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Abstract

It is known that the function (1 — 2zt 4 t2)~'/2 arose from the (electric or gravitational) potential
theory. The series expansion of this function in powers of ¢ generates the coefficients which are well known
as the Legendre polynomials. These polynomials are orthogonal over (—1,1) with respect to the weight
function unity. The present work incorporates the class {P.(z; M) : n € N, M € 2N} of orthogonal
polynomials associated with the Legendre polynomial to which it would reduce when M = 2. It is shown
that the polynomial {P,(z; M)} is a solution of a generalized differential equation. Following this, it is
shown that this class forms an orthogonal set with respect to the weight function ™ =2 over the interval
(—=1,1). Among the other properties derived include the Rodrigues formula, generating function relations
and zeros. The graphs of {P,(x; M)} are plotted using MATLAB program, for the even and odd degree
cases.

1 Introduction

It is known that the Legendre polynomials arise as the coefficients in the power series expansion of electric
or gravitational potential function. If we consider an electric charge ¢ placed on the z-axis at t = a, a < r
(Figure 1), then at the point A, the electrostatic potential V' due to the charge ¢ is given by V « ¢/d,
where d is the length of the segment shown in the Figure 1. From this, we have V' = kq/d, k is constant of
proportionality. Since a/r < 1, using cosine rule, we have [7, Ch. 11, p. 552-553]

kq

vV = = kq (r®> + a® — 2ar cos b
Vr2 + a2 —2arcosf a(

I{J 2 71/2
—q<1+a—2—2(g)cosﬁ> .
r r r

If a/r =t, cosf = x, then t < 1, and the function 7V/kq assumes the elegant form (1 — 2zt + 2)~1/2 =
F(x,t), say. The function F(z,t) when expanded in power series in powers of ¢, generates the coeflicients
which are nothing but the Legendre polynomials P, (x). Thus with |t < 1,

)71/2

(=20t +63)712 =3 P,
=0

For the case a > r, see [7, Ch. 11, Ex. 11.1.3, p. 561] (also for Linear electric Multipoles and associated
Legendre polynomials see [7, Ch. 11, p. 558]). Among many other physical phenomena, the Legerdre
polynomials are also associated with one dimensional steady-state transport equation and neutron scattering
functions for one-energy group (see [2] for the detailed account).
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Figure 1: Electrostatic potential due to charge q.

The explicit representation of this polynomial is given by [4, p.157]

),

Pulz) = ; R
=0
It satisfies the equation ([3, 4, 5, 6, 7]):
(1 — 2P/ () — 22P/(x) + n(n + 1)P,(z) = 0. (1)

In the present work, we propose the class {P,(z; M)} of even and odd degree polynomials, as follows. For
M € 2N,

. - . (_1)k (1 - %)2r7k M(r—k) _ a (_1)%]6 (1 - ﬁ)wk Mk
PMT(x’M)_kZ:()k! r—R(-5)_, _kzzok! r-R(-4), ®
and
Pt TR (L4 ), MG _ Z D)+ L), Mk )
[anh R (=R (1+ &), SR (k) (1+ ), '

Our objective is to derive certain properties of these polynomials; namely the orthogonality, Rodrigues
formula, generating function relation and zeros.

Note 1. We notice that Ps,.(x;2) = Ps,.(x) when n = 2r whereas Po,11(x;2) = Parq1(z) when n = 2r 4 1.
In what follows, we shall use the following notations and definitions ([1, 4]). The generalized factorial

notation:

_Joale+1)(a+2)---(a+n—-1), ifneN,
(@"_{1 if n = 0.

