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Abstract
In this paper by using the notion of A-density and (V, A) -summability, we introduce the notion of A-
statistical convergence of sequences in gradual normed linear spaces. Based on this concept, we introduce
a new sequence space Sx(G) and investigate some of its properties. Also, we find its relations with S(G)
and [V, A]g-summability. Finally, we introduce and investigate the concept of gradual A-statistical Cauchy
sequences.

1 Introduction

The idea of fuzzy sets [32] was first introduced by Zadeh in the year 1965 which was an extension of the
classical set-theoretical concept. Nowadays it has wide applicability in different branches of science and
engineering. The term “fuzzy number” plays a crucial role in the study of fuzzy set theory. Fuzzy numbers
were basically the generalization of intervals, not numbers. Even fuzzy numbers do not obey a few algebraic
properties of the classical numbers. So the term “fuzzy number”:is debatable to many authors due to its
different behavior. The term “fuzzy intervals”:is often used by many authors instead of fuzzy numbers. To
overcome the confusion among the researchers, in 2008, Fortin et al. [16] introduced the notion of gradual
real numbers as elements of fuzzy intervals. Gradual real numbers are mainly known by their respective
assignment function which is defined in the interval (0,1]. So in some sense, every real number can be
viewed as a gradual number with a constant assignment function. The gradual real numbers also obey
all the algebraic properties of the classical real numbers and have used in computation and optimization
problems.

In 2011, Sadeqi and Azari [25] first introduced the concept of gradual normed linear space. They studied
various properties of the space from both the algebraic and topological points of view. Further progress in
this direction has occurred due to Ettefagh et al. [13, 14], Choudhury and Debnath [8], and many others.
For an extensive study on gradual real numbers, one may refer to [1, 10, 22, 29] where many more references
can be found.

On the other hand, in 1951 Fast [15] and Steinhaus [28] introduced the idea of statistical convergence
independently using the idea of natural density [17]. Later on, it was further investigated and generalized
from the sequence space point of view by Fridy [18, 19], Salat [26], Rath and Tripathy [24], Tripathy [30, 31]
and many mathematicians [2, 4, 5, 6, 7, 20] across the globe.

In 2000, statistical convergence was extended to A-statistical convergence by Mursaleen [23] as follows:
Let A = (\,) be a non-decreasing sequence of positive numbers tending to co such that

/\n+1 - )\n < 1; )\1 =1

The generalized de la Valée-Pousin mean is defined by
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where I, = [n— A, +1, n]. A sequence (zy) is said to be (V, A\)-summable to a number L (see [21] for details)
if,
tn((zg)) — L as n — oo.
We write
1
[V,A] = {(mk) : n11—>12<> <>\n Z |xg — L|> =0 for some L}
keI’Vl
for the sets of sequences (zy), which are strongly (V, A)-summable to L, i.e., xx — L[V, A].
A sequence (xy) is said to be A-statistically convergent to L if for each € > 0,

1

n—oo

In this case, L is called the A-statistical limit of the sequence (x) and we write Sy — limzy = L or
xr — L(S)). Here Sy denotes the set of all A-statistically convergent sequences. It is obvious that if A,, = n,
then S is coincident with S, where S is the set of all statistical convergent sequences (for more details one
may see [3, 9, 11, 12]).

2 Preliminaries

Definition 1 ([16]) A gradual real number 7 is defined by an assignment function Az : (0,1] — R. The set
of all gradual real numbers is denoted by G(R). A gradual real number 7 is said to be non-negative if for
every £ € (0,1], A7(€) > 0. The set of all non-negative gradual real numbers is denoted by G*(R).

In [16], the gradual operations between the elements of G(R) was defined as follows:

Definition 2 Let x be any operation in R and suppose 71,72 € G(R) with assignment functions Az, and
Ay, respectively. Then 71 * 72 € G(R) is defined with the assignment function Az «m, given by Ag iy (€) =
Az (&) x A7, (£),: V€ € (0,1]. In particular, the gradual addition 71 + 7o and the gradual scalar multiplication
cf(c € R) are defined as follows:

Agy 17 (8) = A7, (§) + A (§)  and  Acr(§) = cAr(§), V€ € (0,1].

