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Abstract

We consider the following nonlinear von Karman system in a bounded domain with infinite memory
and distributed delay

w(, ) + A%u(z, t) — / " () A, t — )y + () + / " (Yt — 8)ds = [u, F(u)],

T1

under suitable condition on relaxation function, we obtain the decay rate of the system in using an
appropriate Lyapunov functional. Our result generalizes the previous one in [1].

1 Introduction
We omit the space variable z of u(z,t), u:(x,t) and for simplicity reason denote u(z,t) = u. We denote

Wo={ue H*Q) |u=Au=0 ondQ}

and
W={ueH"Q)|u=Au=0 on 9Q}.

In this paper we investigate the decay properties of solutions for a von Karman equation of the form

wee (2, 8) + A%u(z, t) — [ g(7)A%u(z, t —y)dy

() + [ po(8)ue (@, t = s)ds = [u, F(u)],  in Qx]0,+o00],

A%F(u) + [u,u] = 0, on 2x]0, +00[,

u(z,0) =uo(z), u(z,0)=ui(z), in Q, (1)
o,u=0,v=0, on I'x]0, +o0[,
uzuzO,F(u)zaFai(yu)zo, in I'x]0, +o0]

ug(x, —t) = folz,t), in Qx]0, 72/,

where Q C R? is a bounded domain with sufficiently smooth boundary 92, v = (v1,v2) is the outward unit
normal vector to 9Q, 71 and 72 are nonnegative constants with 71 < 79 and pq : [71,72] — R is a bounded
function = = (x1,22) € €, g is a kernel function which will be specified later and Von Karman bracket is
given by
0%u 0%v 0%u 0%v  0%u d*v
[, ] = 0x2 9y2 " 0xdy Ozdy + Oy? 0x2’
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belonging to a suitable space.

To motivate our work, let us recall some results regarding von Karman system.

Theodore von Karman (1910) [16] started the nonlinear system of partial differential equations for great
deflections and for the airy stress function of a thin elastic plate. For several years this system was studied in
different situations. Using frictional dissipation at boundary, I. Lasiecka et al. [9, 10, 11] proved the uniform
decay of the solution. G. P. Menzela and E. Zuazua [3] by semigroup properties gave the exponential decay
when thermal damping was considered. For viscoelastic plates with memory, Rivera et al. [4, 8] proved that
the energy decays uniformly, exponentially or algebraically with the same rate of decay of the relaxation
function. C. A. Raposo and M. L. Santos [2] gave a general decay of solution for the finite memory case.
Though the presence of rotational inertia —Awuy; is quite legitimate from the physical point of view, it gives
the amount of regularity necessary to compute via a suitable Lyapunov functional. Recently, Cavalcanti et al.
[12] considered problem (1) under the condition ¢'(t) < —H(g(t)), where H (s) is a given continuous, positive,
increasing and convex function such that H(0) = 0. The feature of the work [12] is to provide wellposedness
of both weak and regular solutions, and sharp and general decay rate estimates without accounting for
regulazing effects of rotational inertia by pursuing the strategy introduced in [7, 5, 6].

On the other hand, Fabrizio and Polidoro [13] obtained exponential decay rates of solutions to a linear
viscoelastic wave equation under the condition ¢/(t) < 0 and e“*g(t) € L*(0,00) for some a > 0. Our
method of proof uses some ideas developed in [17] for the wave equation with delay and some estimates of
the viscoelastic wave equation, enabling us to obtain suitable Lyapunov functionals, from which are derived
the desired results. We recall that for u; = p,, Nicaise and Pignotti showed in [17] that some instabilities
may occur due to the presence of the viscoelastic damping.

Motivated by the previous works, it is interesting to show more general decay result to that in [15, 1], we
analyze the influence of the viscoelastic and distributed delay terms on the solutions to (1). Under suitable
assumptions on functions ¢(.), the initial data and the parameters in the equations. The content of this
paper is organized as follows. In Section 2, we provide assumptions that will be used later, In Section 3, The
decay result is given in the last section by exploiting the perturbed Lyapunov functionals.

