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Abstract

In this paper, we obtain a general reverse of Young’s inequalities, and then some inequalities for
operators and Hilbert-Schmidt norms will be presented.

1 Introduction and Preliminaries

Let B(H) denote the C*-Algebra of all bounded linear operators on a complex Hilbert space H. An operator
A € B(H) is called positive if (Az,z) > 0 for all z € H, denoted by A > 0. Moreover, we denote B(H)™" as
the set of all positive operators, and B(H)™T as the set of all invertible operators in B(H)T. Let M,, be the
algebra of all complex matrices of order nxn and M,,(C)™ be the class of strictly positive matrices in M, (C).

A matrix norm |||.||| is unitarily invariant if |||[UAV||| = |||A]|| for every A € M,, and all unitary matrices
U,V € M,(C). For A = (a;;) € M,(C) the Hilbert-Schmidt norm is defined by |[Allz = /3", a ;. Tt is

well known that the norm ||.||2 is unitarily invariant.
Assume that A, B are positive operators on a complex Hilbert space H and v € (0,1). The weighted
operator arithmetic mean for the pair (A, B) is defined by

AV,B:=(1—-v)A+vB.

In 1980, Kubo and Ando introduced the weighted operator geometric mean for the pair (A, B) with A
positive and invertible and B positive by

At B = AV? (A—1/2BA—1/2)” A2,

These means can be rewritten by simplification as AVB and AfB for our convenience when v = %

In the rest of this paper, if there is no special explanation, we default to a,b > 0 and v € [0,1]. Young’s
inequality is one of the most basic inequalities in Mathematics, which states
a'7"b < (1 —v)a+ vb,

the equality holds if and only if a = b. When v € [0, 1] we have the following fundamental operator means
inequalities, or Young’s inequality for operators

At, B < AV, B.
Kittaneh and Manasrah [16] refined Young’s inequality as follows
a Vb +ro(va — Vb)? < (1 —v)a+ v, (1)
where 79 = min{v, 1 — v}. Earlier, the following squared version was shown in [10]
(@) +13(a— b < (1= v)a+ ), 2)
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342 A General Reverse of Young’s Inequalities
where 79 = min{v,1 — v}.
Reverses of (1) and (2) were shown in [17] as follows
(1 =v)a+vb)* < (a'7"b")* + Ri(a - b)*, (3)

and

(1—1v)a+vb<a Vb + Ro(v/a— Vb)?, (4)
where Ry = max{v,1 —v}. It turns out that both (1) and (2) are special cases of the following inequality [1]

()" + (0¥ b2 < (L= v)a+ )™,

where 19 = min{v, 1 — v} for all positive integers m. The inequalities (1), (2), (3) and (4), then were shown
to be special cases of the following more general result [2, 8].

Theorem 1 ([2, 8]) Let a,b >0 and 0 < v < 1. Then for all positive integers m,
rg”b((a b 2m(ab)%) < (1= v)a+vb)™ — (a' =)™ < Rg@((a b — 2m(ab)%), (5)
where rog = min{r,1 — v} and Ry = max{v,1 —v}.
Definition 1 ([9]) Let n be a positive integer. We consider the sequence (r,(v)) of functions on [0, 1]
defined by.
ro(v) =min{v,1 —v} and r,(v) = min{2r,_1(v),1 —2r,_1(v)}.

Definition 2 ([9]) Let a,b > 0, for I,k € N, we define the functions f; x(a,b) by

faton) = (Vo= T = a o)’

Choi in [9] proved the following multiple term refinement and the reverses of Young’s inequality as follows

Theorem 2 Let a,b >0 and 0 < v < 1. Then for all a positive integer N, we have

N-1 2!
(I=va+vb > a0+ > r@) Y firlab)x 1 () (6)
= k=1
and
-1 2!
Q-v)atvb < a0+ (Va-vVb)?=> n®)>  firld Ox(iz1 1) (). (7)
=0 k=1

We refer the interested reader to [2, 11, 12, 13, 14, 15, 20] as a sample of recent progress in this direction.
In this paper, we obtain some general inequalities of (7) in Theorem 2, and then some general inequalities
for operators and Hilbert-Schmidt norms are obtained using our new scalars results.

2 Main Results

2.1 Scalar Inequalities

In the section, we firstly show the scalars inequalities which are the base of this paper, before that, we list
some lemmas that we will need in our analysis.
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Lemma 1 ([9]) Let a,b>0,0<wv <1, and N be a positive integer, define Ry(a,b,v) by

N-1 2!
RN(a7b,1/):(1—V)a+Vb—Z Zflk;abx(k 1 k)( v).
=0 k=1

Then we have
2N

Ry(a,b,v) :Z ((k—2NV)a “AN N + 2Ny —k+1)at 2Nb2N)X(
k=1

(v).

