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Abstract

In this paper, we develop a method to obtain the lines of curvature on parametric hypersurfaces in
Euclidean 4-space. We show that such lines are the solutions to systems of first order triplet non-linear
differential equations. Even if these curves cannot be obtained analytically in general, it is also shown that
it is possible to compute all curvatures of a Frenet line of curvature by using the extended Darboux frame
along the curve. We obtain the Frenet vectors and extended Darboux vectors of the line of curvature
without encountering any singular case. In addition, we construct a developable ruled hypersurface whose
base curve is always a line of curvature. We provide an example to show the applicability of the given
method.

1 Introduction

A curve on a surface is called a line of curvature if it is always tangent to a principal direction. Lines of
curvature on surfaces have always been the focus of attention not only in differential geometry (e.g. [4, 16])
but also in geometric modeling (e.g. [12]). Differential geometrical properties of such curves on parametric
surfaces and hypersurfaces can be found in [4, 13, 16] and [2], respectively. It is known that a line of curvature
on a parametric surface in Euclidean 3-space E? satisfies the following differential equation [4]

(LE — NF)(u? + (ME — NG)u/v" + (MF — LG)(v)? = 0.

If the above differential equation can be solved explicitly, then the line of curvature on the given surface can
be obtained. In this case, it is easy to compute its Frenet apparatus. If we have an approximate solution for
the line of curvature, then we need new techniques to calculate its curvatures and Frenet vectors. In 2007,
Che et al. studied lines of curvature and their differential geometric properties for implicit surfaces in E>
[5]. In 2014, Joo et al. presented algorithms for computing the differential geometric properties of lines of
curvature of parametric surfaces in E3. They derived the unit tangent vector, curvature vector, binormal
vector and torsion of such lines. They also derived algorithms for evaluating the higher-order derivatives
of lines of curvature of parametric surfaces [10] (The previous studies including the applications of lines of
curvature have been reviewed in [5] and [10]).

Lines of curvature have also been studied in E*. The differential equation of the lines of curvature
for immersions of surfaces into E* has been established by [9]. In [11], the authors establish the geometric
structure of the lines of curvature of a hypersurface immersed in E* in a neighborhood of the set of its principal
curvature singularities, consisting of the points at which at least two principal curvatures are equal. The
geometric structures of the lines of curvature and the partially umbilic singularities of the three-dimensional
non-compact generic quadric hypersurfaces of E* have been studied in [14].

In this paper, we present a method to compute the lines of curvature and their differential geometric
properties on parametric hypersurfaces in E*. By using the extended Darboux frame along a curve lying on
a hypersurface, we obtain the curvatures, Frenet vectors and extended Darboux vectors of the obtained lines
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of curvature. In addition, we construct a developable ruled hypersurface whose base curve is always a line
of curvature.

This paper is organized as follows: In section 2, we introduce some necessary notations and give some
definitions for curves lying on hypersurfaces. The extended Darboux frame is also given in section 2. In
section 3, we give a method to compute the lines of curvature of parametric hypersurfaces in E*. Also, we
provide a method for computing the curvatures, Frenet vectors and extended Darboux vectors of the line of
curvature. In section 4, we construct a special developable ruled hypersurface whose base curve is always a
line of curvature. An illustrative example is presented in section 5.

2 Preliminaries

2.1 Curves on Hypersurfaces in E*

Definition 1 The ternary product of the vectors

4 4 4
X = § i€, y = E Y€y, and z= 5 z;€;
i=1 i=1 i=1

is defined by [15]
€] €y e3 ey
T1 T2 X3 T4

XQyQ®z= )
Y1 Y2 Ys Y4

21 R2 k3 %4

where {ey, ez, es,e,} denotes the standard basis of R*.

Let M C E* be a regular hypersurface given by its parametric equation R = R(uy, us,u3) and a : I C
R — M be a unit speed curve. If {t,n, by, by} denotes the moving Frenet frame along «, then the Frenet
formulas are given by [1]

t = kin, n = —k1t + ksbq, b/l = —kon + k3bo, b/2 = —ksby,

where t,n, by, and bs denote the tangent, the principal normal, the first binormal, and the second binormal
vector fields, respectively, and k;(i = 1,2,3) denotes the ith curvature function of the curve a. The Frenet
vectors and curvatures of the curve are given by [1]

1 / 1" "
, « aa’da
b=l = P Wewean Mo ROteR .
b, a///> <b2 a(4)>
ki = |lo ko = <’7 ko = 20— ]
1 ||Oé Ha 2 kl ) 3 k1]€2