2 Preliminary Results

Let us introduce the following new variable
z(z, p,8,t) = ug(z,t — ps), (x,p,s,t) € Qx(0,1) X (11,72) x (0, 00). (2)

Then, system (1) is equivalent to

gy + A% — [ g(7)A%u(t — y)dy

o ug + f: ps(8)z(z, 1,8, t)ds = [u, F(u)], in 2x]0,+oo],

A?F(u) + [u,u] =0, on 2x]0, 400,

szi(x, p,s,t) + z,(x, p,5,t) =0, in 2 x (0,1) x (71, 72)%]0, +00],

u(z,0) = up(x), u(z,0) =ui(x), in Q, (3)
oyu = d,v =0, on I'x]0, +o0],

u=v=0,F(u) = aggu) =0, in I'x]0, +o0],

z(z, p,8,0) = folx, ps), in x(0,1) X (71, 72).

In this section, we present some material for the proof of our result. We denote (u,v) = [, u(z)v(z)dz. For
a Hilbert space E, we denote (u,v)g and ||.||g the inner product and norm of E, respectively. For simplicity,
we denote ||.|[z2(q) by ||.||. Let Ao and A be the smallest positive constants such that

Xollull* < [Vull® and Aflull® < |Aul® for u € Hi(%). (4)

Now we introduce some results that can be found in [6, 13, 14, 15].
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Lemma 1 Ifu € H*(Q), then | F(u)lw2(0) < cllul|F2 ()
Lemma 2 If u, ¢ and 1 belong in H*()) and at least one of them belongs to HZ(Q), then ([u,d],v) =
([u, ), 8).

Lemma 3 Ifu € H*(Q) and ¢ € W2>(Q), then ||[u, ¢]|| < c|lullgz)ll¢llwz=(q)-
Now, we have some assumptions. For the relaxation function g, we assume
(Ag) g: Ry — R, is a C* function satisfying
t
g(0) >0, 1— / g(y)dy =¢ fort >0, (5)
0
and there exists a nonincreasing differentiable function o : R — R with
a(t) >0, ¢'(t) < —o(t)g(t) fort>0. (6)

(A1) There exists mg > 0 such that
[Aug (., s)|l2 <mg Vs >0. (7)

By combining the arguments of [6, 13, 14], we recall the existence result (see [6]).

3 Energy Decay Result

In this section, we study the asymptotic behavior of the solutions to the system (3). We define the energy
associated with (3) by

1 1 1
E(t) = Sllue(®)3 + S 1Au®)l3 + IAF (@), (8)
and a modified energy by
1 5 1 > 5 1 5 1
et) = Slu@®llz+5 (1~ ; gMdy ) [Au@)lz + JIIAF @)z + 5 (g0 Au)(t)
1 1 T2
w5 [ ] ] s+ 02w pos dsdpda, )
Q 0 T1
where £ is a positive constant satisfying
[ maeias + ST (10)

and

(g0 Au))(t) = /O g(Md[|Au(t) — Au(t —7)|3d.
Theorem 1 Assume that (Ag)-(A1) and (10) hold. Then, for every (ug,u1, fo) € W x (H*(Q) N HZ(Q)) x
W2(Q x (0,1) x (11,72)), Problem (3) admits a unique solution u in the class
u € L=(0,T; Wo), up € L®(0,T; H*(Q) N HF(Q)), ue L=(0,T; L*(Q)).

Lemma 4 Suppose that (Ag)-(A1) hold. Let (u,z) be the solution of the system (3). Then the modified
energy functional satisfies

dil(f) _ _|:U1_/7_T2 |M2(S)|ds_5(722_71)}/Qufdwé(g’oAU)(t)

T2
—m/ / 22(z,1, 5, t)dsdx < 0. (11)
Q T1
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Proof. Multiplying the first equation in (3) by us, and the second by (u5(s) + £)z and integrating over
Q x (0,1) x (11, 72) using integration by parts, hypotheses (Ag) and (A;), we obtain

5 [le(®)IB + 2u(e)B] = // (Al — ) — Au(t), Aug(t))dy + ([u(t), F(u()], u(®))

—_

/ut / 1o (s z,l,s,t)dsdw7u1||ut||§+(1—6)/9Au(t)Aut(t)ds
o S+ | 20,5, )25, )i
-/ / J(Au(t — ) — Au(t), Aug(H)dy + ([ut), F () u(0))
/ut/ fio(s z,l,s,t)dsdzfulﬂutﬂg+(176)/9Au(t)Aut(t)d5
=1 [ (ol (e )| [ s
—;/Q/:(MQ(SH+£)22(x,1,3,t)dsda:, (12)

from Lemma 2, we have

([u(®), F(u())], ue(t))

(1(0) w0} F(ult) = = ( 5 ) ) Fulo)
S ANl (13)
for the first term on the left side of (12), we get

+oo 1 +o0 o )
/Q Aus(t) / o) (Dt — ) — Au(t)drde = —» / / 90) - |Ault =) = du(t)Prdo
+oo
_,// |Au(t— ) — Au(t)2dyd.

