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Abstract

In [4], Bor has obtained two main theorems dealing with absolute summability factors of infinite series
and Fourier series. In this paper, we have generalized these theorems for the absolute matrix summability
method. Some new and known results have also been obtained.

1 Introduction

A positive sequence (b,) is said to be an almost increasing sequence if there exist a positive increasing
sequence (¢, ) and two positive constants M and N such that Mc, < b, < N¢, (see [1]). A sequence (\,)
is said to be of bounded variation, denoted by (A,) € BV, if Y7 | | AX, |< oc.

Let > a,, be a given infinite series with partial sums (s, ) and let (p,) be a sequence of positive numbers
such that

Pn:vaHoo as n—oo, (P_;=p_;=0,i>1).
v=0

The sequence-to-sequence transformation

1 n
On = Fn ;pvsv

defines the sequence (0,) of the Riesz mean or simply the (IV,p,) mean of the sequence (s,), generated by
the sequence of coefficients (py,) (see [9]). The series > a,, is said to be summable | N,p, [k, k& > 1, if (see

[2]) N -
Z <Pn> | on — 01 |F< 0.

n=1 Pn

When p, = 1 for all values of n, then we get | C,1 |, summability. Let A = (an,) be a normal
matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines the sequence-to-sequence
transformation, mapping the sequence s = (s,,) to As = (A,,(s)), where

An(s) = Zamsv, n=0,1,...
v=0

The series Y ay, is said to be summable | A, p,;d |k, kK > 1 and § > 0, if (see [11])

i <Pn>6k+kl | An(s) = Ap-1(s) [F< oo

Pn

n=1
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In the special case for § = 0, the | A,p,;d | summability reduces to | A, p,, | summability (see [16]). If
we set 6 = 0 and p, = 1 for all n, then we obtain | A [, summability (see [17]). Also if we take an, = $*,
then we have | N, p,,;§ |, summability (see [3]). Finally if we take § = 0 and a,,, = P, then we get | N,pu |k
summability.

Given any sequences (uy), (vy), it is customary to write v, = O(uy,), if there exist n and N, for every
n>N,| Z—: |<mn. For any matrix entry an,, we write that Ayany = any — Gnp+1. Now, we will introduce
some necessary notations for our main theorems. Given a normal matrix A = (ay,), we associate two lower
semi-matrices A = (@,,) and A= (@no) as follows:

n
Apy = E Qni,n,v =0,1,...
i=v

and

apo = o = @00 Any = Any _anfl,van =1,2,....

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series trans-
formations, respectively. Then, we have

An(s) = ianvsv = ianvava (1)
v=0 v=0

and

AAn(s) =Y Anyan. (2)
v=0

2 Known Results

Recently, many authors have obtained some new theorems dealing with absolute summability factors of
infinite series and Fourier series. ([4]-{7], [12]-[13], [16]-[18]). Among them, Bor has proved the following
theorems about the | N, p, | summability methods.

Theorem 1 ([}]) Let (X,,) be an almost increasing sequence. If the sequence (Xy,), (M) and (p,) satisfy
the conditions

| An | Xn=0(1) asn — oo, (3)
Z nX, | A%\, |=0(1) asm — oo, (4)
n=1
i‘tnvg =0(X,) asm — (5)
n=1 ’I’LXj«f_l " 7
i pn tTL k
Z > |‘Xvk7|1 = O(Xm) asm — o0, (6)
n=1""1" n
and
P,
Z?n =O(P,) asm — oo, (7)
n=1

then the series . ap\, is summable | N, p, |, k > 1.
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3 Main Results

The aim of this paper is to generalize the above theorem for the general matrix summability methods. Before
we state our main result, we show A = (ay,) is said to be of class Q if (see [15]) A is lower triangular

Any 20, n,v:0,1,...;
Gnp—1,v > Any, for n >v+ 17

an():]., 7120,17....

Notice that A given by

Ai(z) =1 and A,(z) = w forn > 1

is an example of a matrix of class 2. Now, we shall prove the following theorem.

Theorem 2 Let (X,,) be an almost increasing sequence and A be of class Q such that

Pn
nn — O| % ;
¢ (Pn>
n—1

[
Z | o | = O(ann),
v=1 v

m—+1 ok ok
Pn o~ Pv

§ ( ) | ATy, |: O | ayy (> asm — 00,
Pn Pov

n=v+1
m+1 Pn ok R Pv ok
Z on | Gpvi1 |= O — asm — 00,

e — Pn Pv

m ok k
P, t

> () L~ 0(X,)  asm oo,
n—1 Pn an

m ok
P, |, |
a, — = 0O(X, as m — Q.
5o (42) i =00

If the conditions (3)—(4) of Theorem 1 are satisfied, then the series Y apAy is summable | A, pn; 6 |, k> 1
and 0 <6 < 1/k.

We need the following lemma for the proof of our theorem.