The derivatives of the curve a are obtained as
o =t, o =t' =kn, o =-kM+Ekn+kkb,
o = 3k kit + (=K + K — kik2)n + (2K, ko + k1ED)by 4 kikoksbs.
In addition, since « lies on M, we can write a(s) = R(uy(s), u2(s),uz(s)). Thus, we have o/(s) = ﬁleiu;,

where R; = %, 1=1,2,3, and

3 3
o’(s) =Y R + > Rijujul, (2)
=1

4,j=1
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3 3 3
" " "1 1.0
a(s) = E Ru " +3 E Rijug uj + g Rijrujuiuy, (3)
i=1 ij=1 i, k=1
3 3 3 3 3
4 _ (4) ", 1 ", "ot P
oW (s) = E Riu; " +4 E Riju; v +3 E Rijju;u; +6 E Rijpu; wjuy + E Rijreuiujuguy. (4)
i=1 ij=1 i,j=1 i, k=1 i,k =1

Definition 2 A unit speed curve 3 : I — E" of class C™ is called a Frenet curve if the vectors 5'(s), 8" (s), ...,
B("fl)(s) are linearly independent at each point along the curve.

2.2 Extended Darboux Frame in E*

Let M C E* be a regular hypersurface and o : I C R — M be a unit speed Frenet curve. Let T denote the
unit tangent vector field along «, and IN denote the unit normal vector field of M restricted to the curve a.
Then the extended Darboux frame of first kind along « is given by {T,E, D, N}, where

T — (T',N)N

T — (T, N)N||' e

This frame satisfies the following system of differential equations [8]

T 0 Kk 0 K\ [T
E/ ~kb 0 kK | |E
— g g9
o[~ o -k o £||(p]| ®)
N/ —k, —T; —73 0 N

where k:; and T; denote the geodesic curvature and geodesic torsion of order 4, respectively, and k,, denotes
the normal curvature of the hypersurface in the direction of the tangent vector T. Then we have [§]

1 2 1 2
k,=(T".E), k= (E,D), 7,=(E,N), 7,=(D,N), k,=(T' N)

2.3 Ruled Hypersurface in E*

A ruled hypersurface in E* can be parametrized by the map
b1 T x R > B, (s, u,0) = B(s) + ue (s) + ves(s),

where 3 : I C R — E* denotes the base curve with unit tangent vector ep, and {e;(s),ez(s)} denotes an
orthonormal basis of generating plane along 3. Let

rank[eg, €1, ez, €], e5] =4 — k. (6)

If k=0 (resp. k=1) in (6), then the ruled hypersurface is called non-developable (resp. developable) [3].

3 Lines of Curvature of Parametric Hypersurfaces in E*

In this section, we first show how we can obtain the lines of curvature of a parametric hypersurface in E*.
Then, we show that, even if such curves cannot be obtained analytically in general, it is still possible to
compute their curvatures and Frenet vectors.

Let R = R(uy,u2,u3) denote a regular hypersurface M defined on a domain B. Then, the unit normal

vector field of M is given by N = %. Since the normal curvature of M at a point is given by

k, = %7 we have
hat + 2h1oX + 2hagp + 2hos Al + hoo A + hagzp?

kn()‘vﬂ) - 2 2
g11 + 2g12A + 291346 + 2923 At + gaoA” + gasp

(7)



F. Celik and M. Diildiil 277

d'LLQ dU3
du1 ) du1

the tangent direction for du; # 0, and g;;, h;; denote the coefficients of the first and second fundamental
forms, respectively. It is well-known that the extremal values of normal curvature are principal curvatures
[2]. If we take the partial derivatives of k,, with respect to A and u, respectively, we have

where I and IT denote the first and second fundamental forms of M, respectively, (A, u) = ( ) denotes

ok, (2]112 + 2ho3p + 2hz2)\>I —1I (2912 + 2go3p + 2922)\)
N

b

3
(911 + 212X + 2g1340 + 2023 M1 + ga2 A + 933H2>

ok, (2h13 + 2ho3A + 2h33#)1 -1 (2913 + 2923\ + 2933#)
o

2
(911 + 2912\ + 20130 + 2923\ + ga2 A + 933u2>

Then, we obtain

o (M, 1) = O _ hag +hood+ hospr _ has 4 hosA + kg hay + haoA + haspe
e I g12 + g2 A + ozt g1z + GasA + gssp g1+ G2 + gisp

Thus, the principal curvatures satisfy the following homogeneous system [2]

(h11 — kngi1)dur + (hiz — kng12)dus + (his — kng13)dug =0,
(hi2 — kngi2)dur + (hag — kngo2)dus + (has — knges)dus =0, (8)
(h13 = kng13)duy + (hos — kngos)dus + (has — kngss)dus = 0.