The Gauss hypergeometric function is denoted and defined by ([1, 4])

a, b; =z 0
T (@)n(b)n
F : =y n on
2101 G nzzo (©)nnt! Z
where ¢ # 0, —1,—2,..., and |z| < 1. If either a € Z<g or b € Z<g or both a,b € Z<q, then this function will

represent a polynomial in z.
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2 M-Legendre Polynomial
We first show that the polynomials in (2) and (3) are solutions of the equation (cf. (1) for M = 2):
(1 —aMyy” — MaM~Yy 4 n(n+ M —1)zM 2y = 0. (4)

We follow the method described in [5, Theorem A, p.180] of obtaining the power series solution of the second
order homogeneous ordinary linear differential equation. Here x = 0 is an ordinary point, hence assuming

o0
the power series solution y(x) = > a,z? along with its derivatives:

p=0
Z papr?” Dand ¢ ( Z p(p apx? 2
p=1 p=2
we are led to
0 (n+M-1) mn+M-1)—M
Gy =a3z = - apy_1 = ay = ——————>ag, G =- a
2 3 M—1 ; M M= 1) 0, OM+1 MO+ D) 1
and the recursion formula (cf. [5, eq. (9), p. 179] with M = 2):
nn+M—-1)—(p—-M)p—1)
a, = — Ayp— M- 5
? plp—1) M ©)
From the equation (5) and the values of a; 's (i =2,3,---, M — 1), for k € N we have
aAMK+2 = AME+3 = - Gp(k+1)—1 = 0. (6)
If we put p =2M, 3M, ... successively in (5), then for k € N, we get
k
_(=D)F nn+M—-1)—M(s—1)(Ms—1)
MR = TR 1;[1 Ms—1 0 Q
and similarly, putting p =2M + 1, 3M + 1, ... in (5) successively, we get
k
nn+M—1)—Ms(M(s—1)+1)
. 8
AMEk+1 = k'Mk {1:[ Ms 1 ax (8)
Thus, from (6), (7) and (8), the series solution occurs in the form:
y(z) = |a, + ZaMk oME 4 e o+ ZaMkal kaJrl] . (9)
k=1 k=1

These are linearly independent solutions of the differential equation (4) since neither series is a constant
multiple of the other [5, p. 178].

When n is not an integer, both series have radii of convergence R = 1. If n = Mr, r € {0} UN, then the
first series in (9) terminates and for n = Mr + 1, the second series terminates. With

ao—%(l—%> and alz(_:!y (1+%>,

we are led to the particular solution of (4) which are the proposed polynomials stated in (2) and (3).
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3 Hypergeometric Function Forms

From first series in (2), we have

Puyr(z; M) = zrj (=D* _ﬁ)w (37 _T)kl (_T)kxM(rfk)
= Mt -2), (L),
_ 1 Mr -, L—r ™M
= ! M)2r1 2F1 %M_ 27";
b (1=57),

and from the second series in (2), we have

(1) (1 - %)r (= (P11 - %)k L ME

Pyr(x; M) =
r! = k! (1—%)]6
. _ 1 1 M
U 0-3), p| "I
N r! 201 M

Similarly, from first series of (3), we get

P LR G ) M AT
Prrrga(z; M) = kZ:O El ! (—1)2k (—ﬁ — 27")k (1 + %)r

1. —M
(1 ]\14)2 xMrJrl T, T —1, x
= r F —or— L.
2471 L v

i+, 7

and from the second series,

Pury1 (w5 M) ()= (1 + ﬁ)r — (=7)k (T T+ %)k LMk

1
7! = K (14 47),
1. M
Cvwlsg), |0 TR
= T TQFl 1+W’
T.

4 Orthogonality

We now derive the orthogonality of the polynomials P,(x; M), where n is any non negative integer and
M € 2N.

Theorem 1 Forn, m € NU {0} with n # m, and M € 2N,
1
/ eM=2P, (x; M)P,,(z; M) dz = 0, (10)
-1

in which n= Mr or Mr+1, and m = Ms or Ms+ 1.
Proof. We use the equation (4) and combine the first two terms to get

(1 — 2M)P! (x; M)) + n(n+ M — 1)2™ 2P, (x; M) = 0
for Mr =n or Mr + 1 = n. In this, replacing n by m, it becomes

(1= 2P’ (z; M)] +m(m + M — 1)z™ 2P, (z; M) = 0.
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If we multiply the last two equations by P,,(z; M) and P, (x; M) respectively, and subtract one from the
other, then we obtain

(1 — M) Bl (s MY P M)+ i+ M — 1)a™ =2 By (s M) P (5 M)
—[(1 = 2™)P! (x; M)) Py (x; M) — m(m + M — 1)a™ 2P, (x; M) P,(2; M) = 0.