Using integration by parts, we get
oo 1, 1d
[ Bu(t) | g (dult =) =~ Au)dnde = 5o’ o Au)(t) — 5 (g Au)(1) (14)
0

Inserting (13)—(14) into (12), we obtain

jt[lnut()ng 3 (1 [ o0 ) 18u@lE + JIAF@OIE + (a0 A0)(0)

35 | / / s(|1a(s)| + )22 (@, p, s, t)dsdpde
= —/Qut/T1 ;Lz(s)z(x,l,s7t)dsdx+§ [/712|/12|d5+§(72—71)} /Qufdx

5 [, e+ 2215 s + 59”0 u)e) = (15)

Using Young’s inequality, we obtain

gty < - [,ul—/:z ,uQ(s)ds—g(TQQ_Tl)]/ QCZ;L“—//T1 (w,1,5,t)dsdx

%(g’ o Au)(b).
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Hence, (11) is established. m

Lemma 5 Under the assumptions (Ag)—(A1), the functional
P(t) = / upudx (16)
Q
satisfies, along the solution of system (3), the estimate

YO < @3- 50— 0+ ) - 02) A3
+3 (140 ) 1= 0o 20 - IAFEO)IE

Proof. Direct differentiation of (16) yields

+oo
0) = @1~ 1200l + [ Au ( | atn.su- 7)d7> dr— |AF@@)E A7)

Using Cauchy-Schwarz and Young’s inequalities, we obtain that, for all p,

/Q Au. ( /0 T ) Al — ’y)d’y) do
< s {1au0B+ (14 ) 1= 0o A0 + (14 )1 - 021 au) I3} (18)

Inserting (18) into (17), we arrive at

VO < Tl - 5 (0= @)1 07) A0l + 5 (14 1) (- Dlgo Au))

—[IAF (u(®))II5-
]

Lemma 6 Assume that (Ag)—-(A1) hold. Then the functional
—+oo
[ [ st~ ult =), (19)
0

satisfies, along the solution of system (3) and for all o > 0, the estimate

X'(t) < (62 +202(1 = 1) + 02¢(E(0))*) | Au(®)[|3 — (1 =€) — d2)] |3

_%02( o Au)(t) + {(25+45)(1_£)+(1;5€)+4562}(90Au)(t)-

Proof. Differentiate (19) and use the first equation in system (3) to get

= [ au ([ st@ute) - sute—)ir ) do
—/Q </O+Oog(v)Au(t—v)dv) (/O+OO g(7)(Au(?) —Au(t—'y))dfy>

+oo
- / w / g () u(t) — ult —~))dydz — (1 — £)|uy]|2
Q 0
+oo
- / / 9 (ut), F(u())], ult) — u(t — 7))dyda

[ ([rm@utee-sa) " g, ult) — ul - i) o (20)
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we estimate the right-hand side terms of (20) as follows. By using Young’s and Cauchy-Schwarz inequalities,
we obtain Vd > 0

+oo
[ suo- ([ a0au(o - sute =) ) o < 1808 + 1 g0 Au)), (21)

and for the second term can be estimated as follows

L ([ smsute—an) ([ strauo - sute - )
< (25 + 45> (1 —0)(go Au)(t) +26(1 — £)?|| Aull3. (22)

By exploiting Young’s, Poincaré’s and Cauchy-Schwarz’ inequalities to get

+oo
[ [ g @0~ e = )inds < 5l - 5.9’ 2y, (23)
Q 0

and for any 67 > 0, we get

+o0
/Q / gt = )([t), F(u(t)], u(t) — u(y))dyda

1
< aullu), P + 5 (90 Au)() (21)
respectively. From Lemmas 2 and 3, and the fact e(¢) < €(0) = F(0), we observe that