Let us denote the coefficient matrix of the above system by A, i.e.

hit —kngir hi2 —kngiz hiz — kngis
A= hi2a —kngi2 hoo —kngoe hoz — kngos
hiz — kngiz  hos — knges  haz — kng33

In case rank(A) = 0, since all directions satisfy (8), the point is an umbilical point. Then, because of the
properties of umbilical points, we obtain

_ P e s has e has

g11 g12 gi3 923 g22 933

kr

In case rank(A) = 3, the system has the trivial solution only. For the principal directions, we need the
nontrivial solutions of this system. This system has a nontrivial solution if and only if det 4 = 0, i.e.

det A = (9%2933 + 935922 + 933911 — 2912923913 — 911922933)]631
+ (2h12913923 — 2h12912933 + 213912923 + 2ha3912913 + h22911933 + h3zg11922
+h11922933 — 2h13922013 — 2h23g11923 — h33gia — ha2gis — hllgg?,) kn
+(2h12h33912 — 2h12h23g13 — 2h13haszgi2 + 2hi1hasges + 2hi3hagis

—hi1ha2gss — haohazgin — hi1hasges — 2h12h13ges + h3sg11 + hisgoe + h%QQBB)kn
+2h12h13has + hithashss — hishss — hizhas — hishyy = 0.

If we denote ) ) )
B 2h12h13ha3 + hithoshss — highss — hizhos — hishiy

9%2933 + 9%3922 + 953911 — 2912923913 — 911922933

Ki =
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_ 2hi12913923 — 2h12912933 + 2h13g12923 + 2ho3g12913 + h22g11933 + R3zgi1922

Ko =
3(9%2933 + 935922 + 935911 — 2¢12923913 — 911922933)
_ h11922933 — 2h13922913 — 2h23g11923 — h33g3y — ho2gis — h11935
3 (9%2933 + 935922 + 933911 — 2912923913 — 911922933)
K _ 2hi12h33g12 — 2h12h23g913 — 2h13ha3gia + 2h11ho3gas + 2hi13ha2gis — hi1haogss
3 =

9%2933 + 953922 + 953911 — 2g12923913 — 911922933
—haohssgi1 — hi1hssgze — 2hi2hi3gas + hasg11 + hisgeo + hisgss

+ 2 2 2 —9 —
912933 + 913922 + 953911 912923913 — 911922933

7

the last equation can be written as
k2 — 3Kak2 + K3k, — K1 =0, (9)

where K7 and /Cy correspond to the Gauss and mean curvatures, respectively. Note that (9) is a third order
equation with respect to k,. If we use the Cardano’s method [7] for cubic equations, we can express the
principal curvatures in terms of K1, K and K3.

3.1 Computation of Line of Curvature

Let us now give a method for obtaining the unit speed line of curvature of a parametric hypersurface. Let
us assume that rank(A) = 2. In this case, we have at least one 2 x 2 submatrix of A which has nonzero
determinant. Suppose that

a; = (h12 - kngl2)(h23 - kngzs) - (h22 - kn922)(h13 - kngls) # 0.
Note that a; corresponds to the determinant for coefficients of dus and dug in the first and second equations
of (8). Let
ag = (h12 — kng12)(h13 — kng13) — (11 — kngi1)(has — kngas),
az = (h11 — kng11)(ho2 — kngaz) — (h12 — kn912)2~

Then, if we choose

uy =mnay, uhH=nay, uj=nas, (10)
(where 7 is a nonzero factor) it is easy to see that (10) satisfies (8). Note that as and a3 also correspond to

the determinants of some submatrices obtained from the matrix A. Since the line of curvature is unit speed,
its first fundamental form is given by

3
> gigujul =1, (11)
ij=1
Hence, substituting (10) into (11) determines 7 as

1
n=¥ > = = (12)
V91103 + 2g12a1a3 + 2g13a1a3 + 2g23a2a3 + ga2a3 + g33a’
If we substitute (12) into (10), we obtain
I __ ay
uy =+
1 \/gua%+2g12a1a2+2g13ala3+2g23a2a3+ggza§+g33a§ ’
/I az
Uy = F
2 \/gua%+2glza1a2+2913ala3+2923a2a3+922a§+g33a§ ’ (13)
uh = 43