Now combining the second and fourth terms in this equation and introducing the term (1 — z™)P/ (z; M)
P! (z; M), it simplifies to

[(1— &™) { P} (2; M) Pyy(w; M) — Pl (23 M) Py(a; M)}’
+nn+M —1) =m(m + M —1)] 2M 2P, (x; M)P,,(z; M) = 0.

Integrating this from a to b with respect to x, we have
[(1 = 2™){ P (a; M) Poy(w; M) — P, (a; M) Py (a; M)},

+ [n(n+M—1)—m(m+ M —1)] /beQPn(x; M) Py, (x; M)dz = 0.

Here if M is an even positive integer, then the first term vanishes for the choice a = —1 and b = 1. This
leads to the property (10). m

5 Rodrigues Formula

We aim at representing Pys,(x; M) and Py 1(2; M) as the r*" derivative of certain function. This enables
us to evaluate the integral (10) for m = n.

Theorem 2 There holds the r'" derivative representation of Pyr.(x; M) and Pyrr11(z; M) given by

€T 1
Prp(ws M) = =D [oM7 1@ = 1)), and Pagea (0 M) = ——D" [oM7H (2 = 1)7]

where D = an*l% and M € N.

Proof. We note that

_ %(M(Iﬁ—l)—1)(M(/€+2)—1)"'(M(k+7”)—1)- (11)

M (k+r)—1

Now, applying the differential operator: x = D iteratively on x , we obtain

_Mt1d
dx
.D:EM(kJrr)fl — (M(k + T) _ 1) xM(k‘FT*l)fl,
.D2:EM(k+r)fl _ (M(k + T) _ 1)(M(k - 1) _ 1) xM(k+r72)fl,
and in general,

DM = (M (k4 7) = 1)(M (k47— 1) = 1)+ (M(k+1) — 1) &M+,

Thus the identity in (11) may be written as

(1_%)7«% Mk T M(k 1
ﬁx :WD%H’“)*.
T Mk
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Using this in (2), we finally obtain

T (_1)7“7]@:6 -Der(kJrr)fl

Par(a; M) = Kl(r — k)l M
k=0
— - ':;WT T xMrfl kZ:O (Z) (_l)rkka>
_ - fwr T [xMrfl(xM _ 1)r] (12)

which is the Rodrigues formula for Pz, (z; M). Similarly,

(1(1—:_%1)3+k :CMkJrl _ ]\;T -DT:CM(kJrT)Jrl'
Mk

This in view of (3), leads us to

T (_1)7“7]@ -Der(kJrr)Jrl

Paovia(; M) = Ri(r — R AT
k=0 ) )
_ 1 pr xMrJrli r (—1) kg ME
rl Mr = k
o 1 r Mr+1 M r
= 5 M’“Q) [z (z 1)7]. (13)

6 Evaluation of the Integral

It is natural to examine the integral in (10) when m = n. In doing this, we employ the Rodrigue’s formula
(12) in the integrand to replace Pys.(x; M), and then apply the method of integration by parts r times.

Theorem 3 For M € 2N,

2
1 72]\/[ T 1 ifn= Mr,
[ e = 4 2N
- a1 Vn=Mrtl

Proof. With regard to the operator D of preceding section, we adopt the notation G and write

1
/71 folf(:c)d:c =6_ f(z) dx,
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then using the notation g, or g,,., we have

gn =

1
Guur = / M2 (P, (s M))? da
-1

1
/ $M72PMT($;M)(
-1
T
rl M7

61,1 Pyrr(z; M) D" (xMT*l(xM —1)") dx

T
rl M"

DT ($MT71($M _

D" (M (@M — I)T)) dx
61,1 a7~ Py (2 M)
1

rl MT
1

rl MT
1

rl MT
1

rl MT

1)") dax

1

D91,

[DPpsy-(x; M)) [97«71 (xMT*l(xM —

[PMT({E; M) D1 (xMT*l(xM —

1

S

—1

"] dx

1

S

—1

[@PMT(.I,M)] [.Drfl (xMrfl(xM _ 1)T)] der.