I[ee(8), F (u(®))]]13

IN

cllu(®) 12 o) lu®)l 2@

< ol Au(t)[PAE ()
< dauP (2 0)
2
< e due)|? (f_ﬁ(O)) | (25)
Applying this to (24) , we obtain
“+oo
/ / gt =) ([ule), F(®)], u(t) — u())dvds < S2CEO|Au)] + 15590 Mue), (20
QJo

fifth term in (20) can be estimated as

L ([ st —as) (| gt — e )in ) de

2

<[ (/ f@(s)ut(x,t—s)ds)zw( / +mg(v)(u(t)—u(t—w)dv) o
<! ma(s)lds | / 1a(s)|22(2, 1,5, )dsde + (g 0 Au) (1), (27)

substituting these estimates into (20), we find that

X'(1) < (02 +205(1 = ) + 82c(B(0))*) | Au(t)lI3 — (1 =€) = 62)[|ue|3 — QCQ( o Au)(t)

49
(1-0 ¢ & @//T )
{(264—45)(1 0) + v +4>\52—|— (go Au)(t) + 5 Jol. lpa(8)|2%(x, 1, s, t)dsdx.

This completes the proof. m
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Lemma 7 The functional

/// )| + €)2%(x, p, 5, t)dsdpdz, (28)

satisfies, along the solution of system (3) and for all vy > 0, the estimate

A < / Ny r— / / s(pa(8)] +)22(@, . p, t)dsdpd.

Proof. After differentiating (28) , we use the third equation of (3) to find that

T2 1
A0 = 2 [ [Tlnel+9 [ e rsdpisaa
T2 1
_ —Sp .2
/Q / ()] +6 / o222 dpdsda

T2 1
— s —522(x,1,8,t) — 2%(2,0, s s e 22 sdx
L[ a1+ e s = 20m0 45 [ eoap] asa

< o[ utdo—ry [ [ sl + 2 dsdpd.
Q QJrq
| |

Now let us define the perturbed functional by
F(t) =~ve(t) + e1vp(t) + eax(t) + €101 (t). (29)

Lemma 8 Assume that (Ag)-(A1) hold. Then, for M > 0 large enough there exist positive constants oy

and o1 such that
aqe(t) < F(t) < ase(t). (30)

Proof. Young’s inequality, Holer’s inequality and (5) give that

1 1
Ol < Slu®llz + 55 1Au)

< S+ gy (1- [ st ) 12w
< Cielt),
and from (6), we get
Mol < gl 5 ([ sl =) - @l
< Slu@B+ 55 (g0 du)(s)
S CQ&‘(t)
Also we have
el < of / [ (o) + 05 w5 s
§ 038

Consequently, |F(t) — ve(t)| < ce(t), which yields
(v —0)e(t) S F(t) < (v + (D).

Choosing ~ large enough, we obtain estimate . m
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Lemma 9 Assume that (Ag)-(A1) hold. Then there exist positive constants such that the functional (3)
satisfies, for allt € R,
F'(t) < —as(t) + Alg o Au)(b). (31)

Proof. After differentiating (29) and using Lemmas 1-4, we get

F) < —{ea{(l-0-8)—al—o}lul+ {; - 94(50)0} (¢ o D) (t)

- {%(1 — (14 p) (1= 0)?) = e2 {32 + 262 (1 = £)* + 62c(E(O))2}} | Aulf2

+{€21 (1+ 1) (1—0) +e (252 + 415> (1—40)+ (14gf) + 4)\152}(90Au)(t)

Hq
P )3 — e / / / " s(ma()] + O (@, po 5, )dsdpde. (32)

At this point we choose our constants carefully
d<(1-29), (33)
and by choosing two positive constants €; and ¢; satisfying

€9 {52 =+ 262(1 — 4)2 + 520(E(0))2}
(1= (1 +p)(1=10)?)

the above inequalities produces

< €1 <62(1—£)—52, (34)

Br=Ae2{(1—0) = b2} —ea(1 =)} >0,
B = {0 = 1+ )1 = 0% — 2 {02 +205(1 = )2 + 620(E(0)*} | >0,
and for e5 small enough we have

53:{;’—6 94%02)03} > 0.
This yields
F'(t) < —=Billudlls = BallAull3 + B(g o Au)(t) — ex|| F(u(t))ll3

1 T2
—an [ s + 02w s )dsdp
0 T1

We put @ = max{f;, S, €179, €1} Therefore, there exist two positive constants & and 3 such that
F'(t) < —ae(t) + B(g o Au)(t),
which completes the proof. m

Theorem 2 Let (ug, u1, fo) € (HH(Q)NHZ(Q)) x H3 () x L2((0,1) x Q) be given. Assume that (Ag)—(A1)
hold. Then, for each tg > 0, there exist strictly positive constant K such that the solution of (3) satisfies

e(t) < Ke @10 fory > 0. (35)