F .
\/glla%+2912al az+2g13a1a3+2g23azas+gaza+gssal

Thus, the line of curvature a(s) can be obtained as a solution to the system (13) together with the initial
values 41 (0) = wug, u2(0) = vg, u3(0) = wo.
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3.2 Curvatures of Line of Curvature
Now, we want to find all curvatures of the line of curvature «(s) obtained by the above method. For this
purpose, we need to compute the higher order derivatives of «a(s).
3.2.1 First Curvature (k)
If we use (2) and (5), we may write
o' (s) = kyE + knN = Ryu} + Rouj + Rauj + Q, (14)
3
where Q1 = > Rjjujuf. Since uj, uj and ug are known from (13),  is known. Taking inner product of

ij=1
(14) with Ry, Ry and Rg, respectively, we get the equations

ky(E,R1) = gniuf + g1ouy + grsus + (1, Ra), (15)
k§<E, Rs) = g12u] + goouy + gagus + (1, Ra), (16)
ky(E,R3) = gisuf + gosuy + gssuf + (01, Rs). (17)

3
Moreover, since o = Y R;u; and (E, o) = 0, for u} # 0 we have
i=1

<E,R1> _ 7ul2<EaR2> . Ué<E,R3> ) (18)

/ li
Uy Uuy

If we substitute (18) into (15), using (16) and (17) we get

3 3 3
(St (St o (St ) = (). (19
i=1 i=1 i=1
Differentiating the first and second equations of (8), we obtain
(P11 = kng11)uy + (hiz = kngiz)uy + (hiz — kngiz)uz = py, (20)

(h12 — kng12)uy + (hao — kngao)us + (hog — kngas)us = po, (21)

where
pr = — (W = kg1 — kaghy )t = (Kl = Kig1z = ngla )uh — (Bhs = Klugnis — kugls ),
pr = = (Pha = Kiugnz — kugho )t — (Phy — Kigan — Fugha )b — (R = K923 — g ) s

If we consider (16), (17) and (19)—(21), we obtain the following nonhomogeneous system of linear equations

3 3 3
> Uigi PORTAY > uigsi 0 0 uf —(Q,0)
i=1 =1 =1 u// —<Q R>
_ 2 1, 1v2

o - Nl I I IS IR (OMIS N D)

913 g23 933 0 k1<E R >
hir — kngin his — kngia his — kn 0 0 g\ 2 1
11 g11 12 912 13 913 0 k;(E,R;:,} Py

hio — kngiz  hoo — kngoo  hoz — kngo3

Since the determinant of the coefficient matrix of the above system is nonzero, i.e.

\/911(1% + 2g12a1a2 + 29130103 + 29230203 + g22a3 + gszaj # 0,
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the unknowns uf, uy, uf, kj(E,Ry), and k(E, R3) can be computed from (22). These solutions enable us

to compute the curvature vector o, the vectors E = % and D=N® T®E, and k;. Hence, the
first curvature of the line of curvature is obtained by

ki = \/(kn)? + (K1)2.

3.2.2 Second Curvature (k3)

To obtain the second curvature, we need to determine the third order derivative of a.
Since « is a line of curvature, we have T; = 73 = 0. If we take the derivative of o/ = k;E + k,N with
respect to arc-length, we get

_ 1 2 17.2
o = (k})'E — k2T + k)k2D + k[, N.

Thus, if we use (3) and (5), we have

(k))'E — kiT + kjk2D + kN = Ryu}’ + Rouy’ + Rauy’ + Qa, (23)
where
3 3
Q=3 Z Riju;u;»’ + Z Rijku;ugu;.
4,j=1 1,5,k=1