40

Lemma 2 Let a,b > 0 and N, m be two positive integers, and 0 < v < 1. Then we have

N-1 2!
(1 _ V'rn)bnb 4™ — Z Tl(V"L) Z fl,k(an7 (J,"L)X(k-—l N (V’m)
1=0 =1

IEURPY
2N
k1)
_ Z ((kiQNVm) k 1 bm(l —) (QNI/m k+ 1)(12N bm(l 2N))X - ( m)
2 (55t )

Proof. Taking a,b and v by b™,a™ and ™, respectively, in Lemma 1, one gets the desired result. m

Lemma 3 Let n be a positive integer. Fork =1,2,...,n, let x;, > 0 and v, > 0 which satisfy Y ,_, vi = 1.
Then

n n
H )k < Z VT (8)
k=1 k=1

Lemma 4 ([13]) Let m be a positive integer and let v be a positive number, such that 0 < v < 1. Then

m

3 (Z) k(1 — )™k = mw, 9)

k=1

and
i <’Z> (m — k)1 — )™ F = m(1 —v), (10)
k=0

where (k) 1s the binomial coefficient.
Now we are ready to state and prove our first main result about Young’s inequalities.

Theorem 3 Let a,b> 0 and 0 < v < 1. Then for all positive integer N, we have

(1= v)at+vb)™ < (@)™ + ((a Fh)m zm(ab)%)

N-1 2!
(v Zflk @ X(k L 'l)(’/m)- (11)
1=0 2
Proof. Suppose that 0 < v < 1. The inequality (11), is equivalent to
N-1 2!
2" (ab)? < (a+b)™ — (va+ (1 —v)b)"™ + (a'7Vb")™ — r(v™) Z Jru@™,a™)x (=1 5y (V™)
ol 73l
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By using Lemma 2, we have the following identities

A General Reverse of Young’s Inequalities

N-1 2!
(a+0)™ = (L= w)a+vb)™ + (@ 0")" = 3 r(™) Y fis®™ a™)xms 1) (™)
=0 k=1
_ G m _ o k. m—k kim—k 1—vv
- Z(k>(1 (1—v)ky ) bR 4 (albY)
k=0
N-1
ri(v Zflk ,a™ %,5)(’/%
=0
i m
— Z( )(1 (l—I/)k m k) kbm—k+( 1 ubv) (1—V )bm_l/mam
k
k=0
oN
71) m — SN m m m
” (k= 2¥ym)a ™57y 05 4 (2N — o4 1)a" GO Yy ()
=1
m—1 m
_ _ Nk, m—=Ek\ kpm—k 1—viv\ym _ o ym\,m
- k1<k)(1 1-v) ) b 4 (a2 +(1 V™ (1— ) )a
oN
mhk o m(1— B m
+kz((k_2N Ve U759 4+ @0 — k4 a5 O Yy (0
=1

Hence, it suffices to prove that, if v™ € (ICQ;N, LN) then

k=1

(k= 2M0m)a S O N — 4 1)a 3 07| > (o) ®
We have
1 m—1 m
gl 2 () (1= o et @iy (1w - )
k=1
N, m m(k 1) m(1—EL) N.m mk (1 k)
+(k_2 14 ) b 2N +(2 k+1)a2Nb 2N:|
m+3
= Z 2- VETi,
k=1
where
akbm—k 1<k <m-— 17
a™ =m,
=14 (a0 k=m+1,
mO1) k1)
a 2N ) 2 k=m+ 27
ag'”“ bm(l*QLN) k=m—+ 3’
and
(71?)(1—(1—'/)’“ m*"') 1<k<m-1,
17(171/)"7/ I/m k:ma
Vi = 1 k=m + 1’
(k—2NVm) k:m+2’
(2NV’NL_k.+1) k:m—|—3
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Therefore
1. x>0 forall k € {1,...,m + 3},
2. vy, >0 forall k € {1,...,m+ 3}, with 37 * 27"y = 1.

By the arithmetic-geometric mean inequality (8), we get

m+3 mit3
Z 27 vz > H $i L aa(m)bﬁ(m)’
k=1 k=1
where
m—1 m
am) = 27 Y (k—)’“(l— (1 =) F) (1 =)
k=1

+m (1= (1 =v)" —v")

mam(k—1
+(k - 2N ) (2N )
+(2Nym —k+ 1)’;7‘71\];‘}

— 9m {m(Qm—l _ 1) _ m(l — y) + m(l - y)m + m(l - V)
+m(1 —(1=v)" - Vm) * mym}
_ %7 (by Lemma 4)
and
m—1 m
B(m) = 2—m|: Z (k>(m — k)(l —(1- I/)kym—k) + mv
k=1
k—1
+(k = 2Y)m(1 = = 5)

m k
+( 2N — k4 )m(1 — Z—N)]
= 27 [m(2m_1 - 1) —mv+m™ +mv
tm(l— um)]

%, (by Lemma 4).

