-convex function via RL k-fractional integrals

ETk(@) o, o
B o e 1090) + 1 (@)oo
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[f(a)g(a) + f(b)g(b)] | tET R () dt

<

f(b)g (

m

) (i

ﬂ /Ultiliﬁ(l —1%)dt

IN

mg(@)f (o) +maf@g () + g (
AW

(-] o ()2 (2o

Proof. By setting C' = 0 and n = 0 in inequality (18) of Theorem 4, we get

a

my

a

1 ma

my

azﬂ +m [g(a)f (ﬂi) T g(b)f ( i

)]}
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ﬂ } /01 tF T h(t)A(1 — t*)dt

a

my

>] (/ol(h(taﬂl(l - t“))th>é

(22)

the above inequality (22). m

Corollary 13 The following inequality holds for (h —m)-convex function via RL k-fractional integrals

kl‘k(a)
(b—a)*

[F(@)g(a) + F(b)g ()]/ 12 () dt

Hf()
{(hﬂ

1 (B)g(B) + mama f (Wf) g (

[I;jf F)g(b) + 1" f (a)g(a)}
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1
o 1
($p—p+1)7

b

ma
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e

a

my

+ maf(b)g (;;) +mag(b) f (

I}

mi

o ( )} {gw () -omi 2
2 1—t

)+ (] (h(tyh(1 — t))%lt)é a0y () +mag(o)s (

)} } /01 t% " h(t)h(1 — t)dt

b

mi

)

(23)

Proof. By setting C =0, n =0 and o = 1 in inequality (18) of Theorem 4, we get the above inequality (23)

which is given in [[7], Theorem 4.3]. ®

Corollary 14 The following inequality holds for exponentially (s, m)-convex function via RL k-fractional

integrals
(’ZF’“ i")‘?; [Ij;’“ Fb)g(b) + 2" ¢ (a)g(a)}
< k ) [f(a)g(a) f(b)g(b)]
o+ 2ks e2na e2nb

b

) . g(a)f (m1

a

9)f (5=

+ lml ( en(a+,f§1>>) + mo (

RICEy)
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(i) o (%) +f(ni)g(7&)]6(

%,2s+1)

o my tmg mit+mg
enb( mymo ) e my1mg )

na(

+mime [

a+2ks) | e e (o) ()

(5505 | Gt (o
f(fsl)g("z)g(ysl)g(nz)]( C ) )

(- >[f<a>g<a>+f<b>g<b>]+[ml (9<b>f () , st)s (nil))

3=
Q=

+mims

(24)

b(matma ) Tty ap—kp+k 2qs+1

s e atmy)

e

Proof. By setting C =0, « = 1 and h(t) = ¢° in inequality (18) of Theorem 4, we get the above inequality
(24) which is given in [9, Theorem 3]. m

Corollary 15 The following inequality holds for (s, m)-convex function via RL k-fractional integrals

;) @ata) + s@)g0o)

(a7 () atarr (o)) (1000 () + 1600 (o)) |8 (550 541)
a1 () o () 4 () )| 2 G 2e0)

(55 ) V@@ + £+ [m (5001 () 4ot (o))

s (10 (i) < o (52))] Gmrmre) (1)

SRS RS PO M D S D

Proof. By setting C =0, 7 =0, @« = 1 and h(t) = t° in inequality (18) of Theorem 4, we get the above
inequality (25) which is given in [9, Theorem 6]. ®
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N
Q
_|_
(&)
5

IN

Theorem 5 Let f,g: [0,00) — R be functions such that fg € L1[a,b], a,b € [0,00), a < b. Also, let function
f s strongly exponentially (a1, h — my)-convex and function g is strongly exponentially (g, h — ma)-convex
on [0,00) with modulus C > 0 and (o,my), (o, ma) € (0,1]% If h(z +y) < h(z)h(y), then the following
inequalities hold for RL k-fractional integrals

B L 090) + I (@)@
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en(2a+b) en(2b+a)

f(m%> + f(mi) /1t%—1h(2—t“1)dt—mlmz(JIb—aF

o (a+b+n%l) o <a+b+mi1) 0

b a
0(2) , ol)

en (a+b+ ,,%2)

1
mlC|b—a|2[ 9(a) + 9(b) }/ t* T h(tY2 4+ 1)dt — mymoClb — al?
0

X

1 o 2 1 201 4
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26
(a+b+:2) | Jo en(2a+2b) (26)

7]
6]

Proof. Since function f is strongly exponentially (a;, h—mq)-convex and function g is strongly exponentially
(a2, h — mg)-convex, then for ¢ € [0,1], we have

flta+ (1 —t)b)g(ta+ (1 —t)b)

a b
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—mymaClb — al?h(t*?)h(1 — t*)h(1 — t*2)

b
2 aq o g Q(E)
—mimaClb — al?h(t*)h(1 — t*)R(1 — t*2)——~ 2L
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iy C1b = al B )R (1 — %) h(1 — £°2).

By multiplying both sides of above inequality with t* ~! and integrating over [0, 1], we have

/1 t& = f(ta + (1 — t)b)g(ta + (1 — t)b)dt
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1
— e2na 0
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By substituting w = ta + (1 — t)b in left hand side of above inequality, we get
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and similarly by changing the rules of a and b, after a little computation one can get
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()9 (%) /1 £ h(1 — 2 )h(1 — %)
0

(28)
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Adding (27) and (28), we get the required result. m

Corollary 16 The following inequality holds for exponentially (c, h — m)-convex function via RL fractional
integrals
[(e)
(b—a)

{f(:ggfa) 4 f(:ggb(b):l /0 ta—lh(tal)h(tCzQ)dt
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0

b a
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Proof. By setting C =0 and k& =1 in inequality (26) of Theorem 5, we get the above inequality (29). m

Corollary 17 The following inequality holds for (a, h — m)-convex function via RL k-fractional integrals

kl“k(a)
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< [f@g(a) + FO9B) [ 15 (e e

o ()3 () 5 (2o (2)] -
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Proof. By setting C' = 0 and = 0 in inequality (26) of Theorem 5, we get the above inequality (30) which
is given in [7, Theorem 4.6]. m

Corollary 18 The following inequality holds for (o, m)-convex function via RL fractional integrals
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(65} b
+ b f | —
(o + aq)(an —|—a2—|—a)mlg( ) <m1>
1 1 1 1 a a
i - — — . (32
+<a a+ o a+a2+a1+a2+a)m1m2f<m1)g<m2) (32)

Proof. From (27) by setting C =0, 7 =0, k =1 and h(t) = ¢, we get (31). Similarly, using C =0, n =0,
k=1 and h(t) = ¢ in (28), we get (32) which is given in [21, Theorem 12]. =
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