If we take the inner product of both sides of (23) with Ry, Ro, and Rs, respectively, we obtain the linear
equations

guuy” + giouy’ + grsuy’ — (k) (E,Ry) — kjk2 (D, Ry) = =k (T, Rq) — (22, Ry), (24)
g12uy" + gaouly’ + gasuy’ — (k)" (E,Ra) — kjk2 (D, Ra) = —ki (T, Ra) — (22, Ra),
g13uy” + gasuly’ + gssuy’ — (k)" (E,Rs) — kjk2 (D, Rs) = —ki (T, Rs) — (22, Rs),

with the unknowns u{’, uy’, u4’, (k})" and k2. So, we have to find two more equations to obtain these

unknowns. Differentiating (20) and (21), we get

(h11 = kng11)uy” + (h12 — kngi2)us’ + (his — kngiz)us’ = ps, (25)
(h12 = kng12)u]" + (haa — knga2)uy' + (hos — kngas)us’ = py, (26)
where
ps = —( 11— kngin — 2k,911 — kng’{l)u’l - 2(h’11 —kngi1 — kngil)U’{
— (Wl = Kiigrs = 2K, g5 — kugll )uh — 2(Phy = Kz — knghs ) uf
—(Ms = Kllgrs — 2K, 91 — kugls )us — 2(hhs — Khgus — kgt ),
and

Py = = (h/fz — kyg12 — 2k, 915 — /‘Jngilz>u/1 - 2(71/12 — kng12 — kng,12)u/1/
— (Mo = Kiig22 — 2K, — Rugl s — 2(

—( /2/3 - k;{g% - 2’%9’23 - k’nggfs)ué - 2(’1/23 - %923 - kngég)ug-

hyy — k922 — kngéz>ug
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Then, the equations (24) through (26) constitute a linear equation system QX = S, where

g11 912 913 —(E,R1) —kj(D,Ry)
gi12 g22 g23 *<E,R2> *k;<D7R2>
Q= 913 923 933 —(E,R3) —ky(D,Rg)
hi1 — kngir  hia —kngiz  his — kngis 0 0
hi2 — kngi2  haz — kngoa  haz — kngos 0 0
uy’ —k$(T,Ry) — (22, Ry)
uy’ —k(T,Ra) — (22, Ra)
X = Ugl y S = —k%<T7R3> — <QQ,R3>
(kg)' P3
k’§ P4

We should here note that kj # 0. Otherwise, by (5), the equality T’ = kJE + k, N becomes T” = k, N which
implies that « is a geodesic curve. However, a Frenet curve which is a line of curvature cannot be a geodesic
curve. Thus, since the determinant of the coefficient matrix Q is nonzero, i.e.

det Q = k;||R1 ® R @ Rs|| \/9110% + 2g12a102 + 29130103 + 29230203 + g22a3 + gszaj # 0,

the unknowns /', u4’, uf’, (k)" and k? can be obtained. These solutions enable us to compute o”. If we

use (1), we can compute the Frenet vectors by and by of a. Therefore, the second curvature can be obtained

by ks = %. We also have kll = <n’ O/") and k;L _ (N,o/”>,

Furthermore, ko cannot be zero. Otherwise, the third derivative of o can be written as a linear combi-
nation of o’ and «” which contradicts with the fact that « is a Frenet curve.

3.2.3 Third Curvature (k3)

Similarly, we need to find the fourth derivative of the line of curvature to obtain its third curvature. If we
take the derivative of o', we may write

o) =[ =2k k) — k) (k}) — bk, | T + [(k))" — kik} — ky(k2)*|E
+ [2(ky) k2 + kL (k2D + (ki — Kk, )N.
On the other hand, for the fourth derivative, from (4) we also have

Oé<4) = R1U§4) —+ Rgugl) —+ Rgu:(f) —+ Qg,

where
3 3 3 3
", 1 n, 1 ", r. ./ ro o
Q3 =4 g Riju; u; +3 E Riju;u; +6 g Rijru; wjug, + E Rijrou;ujuguy.
ij=1 ij=1 i3, k=1 i,k =1

Hence, we may write
0 = [ 2k — KOKLY kT ()" — kK] — KL)]E
+[2(k)) k2 + ky(k2)' 1D + (k) — kikn)N
= R1u§4) —+ RQUgl) + Rgugl) —+ Qg. (27)
If we take the inner product of both sides of (27) with Ry, Ro and Rg, respectively, we get the following
equations
gy + graus? + gigug” — (B, Ra) (k)" — Ky (k) (D, Ry)
= —(Qs,Ra) = [2kak) + kg (kg)' + Kkl ] (T, Ra) — [khg + kg (k5)°] (B, Ra) + 2(kg)'kg (D, Ra), (28)
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gr2ul? + gasul) + gosul) — (E, Ry) (k)" — ky(k2)'(D,Rs)

= —(Q3,Ra) — [2kak] + kg (k) + knky, | (T, Ra) — [kTky + kj(k2)*] (E, Ra) + 2(k})'k2(D, Ra),
(4) (4) (4) v 2y

913U1 +923u2 +g33u3 <E7R3>(kg) kg(kg) <D’R3>
= —(Q3,Ra) — [2kak] + kg (k) + knky, | (T, Ra) — [kTky + kj(k2)*] (B, Rs) + 2(k})'k2(D, Ra).