Lemma 1 (/10]) Under the conditions of Theorem 1, we have the following

nXy | AN, |= O(1) asn — oo,

ZX" | AN, |< o0.

n=1
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4 Proof of Theorem 2

Let (T},) denote A-transform of the series > a,A,. Then, by (1) and (2), we have
AT, =) Gnvuhe.
v=0

Applying Abel’s transformation, we have that

n a A n—1 a A v a A n
A nv\v nv A\ nn/\n
ATH = ZTUCLU = ZA(T)ZTCM"' TZU&U
v=0 v=1 r=1 v=1
n—1 ~
Ay . n+1
= Z A( nee )(U + 1)tv + CL'rm)\n tn
v n
v=1
n—1 n—1
5 v+1 . v+1
= Z Av (a'er))\’utv + Z an,v-{-lA)\’utv
v=1 v=1

n—1

Z ~ ty n+1
+ an,v—i—l AU—i—l — + ann>\ntn
1 v n
o=

= Tn,l + Tn,2 + Tn,3 + Tn,4'

Since
| T+ Tz + Tog + Toa |F<AF( Ton |+ | Too ¥+ | T | + | Tua [*),

to complete the proof of Theorem 2, it is sufficient to show that
o/ p N Oktho1
> <n> | T [F< 00 forr=1,2,3,4.
n=1 Dn

First, applying Holder’s inequality with indices k and k', where k > 1 and % + % =1, we get that

m4+1 Sk+k—1
P, )
E ( > | Tn,l |k

n

n=2
mt1 Sktk—1 (n—1 k
P, v+1 —~
<y () T 1 Ao(@n) [l Ao 1] 0|
n=2 Dn v=1 v
m+1 P Sk+k—1 /n—1
- oy (p) (Z | ) 1| A ] 6 |’f>
n=2 n v=1

n—1 k—1
» (z | A |)
v=1
m—+1 P Sk+k—1 n—1
- oy, () akt (Z | Do) 1] Ao [Fl £, |’“>
v=1

Pn
n=2
m—+1 P Sk /n—1
- oy, (p) (Z | Do) || Ao ¥ £ |’“>
n=2 n v=1

m m—+1 P ok
= oW A A Y () | M) |
v=1

n=v+1 Dn
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Z [t |*
= Ayy | A | E_1
Xy

v

. z mz( ) a0 a1 55 (2) ks

v=1 v=1

= 01> [ AN | Xy +0(1) | A | Xom
v=1
= O(1) asm — oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.
Applying Holder’s inequality with the same indices above, we have

m+1 Sk+k—1
P,
E ( ) | Tn,2 |k

n
Ok+k— n—1
k+k { v ]

>

k
| @ An,v+1 | AN, [ £y |}

A

M3
7 N
|

n=2 Pn
m+1 Sk+k—1 /n—1 k
= 0@ — (Z | Gnopr || AXy || |>
— Pn —
n=2 v=1

)

(&) .
— O(l)gj1 <§")6k+k_l (S | Gt | (0] AN, |)k| t:)'k) (72 |5nv+1> )

(&)

(&)

n=2 v=1
m+1 P Ok+k—1 n—1 |t |k
= om (F (Zan,vﬂuvmv D= )
n=2 n v=1
m+1 ok n—1 |t |k
= 0(1) = Zlan,v-&-lule/\v |) ‘A/\v‘ .
n=2 Pn v=1
< to [F N (P
RO MRS S C RN
v=1 n=v+1 Dn
" /P, | to \k
= o —v AN,
my BT an)
m—1 v Sk m ok
P |ty [P (Pv) |ty |*
= 01 Av | AN, — +O0(1)m | AN, —
W3 A |>;<pr> o M 3 (1)
m—1
= 0N | AW ]| AN )| Xo+0M)m | Adm | X
v=1
m—1 m—
= O(1) Y v|A%\ | X,+00 Z|mv|x@+0(1)m|mm\xm
v=1 v=1

= O(1) asm — o0,

by virtue of the hypotheses of Theorem 2 and Lemma 1.
Again, we have that

mAl g N Sktko1 mAl o p o\ kk-l It | k
] CRNENED 3] (S B o T PO
n=2 n

n=2 Pn
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m-+1 Sok+k—1 /n—1 . |t ‘
= omy (> ) S e | A |
n v=1
S |an,v+1 |
» (Z LG |
m+1 Ok+k—1 n—1 ‘ |
- oy (32) (Z (@ [ Ao | )
m+1 Sk n—1 k
P, tv
= 0(1) Z ( > Z | Gn,v4+1 ‘ >\v+1 | | |

m |t |k m—+1 P Sk
= 0(1) Z ‘ )\v+1 | :} Z (p”l) | an,v-‘rl
v=1

n

n=v+1
m 5k
P | t, |
- o3 (R) e 3
v
m—1 Sk |t |k

— ZA|/\U+1Z( r> rXryl?fl
k
+ )‘m+1|2< v) J)t(vk‘_l

m—1
= O(1) Y [A@[AN )| Xy +0M)m | ANy, | X,
v=1

m—1

= 0() 3 [ AN | Xurt +00) | At | X
v=1

= O(1) asm — oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.
Finally, by the similar process in T, 1, we have that

m Sk+k—1
P,
E ( > | Tn,4 ‘k

n=1 Pn

S

Sk+k—1
(pn) 0o | A [F] o F

ok
P,
= 0(1) () tnn | An [F7H A [ #n |F
n=1 Pn
m ok
P, |t [P
= O(l) E () (029 ‘ An | k-1
n=1 n "

So we get

oo Sk+k—1
> (”) | T [F< 00, forr=1,2,3,4.
Pn

This completes the proof of Theorem 2.