This completes the proof. m

Remark 1 By taking m = 1 in Theorem 3, then we recapture inequality (7) in Theorem 2.

2.2 Operator Inequalities

Based on the scalar inequalities mentioned above and the monotonic property of operator functions, we
obtain the operators versions of these inequalities.

Lemma 5 ([21, p. 3]) LetT € B(H) be a self-adjoint operator. If f and g are both continuous real valued
functions with f(t) > g(t) fort € Sp(T) (where the sign Sp(T) denotes the spectrum of T'), then f(T) > g(T).



346 A General Reverse of Young’s Inequalities

An analogue of Theorem 3 for operators is given by the following theorem.

Theorem 4 Let A,B € B(H)™,0<v <1 and let m be a positive integer. Then

Atm(AV,B) < Aty B + (A (2AVE) — 27 At B)

N-1 2!

- nemY (Aﬁm ey BHAY @B =248 s B)X(k;ll’%)(ym).
=0 b1 ol ol PIES) 2l 72
Proof. Let a =1 in Theorem 3. Then
(1=v)+vb)™ < D™ +((b+1)™—2mp%)
N-1 2!
(2'—k41) @tk @ —2k41)
_ rl(ym)Z(bm S e e D 2 )x(% ™). (12)
1=0 k=1

Since the operator C' = A7 BA= hasa positive spectrum, Lemma 5 and inequality (12) imply that

(A=) +vO)™ < C™ 4+ ((C+I)™—2mC%)

Nl 2! i (2L=ht D) m(2l—k) m(21+1—2k+1)
-3 nemy (c A O™ 0™ )X(%%)(ym). (13)
1=0 k=1
Multiplying inequality (13) by A2 on the left and right sides, we get
At (AV,B) < Aby B+ (Aﬁm(2AVB) - 2’"Aﬁ%B)
N-1 2!
- (V™) Z (Aﬁ elowpy B+ A oy B —2A4 <2l72k+1)B)X(@ A)(Vm)-
=0 1 m By mT m—rF1 2l 72l

The proof is then completed. m

2.3 Refinement of Young’s Inequality for Hilbert-Schmidt Norms

In this subsection, we are concerned by establishing a new refinement of Young’s inequality for Hilbert-
Schmidt norms. Precisely, we show the following result.

Theorem 5 Let 0 < v <1 and let A,B € M,,(C)* and X € M,,(C). Then for all positive integer N, we
have

11 -v)AX +vXBl|l; < ||[A"7"XB"[[3 +||AX - XBJ

N-1 2!

(k—1) (k—1) k k
+ 3 ) S BT XA — B XA |y e s (V).
=0 k=1 2

Proof. Since A and B are positive matrices, then by the spectral decomposition theorem, there exist
unitary matrices U,V € M,,(C) satisfying A = UD,U*, B = VDyV*, where D = diag(ai,as,...,qn),
Dy = diag(B1, By, ---,0,), (s > 0,8, >0, i=1,2,...,n). Suppose that Y = U*XV = [y; ], we have

1-v)AX +vXB=U((1—-v)D1Y +vYD))V* =U(((1 —v)a; + Vﬁj))yi)j)V*,
ATV XBY = U(&}_V,B;yi,j)v*,
AX — XB =Ul(ai — B;)yi V",
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and

i B ’ ’ ko1l ko1 o 1-%
Bl—%XAkT_Bl_iXAizU((ﬁim oz: 2l —ﬁflaj 21)yi,j>V*.

Now by the Theorem 3 for m = 2 and the unitarily invariant of the Hilbert-Schmidt norm, we have

n

I1=)AX +vXB|3 = > ((1—v)ai +v8)))°[yi |

ij=1

n
< Z (o 7" B7)lyi s
ij—1
n N-1 2t

Y (i = B) i+ Y ()Y fud iyaf)x(%?@)(VQ)lyi,jIQ

ij=1 1=0 h=14,j=1

= ||AT"XBY| + [|AX - X BJ[3

R 5 2 1o (k=1) (k=1)
+ ri(v )ZHB T XA o
1=0 k=1

— B XA By s i) (),

This completes the proof of our result. m
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