Differentiating (25) and (26), we get

(h11 — kngll) + (h12 — kngu)ugl) + (h1s — kn913)ug4) = ps,
(h12 — knglz)UYl) + (hoo — kngzz)u§4) + (hos — kng23)u;(>,4) = Pe> (29)
where
Ps = —( 1 kmgll k’r{gll 3k, 911 anﬂ)“& - 3( k”911 21“:;911 kngn) 1

=3By = kg — kughy )ul” — (WY = ki g2 — 3K)lghs — 3K,g1a — kngl ) uh
*3(h/1/2 kl’912 Qk;ﬂiz knng) 3(h/12 k;912 kn912> 5
—( 13 k”’g13 - 3kn913 3]“;91/3 - k’ngi/é)“é - 3( /1/3 - kggm - 2%913 k’ngw) 3

—3(hy — K1 — gty )

po = — (W~ k912 — 3Kty — 3Kty — kgl )ut — 3 (e — Kllgna — 2K)gs — kgl )uf
~3(Why — Kiugns — Kugha )’ — (R4 — ki/'gan — 3ki{ghy — 3K),g8 — kugd )
—3( — kyg22 — 2k, 955 — kn922) (h22 kng22 — kn922) 5

—( 23 k‘mgzs - 3’%923 3k, 923 knﬂ%)”é - 3( 5 kn923 - an923 kngzs) 3
—3(h/23 — k923 — kn923>7"‘g/

Thus, the equations (28) through (29) constitute a system of linear equations with the unknowns u§4), ug4),

u§4), (kj)" and (k7). This system is given in matrix notation by QY = W, where

uq T1
ugl) T2

Y = U;(;l) 5 W = T3 s
(k)" s
(k)" Ps

—(Q3,Ra) — [2k1 k] + kg (ky)' + Kk (T, Ra) — [kiky + kg (k3)*] (B, Ra) + 2(k,) 'k} (D, Ra),

—(Q3,Ra) — [2k1 k7 + k;(k;)’ + knk)](T,Ra) — [kfk’; + k;(kg)Q] (E,Rs) + 2(k;)’k:§<D, Ro),

—(Q3,Rs) — 2k} + Ky (k) + knk, (T, Rs) — [kiky + kj(k2)*] (B, Rs) + 2(k} ) k2 (D, Rs).
Since det @ # 0, the unknowns in Y can be computed. Thus, the third curvature can be obtained by

<b27 <)>
k - k1ko
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4 A Special Ruled Hypersurface in E*

In this section, we consider two special vector fields along a Frenet curve in E*, and we construct a developable
ruled hypersurface associated with these new vector fields. We show that the base curve is always a line of
curvature on the obtained hypersurface.

Let 8: I C R — E* be a unit speed curve in E* with non-zero curvatures ki, ks, k3, where Z—g is constant,
and let {t,n, by, bs} denote its Frenet frame. Let us now introduce the following unit vector fields defined
along (:

1
Hi(s) =ba(s), Ha(s) = —m=——o——{ka(s)n(s) — ks(s)b2(s)}.
k3(s) + k3(s)
Since {H1,Hz} is orthonormal, we define the ruled hypersurface
Y(s,u,v) = B(s) + uHi(s) +vHa(s), se€l, u,veR,

and call it the H;Ha-ruled hypersurface of 3(s).

Theorem 1 Let B : I C R — E* be a unit speed curve with nonzero curvatures ki, ks, ks, where % 18

constant. Then

i) (s0,u0,v0) is a singular point of the HiHa-ruled hypersurface of 5(s) if and only if

VR RS

Y= T

it) B is a line of curvature on the HiHa-ruled hypersurface of 3(s).

Proof. i) Since the partial derivatives of (s, u,v) are

kik
Y, = (1 - 1]121+2k:2> t(s) — ukan(s) + vy/k3 + k3b1(s) + uksba(s),
2 T R3

_ 1

Y, =bi(s), ¥, = m {k2(s)n(s) — k3(s)ba(s)},

k3 vkiko ko vkiko
s®Y, Y, = 1- ns)+ ——— |1 - ——— | ba(s).
Vs O ©Y NCENE] ( NCE +k§> (s) NCEE] ( NCE +k§) 2(5)

Then, one can see that 1, ® 1, ® ¢, vanishes if and only if 1 — —2k1k2_ — ( ie. (s0,ug,v0) is a singular

Vk3+k3

we have

point of the HiHs-ruled hypersurface if and only if
VR
Vo = k‘lka (80)

ii) We have u = v = 0 for the points of 8. Thus, 3(s) is a regular point of ¢ (s, u,v) for all s € I. Then,
the unit normal vector field of the hypersurface 9 (s, u,v) restricted to the curve g is

ks (s) + i ba(s).