Proceeding similarly using the method of integration by parts (r — 1)-times, we finally obtain

But

D" Pagr(; M)

hence

gZ\/Ir

gZ\/Ir

But
L i)

(="

1

S

—1

(D" Py (z; M) [z (M —1)7] da.

T

£ (o

/ L M(r1)=2
0

rkka] dx

T! (1_%)7“ k=0
2 (1 B %)QT - (T> (—l)k |: 1 :|
rt (1= gp), o \k Mr+1+k)—1]
. 1 (r+l1-—5)(r+1—5+1)-(r+1—-5+k-1)

Mr+1)—1 (r+2-4)

Mr+1-%) (r+2—-ZF)(r+2—-F+1) - (r+2— 4 +k-1)
1
Mr+1+k) -1

k
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hence, we have

T 1
L 203, (r)w L o),
Mr T 1 1y -
il (1_Wr = k M@r+1)—1 (T+2_M)k
For the sake of simplicity, let us put 1 — ﬁ then we find that

2 ()2 k(r 4+ Q)
gMT_T!(aT( T—l—l—lzk' (r+1+a),’

Here the finite sum represents the function o Fy(—r, 7 + «; 7 + 1 + «; 1), hence substituting its value (see [4,
Theorem 18, p.49]), we have
2 ()2 1 Fr+1+o)Il'(r+1)
D = (@), (Mr+1)—1) T(2r+1+a)l(1)

2T (a+2r) T'(a) (r+a)T(r+a) (1),
rt (Mr4+M—-1)T(a) T(a+r) (2r+a)2r+a«)

2 (r+a)
(Mr+M—-1)2r+a)

2
2Mr+ M -1

Finally, we obtain
2

/ M2 Py s M) = T

In case of Ppypq1(x; M), we have

1
Ivrgr = / xM72 (PMrJrl(«fC; M))Q dx
—1

— /11 M2 (Pagpga (w5 M) (T! }\/[T D (ML (M - 1)r)> de.

Proceeding similarly using the method of integration by parts (r — 1)-times, we finally obtain the value as
stated in the theorem. m

Note 2. For M = 2, we get from theorem 3 ([4, eq.(12), p.175]),

7 Generating Function Relations

In the following theorem, the generating function relations are obtained.

4(xt
Theorem 4 If |t| <1, 7(:6 ) <1, then
(14 tM)2
> 1 1 1 4($t)M
ZPMT(:C;M)tMT*(l—l-tM)_*l oFy | 27 2M T 2M m
r=0 1— %;
and
00 1 LM 1 }\4 4(xt)M
—1—L 2 2M M M2
ZPMrJrl(x;M)tMT:xt (1+tM) 1—77 o F - (1+t )
M

r=0
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> P = 303 k-
r=0 r=0 k=0 k'(r_k)!(l_ﬁ)r k
oo 00 k 1
_ ZZ (-1) (1 _)2r+k pMrM(r+k)
- 1
r=0 k=0 k! ( o W)
_ f: ﬂ‘ﬁ% Mi M+2T)kth
= - L
r=0 M r k=0
As before, taking L) = o and assuming |t| < 1 and ( ) < 1, we have
M (1+tM)2
G . Mr > (a)2r — (=D*(a+2r)k
ZPMT(xaM)t Z (a)r T! Z—k' t
r=0 r=0 k=0
> 92r a1
_ ()(2+ )rxtMr1+tM)a2r
r=0 (O[)T !
2 @), Ao
R N T 20k
27 2> 2M * M2
= (1+tM)M*1 oF) L1, (1+t ) ,
M

which is first generating function relation. For the odd degree polynomial, we assume |¢| < 1, and consider

1 + )2r7k

o )rfk

Z Payria (x5 M)tMTJrl
r=0

ZZk. %
r=0 k=0
o (_1)k (1+M
ket (1+ 57),

(-DF (1+

%)QT (1 + %

M(r—k)+1 tMrJrl

)2r+k xMrJrl tM(rJrk)Jrl

+ 2T)k () Mr+1 ¢ME

k! r! (1+

)y

(o)1 & (-

D* (1+ 47 +2r)