If we take p, =1 for all values of n, then we have a new result dealing with | A,d | summability factors
of infinite and Fourier series. Also, if we take § = 0, then we get the result due to Yildiz [18]. Finally, if we
take 6 = 0 and an, = 3>, then we obtain the result of Bor [4].
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5 An Application to Fourier Series

Let f be a periodic function with period 27 and integrable (L) over (—m, 7). Without any loss of generality
the constant term in the Fourier series of f can be taken to be 0, so that

1 = S
F(£) ~ Sao+ D _(an cosnt + by sinnt) = Y Cult),
n=1 n=1

where

1 (7 1 (" 1 ("
ag = — fyde,a, = — f(t) cosntdt, b, = — f(t) sin ntdt.
TJ T J_x v

—T

We write
o

6(1) = %f(a: )+ fz—1t) and o, (t) = Tal (t — )T p(u)du, (o> 0).

It is well known that if ¢, () € BV (0, ), then t,(z) = O(1), where t,(z) is the (C, 1) mean of the sequence
(nCp(x)) (see [8]). The following theorem is known dealing with | N, p,, |, summability factors of Fourier
series.

Theorem 3 ([4]) Let (X,) be an almost increasing sequence. If ¢1(t) € BV (0,m) and the sequences
(pn), (An) and (X,,) satisfy the conditions of Theorem 1, then the series y  Cp(x)\, is summable | N,py, |k,
k> 1.

Now, we generalize Theorem 3 for | A, p,;0 |, summability method in the following form.

Theorem 4 Let (X,,) be an almost increasing sequence and A be a matriz as in Theorem 2. If ¢,(t) €
BV (0,7) and the sequences (pn), (An) and (X,,) satisfy the conditions of Theorem 2, then > Cp(x)A, is
summable | A, pn;d |k, k>1 and 0 < § < 1/k.

References

[1] N. K. Bari and S. B. Steckin, Best approximation and differential properties of two conjugate functions,
Tr. Mosk. Mat. ObS., 5(1956), 483-522.

[2] H. Bor, On two summability methods, Math. Proc. Cambridge Philos. Soc., 97(1985), 147-149.

[3] H. Bor, On local property of | N, p,;§ |, summability of factored Fourier series, J. Math. Anal. Appl.,
179(1993), 646-649.

[4] H. Bor, Factored infinite series and Fourier series involving almost increasing sequences, Bull. Sci. Math.,
169(2021), 8 pp.

[5] H. Bor, A new note on factored infinite series and trigonometric Fourier series, C. R. Math. Acad. Sci.
Paris, 359(2021), 323-328.

[6] H. Bor, Absolute weighted arithmetic mean summability of factored infinite series and Fourier series,
Bull. Sci. Math., 176(2022), 9 pp.

[7] H. Bor, On absolute weighted arithmetic mean summability of infinite series and Fourier series, Proc.
Amer. Math. Soc., 150(2022), 3517-3523.

[8] K. K. Chen, Functions of bounded variation and the Cesaro means of Fourier series, Acad. Sin. Sci.
Rec., 1(1945), 283-289.



H. N. Ozgen 359

[9] G. H. Hardy, Divergent Series, (1949), Oxford University Press.
[10] S. M. Mazhar, Absolute summability factors of infinite series, Kyungpook Math. J., 39(1999)67-73.

[11] H. S. Ozarslan and H. N. Ogdiik, Generalizations of two theorems on absolute summability methods,
Aust. J. Math. Anal. Appl., 1(2004), 7 pp.

[12] H. S. Ozarslan and B. Kartal, Absolute matrix summability via almost increasing sequence, Quaest.
Math., 43(2020), 1477-1485.

[13] H. S. Ozarslan, Generalized almost increasing sequences, Lobachevskii J. Math., 42(2021), 167-172.

[14] H. S. Ozarslan, Generalized absolute matrix summability of infinite series and Fourier series, Indian J.
Pure Appl. Math., 53(2022), 1083-1089.

[15] H. N. Ozgen, A note on generalized absolute summability, An. Stiint. Univ. Al I. Cuza Iasi. Mat. (N.S.),
59(2013), 185-190.

[16) W. T. Sulaiman, Inclusion theorems for absolute matrix summability methods of an infinite series (IV),
Indian J. Pure Appl. Math., 34(2003), 1547-1557.

[17] N. Tanovic-Miller, On strong summability, Glas. Mat. Ser. III, 14(1979), 87-97.

[18] S. Yildiz, On absolute matrix summability factors of infinite series and Fourier series, Bull. Sci. Math.,
170(2021), 10 pp.



	Introduction
	Known Results
	Main Results
	Proof of Theorem ??
	An Application to Fourier Series