™  n M
k3 + k3 V3 + k3
Differentiating the unit normal vector field N with respect to s, we obtain

NYy(s) = — 1834

which shows that 3 is a line of curvature on the H;Hz-ruled hypersurface. m

Ng(s) =
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Theorem 2 Let B : I C R — E* be a unit speed curve with arc-length parameter s. The HyHa-ruled
hypersurface associated with B is developable.

Proof. We have

1 0 0 0
0 0 1 0
ks _ ks
rank[t, Hq, Ha, H}, Hj] = rank 0 N 0 Ve | =3.
0 —ko 0 ks

—kiko 2 2
T 0 VBER 0

Then, according to (6), the H;Hs-ruled hypersurface associated with § is developable. m

5 An Illustrative Example

Let us consider the hypersurface M with its parametric equation

/2 < ; )
+ —wugcos | —=u , 30
V3 3 (30)
defined over

9
B = {(ul,ug,u?,) €E3|U1,U3 € R, uy 75 \/i}

Then the unit normal vector field of M is given by

N — Ri®R,®Rs 1 cos Qu sin @u Cos(lu> sin(
IRi®R:@Rs| 2 Vs ) \ve ) V3

In this case, the first fundamental form coefficients of M are

&)

u1>> .
2v2 2 4 4 4 4
g =1~ TW + 5“% + 6“57 gi12 = *§u37 g13 = 5“2, 922 = §, 923 =0, g3z =1,

and the second fundamental form coefficients of M are
ur 1
9 V2’

Thus, the normal curvature in the direction (A, p) is obtained from (7) as

hii = hi2 = hiz = hag = haz = h3z = 0.

U2 1

9 V2
k(A 1) = ) (31)
" 1— 2820, 4 202 + du2 — Bugh + Sugp+ 2N 4 12
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By taking the partial derivatives of k, with respect to A and u, for the extremal values of k,, we obtain

A=wuzand p = 7%’1/42. Substituting these results into (31) yields

where w = % — % Then the coefficient matrix of the system (8) becomes

—1 (8u2 | 2u2 2 2
) dm e Lo 0
= 2 2 ~ 9, W 9.
R R RN L
—55U2 0 —35 0w 12 2w
which means rank(A) = 2. We have
9 1
(haz — kngo2) (haz — kngss) — (haz — knges)”™ = 92 # 0.
If we denote 1
as = (has — kngo2) (has — kngss) — (hos — knges)” = 92
U
as = (h13 — knglg) (h23 - kn923) - (h12 - kngl2) (h33 - anSS) = ﬁ7
and consider A
U
a1 = (k12 — kngi2) (has — kng2s) — (haz — knge2) (h13 — kngiz) = _810022’

we obtain the system corresponding to (13) as

ua _ :F a4 — :F 1
- - bl
\/gl1aZ+2y12a4a5+2y13a1a4+2y23a1as-&-gzzag-&-gssaf V2w
! as _ us
Uy = F 5 =F=
\/gl1a3+2g12a4a5+2g13a1a4+2g23a1 as+ga2ai+gssal V2w’ (32)
! ay _ 4us
uh = F = )
3 \/gl1GZ+2£J12a4a5+2y13a1a4+2y23@1 as+g22a2+g3za? V2w

We should note that when the minus(plus) sign is used in u} and v}, the plus(minus) sign must be used in uj.
Thus, solving (32) with the initial conditions u;(0) = 0, u2(0) = 0, u3(0) = 0 and substituting the solutions
into (30) yields a line of curvature 8 on M passing through the initial point 5(0) = R (u1(0), u2(0), u3(0)) =
(1,0,1,0) = P. If we choose the signs as —, —, + in (32), respectively, we have v} = 1, u) = u4 = 0 at P,
i.e. the tangent vector at P of § is obtained as

R0 Y2, L
T_R1_<O,\/§,0,\/§>.