Proof. We have from Lemma 9,
dF(t) B
D < —aelt) + Blg o Au)(t), (36)
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using Lemma 4, we have

dF(t)

2 S )+ palgodu)(t) < —pre(t) = palgoBu) (1)

< —pie(t) = 2pae' (1), (37)

IN

since o(t) is nonincreasing, multiplying the last line in (37) by o(t) to get

dF (t)

o(t) =g~ < —p1o(t)e(t) = 2pa0 (D)€' (¢)- (38)

Let

H(t) = o(t)F(t) + 2Xe(t).
We can easily see that H(t) is equivalent to (). Now, subtracting and adding ¢ (¢)F(t) in the right hand
side of (38), using the fact that o’(t) < 0 and (A1) V¢ > 0, then

MY < o W)F(1) ~ pyo(t)et) < —proWe(®) < —psoOHE), £ to

Integrating this over (tg,t), we conclude that

H(t) < H(to)e 10 70 for ¢ > 4,

where p; is a positive constant. Finally, we get
t
e(t) < elto)e o 7% for ¢ > ¢

This completes the proof. m

Acknowledgments. The author would like to thank very much the anonymous referees for their careful
reading and valuable comments on this work.

References

[1] B. Feng and A. Soufyane, New general decay results for a von Karman plate equation with memory-type
boundary conditions, Discrete Contin. Dyn. Syst., 40(2020), 1757-1774.

[2] C. A. Raposo and M. L. Santos, General decay to a von Karman system with memory, Nonlinear Anal.,
74(2011), 937-945.

[3] G. P. Menzela and E. Zuazua, Energy decay rates for the von Karman system of thermoelastic plates,
Differential Integral Equations, 11(1998), 755-770.

[4] J. E. M. Rivera and G. P. Menzela, Decay rates of solutions of a von Karman system for viscoelastic
plates with memory, Quart. Appl. Math., 57(1999), 181-200.

[5] I. Lasiecka, S. A. Messaudi and M. I. Mustafa, Note on intrinsic decay rates for abstract wave equations
with memory, J. Math. Phys., 54(2013), 18 pp.

[6] I. Lasiecka and W. J. Wang, Intrinsic decay rate estimates for semi linear abstract second order equations
with memory, New prospects in direct, inverse and control problems for evolution equations, (2014),
271-303.

[7] 1. Lasiecka and D. Tataru, Uniform boundary stabilization of semilinear wave equation with nonlinear
boundary dissipation, Differential Integral Equations, 6(1993), 507-533.



392

8]

[9]

[15]

[16]

[17]

Decay Rate Estimates For Von Karman Systems

J. E. M. Rivera, H. P. Oquendo and M. L. Santos, Asymptotic behavior to a Von Karman plate with
boundary memory conditions, Nonlinear Anal., 62(2005), 1183-1205.

M. Horn and I. Lasiecka, Uniform decay of weak solution to a Von Karman plate with nonlinear boundary
dissipations, Differential Integral Equations, 7(1994), 885-908.

M. Horn and I. Lasiecka, Global stabilization of a dynamic von Karman plate with nonlinear boundary
feedback, Appl. Math. Optim., 31(1995), 57-84.

A. Favini, M. Horn, I. Lasiecka and D. Tataru, Global existence, uniqueness and regularity of solutions
to a von Karman system with nonlinear boundary dissipation, Differential Integral Equations, 9(1996),
267-294.

M. M. Cavalcanti, A. D. D. Cavalcanti, I. Lasiecka and X, Wang, Existence and sharp decay rate
estimates for a von Karman system with long memory, Nonlinear Anal. Real World Appl., 22(2015),
289-306.

M. Fabrizio and S. Polidoro, Asymptotic decay for some differential systems with fading memory, Appl.
Anal., 81(2002), 1245-1264.

S. H. Park, Arbitrary decay rates of energy for a von Karman equation of memory type, Comput. Math.
Appl., 70(2015), 1878-1886.

S. H. Park, Energy decay for a von Karman equation with time-varying delay, Appl. Math. Lett.,
55(2016), 10-17.

T. V. Karman, Festigkeitsprobleme im maschinenbaum, Encyklopadie der Math., Wiss. V/4C, Leipzig,
(1907), 311-385.

S. Nicaise and C. Pignotti, Stability and instability results of the wave equation with a delay term in
the boundary or internal feedbacks, STAM J. Control Optim., 45(2006), 1561-1585.



	Introduction
	Preliminary Results
	Energy Decay Result