3+

k Mk
il t

1

2M

), (Lt aw), _(a)™

4(xt)M
Ty

Finally, assuming ’

7! (1+

)y

(14 tM)*"

< 1, we obtain the second generating function relation of the theorem. m

8 MATLAB Programming to Compute Zeros

It is quite natural to ask: how one can find the zeros? To answer

this, we provide here the MATLAB

platform for computing zeros of P, (z; M) for n = Mr or n = Mr + 1.
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b = input('If the degree of polynomial is odd then enter 1 else 2:');

r= input ('Enter the value of r:'");
m= input ('Enter the value of M:'");

if b==
t=1-1/m;
pl=1;

for k= 1:r
pl=plx* (t+k—1);
end

f(1)=plx(—1) "r/gamma (r+1);
for k=1l:r

a = (—1) "k xgamma (r+l1—k)* gamma (k+1);
ql=1;
for i=1:k

gl=glx (t+r+i—1)/ (t+i—1);
end

f(k+1)=(pl*qgl) /a;

end

for i=1l:r
g((i—1)*m+1l)=£f(1);

for j=2:m

g ((1—1)*m+3j)=0;
end

end
g(r*«m+l)=£f(r+l);
prm=£lip(g)
x=roots (prm)
else

t =1+ 1/m;
pl=1;

for k= 1:r
pl=plx* (t+k—1);
end

f(1l)=plx(—1) "r/gamma (r+1);
for k=1l:r

a = (—1) "k xgamma (r+l1—k)* gamma (k+1);
ql=1;
for i=1:k

gl=gl« (t+r+i—1)/ (t+i—1);
end
f(k+1)=(plxql)/a;
end

g(1l)=0;

for i=1l:r
g((i—1)*m+2)=£f(1);
for j=3:m+1

g ((1—1)*m+3j)=0;
end

end

g(r*m+2)=£f (r+l1);
prml=£flip(qg)
x=roots (prml)

end
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Example 1 This program is illustrated by choosing 1 = 2 and M = 4 for both even and odd cases. The

zeros of Pg(x;4) are

—0.9360 + 0.00001
0.9360 + 0.0000z
0.6381 + 0.0000¢

—0.6381 + 0.00001

0.0000 — 0.9360:
0.0000 + 0.9360:
0.0000 + 0.63811
0.0000 — 0.6381:
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and the zeros of Py(x;4) are

0.9476 4 0.0000¢  —0.9476 + 0.0000:  0.0000 + 0.0000z
0.7089 4 0.0000¢  —0.7089 + 0.0000:  0.0000 + 0.9476:
0.0000 + 0.7089¢ 0.0000 — 0.7089z  0.0000 — 0.9476¢

We observe that Pg(z;4) has four real zeros and four complex zeros and Py(x;4) has five real zeros and
four complex zeros; unlike the nature of zeros of the Legendre polynomial which are all real.

9 Graphical Behavior

It is well known that the graphs of P,(x), for n = 0,1,2,... intersect the z-axis between z = —1 and x = 1
(see Figure 2). Hence, it would be interesting to examine the graphs of Pus.(x; M) and Paspiq(x; M) for
r=20,1,2,...and for fixed M. In Figure 3, the graphs are plotted for M = 4 and » = 0, 1, 2. Since, the zeros
of Pyrr(x; M) and Pagpqq(x; M) for M = 4,6, ... are not all real, hence the observation is that for these
values of M, not all the graphs will show the intersections with the x-axis.

P1
0.5
Pa
| | | |
8 0.6 0.2 0.2 6 0
P s
P, 4
Figure 2: P, (z;2)
P P
4 P, 8
Pq 05
| | 1 | | 1 | |
0 0.6 -0.4 0.2 0.2 0.4 0.6 8
0.5
P

Figure 3: P, (z;4)

9.1 Observation

From Figure 3, it may be seen that the graph of Py intersects x-axis 4 times whereas the graph of Py intersects
z-axis 5 times (Example 1). We further observe that the graphs of even degree polynomials are symmetric
about y-axis whereas the graphs of the odd degree polynomials are symmetric about the origin.
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