We also have 0y = (f%,(), f%,()), p1 = py = 0 at P. If we solve (32) with the given initial point via the
ode45 function of MATLAB R2014a and substitute the results into (30), we obtain the line of curvature.
This line of curvature has been projected into the hyperplane w = 0 and its projection is displayed in Figure
1 together with the projections of the parameter surfaces of the given hypersurface M.

First curvature

To obtain the first curvature of the line of curvature above, we need to substitute the known results into
(22). However, since

(haa — kngaa) (hss — kngss) — (has — kngas)” = 92

#0,
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Figure 1: Line of curvature of the hypersurface M passing through the initial point P = (1,0, 1,0)

we must use the equations obtained by differentiating the second and third equations of (8) instead of the
fourth and fifth equations of (22). In this case, the system corresponding to (22) at P is obtained as

1 0 0 0 0 ! 0
0 2 0 -1 0 u S
0o 0 1 0 -1 ul! _ 0
022 0 0 0 k! (E,Ro) 0
0 0 % 0 0 k; (B, Ra) 0

Hence, the solution of this system is obtained as

W =uf =uf =0, K <E,R2>:§, k! (B, Rg) = 0
which yields
2 1 B"(0) 2 -1
ﬁ/l(O):Q1 :R11 = <—,0,— ,0) y n(O)— —( ,077,0)7
37703 187) V5 Vs
2v/6 V3
Q2R11l<0, 9 7039>7 3=ps=0

Thus, we obtain

Second curvature
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Similarly, for the second curvature of 3 at P, we obtain the system corresponding to the system QX =S as

1 0 0 0 0 ull 0
0 5 0 -2 0 ull 0
o 0 1 0 ¥ w = -2
022 0 0 0 (kb 0
0 0 ¥ 0 0 kg 0
whose solution is
u' =uy =uf =0, (k;)/ (0)=0, k2(0)= —%.

Thus, we obtain

2 4 1
B/H(O) == QQ == (0, _g,o, _\/§> 9 Qg == R1111 = (,0, ,0) .

Also, we find

bﬂO)z(—\%,O,\%,O), b1(0):<0,\}§,0,—\§>, (0)=0, K,(0)=0.

Hence, the second curvature of 8 at P is obtained as

~ (b1(0),87(0)) 1 [2
ko (0) = ho - 3Vs

Third curvature
Similarly, for the third curvature of 8 at P, we need to solve the following system which corresponds to the
system QY = W:

1 0 0 0 0 ul? 0
0 5 0 -2 0 ne 0
0 0 1 0 ¥ O I
022 0 0 0 (k1)" 0

0 9 0
0 0 £ 0 0 (k2)

If we solve this system, we obtain u§4) = ugl) = u:(;l) =0, (kQ)/ = (k:;)” =0, and 5(4)(0) =Q3 = (é 0,1 O).
Then, we find the third curvature of 5 as

(2:0.5Y0) v

k3(0) = =
O T ORO
Remark 1 Let us reconsider the system (32) by choosing the signs —, —, +, respectively:

/I 1

U= =50

uy = = (33)
/. _4u

u3 - 9\/§2w

If we multiply the second and third equations of (33) by %uz and ug, respectively, and sum both sides of those
equations, we have

4
§U2Ul2 —+ U3’I,Lé = 0
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Integration of the above equation yields %ug—t—ug = ¢, where ¢ is a nonnegative constant. The initial conditions
u1(0) =0, uz(0) =0, uz(0) = 0 ensure that c = 0 which gives us uz(s) =0, ug(s) = 0. If we substitute these
results into the first equation of (33), we get uy = 1, i.e. uyi(s) = s. Thus, the line of curvature 8 on M
passing through the initial point

6(0) = R(“'l(o)?u?(o)au?)(o)) = (170’ 170)

B(s) = R (5,0,0) = <cos (gs> sin <£5> cos (;gs> sin (\%;)) .

The curvatures and the Frenet vector fields of 8 were given in [6]. Comparison of the results reveals that
the present method is accurate enough. The minus sign arising in the second curvature is due to our first
binormal vector which is obtained in the opposite direction to the one given in [6].

is given by

6 Conclusion

We developed a method to obtain the lines of curvature on parametric hypersurfaces in Euclidean 4-space.
We showed that, even if such lines cannot be obtained analytically in general, it is possible to compute all
curvatures of a Frenet line of curvature by using the extended Darboux frame along the curve. We also
constructed a developable ruled hypersurface whose base curve is always a line of curvature. We verified the
applicability of our techique by providing an example.
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