Definition 3 ([25]) Let X be a real vector space. The function || - ||c : X — G*(R) is said to be a gradual
norm on X, if for every £ € (0,1], following conditions are true for any x,y € X :

(G1) Ajjayc(§) = Ag(&) iff © = 0;

(G2) Ajjaz) i (§) = |alA)jz) 6 () for any o € R;

(G3) Aljrtyiic () < Ajjaf (€) + Ajjy)ie (€)-

The pair (X, || -||¢) is called a gradual normed linear space (GNLS).

Example 1 ([25]) Let X = R™ and for x = (x1,2a, ..., T,,) € R™ € € (0,1], define || - ||¢ by

Ao () = € Jail.
i=1

Then, || - ||g is a gradual norm on R™ and (R™,||-||¢) is a GNLS.

Definition 4 ([25]) Let (z) be a sequence in the GNLS (X,|| - ||g). Then, (zy) is said to be gradual
convergent to x € X, if for every & € (0,1] and € > 0, there exists N(= N:(£)) € N such that

A||$k—z\|c(§) <e, VkE>N.

Symbolically, xy, e, T
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Definition 5 ([14]) Let (X,]||-||¢) be a GNLS. Then, a sequence (xy) in X is said to be gradual bounded
if for every & € (0,1], there exists M = M(§) > 0 such that Aj, (&) < M, Yk € N.

Definition 6 ([25]) Let (zx) be a sequence in the GNLS (X, ||-||g). Then, (zx) is said to be gradual Cauchy,
if for every £ € (0,1] and € > 0, there exists N(= N:(§)) € N such that Ay, —s,)5(€) <€, Vk,j > N.

Theorem 1 ([25, Theorem 3.6]) Let (X, || - ||g) be a GNLS. Then every gradual convergent sequence in
X is also a gradual Cauchy sequence.

Definition 7 ([27]) Let E C N, the set of all natural numbers and let A = (\,,) be a non-decreasing sequence
of positive numbers tending to co such that A1 — A <1, Ay = 1. Then, the number

keFE:kel,
jo HEEB ke LY

n—oo A’!L

oA(E) =

is said to be the A\-density of E. If A, =n, ¥V n € N, then \-density coincides with natural density.
We observed the following results related to A-density:

i) A-density of a finite subset of N is zero.
ii) A-density of the set of all natural numbers is 1.

iii) A-density of the set of all even natural numbers is 3, if limy- exists.
n n

Throughout the paper, we use the following notation: If (xj) is a sequence such that xj satisfies a property
PV k except for a set of A-density zero, then we say that z; satisfies the property P for “almost all £”:and
we abbreviate this by “a.a.k.”

Definition 8 Let (X, || ||g) be any GNLS. We define the new sequence space [V, g as follows:

[wﬂa{mw;g&j

n

(ZAm—xllc(f)) =0 for somex € X and all £ € (0, 1]} .

kely

Definition 9 Let (xj) be a sequence in the GNLS (X,|| - ||g). Then, (xx) is said to be gradual statistically
convergent to x € X if for every € € (0,1] and £ > 0,

. 1
lim — Hk: EN: Az —a)6(6) > €}| =0.

n—oo N

st—||lle
—

Symbolically, xy, x. The set S(G) denotes the set of all gradually statistical convergent sequences.

3 Main Results

Definition 10 Let (xy) be a sequence in the GNLS (X, ||-||¢). Then, (zx) is said to be gradually A-statistical
convergent to x € X if for every £ € (0,1] and € > 0,

. 1
Jim = [{k € Lt Ajpy—aiia (§) 2 £}] = 0.
Or equivalently, A|z, —z)|(§) < € a.a.k. In this case, = is called the gradual \-statistical limit of the sequence

(zx) and we write

Sx—|I-
Sx =l lle limzy ==z or $k¢>x

We shall also use S\(G) to denote the set of all gradually \-statistical convergent sequences.
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Example 2 Let X =R™ and || - ||g be the norm defined in Example 1. Consider the sequence (\,) defined
by

Then, the sequence (i) in R™ defined as

I (0,0,...,0,m), ifk=p*andp €N,
b (0,0,.....,0,0), otherwise,

is gradually \-statistical convergent to 0 in R™ where 0 denotes the m-tuple (0,0, ....0,0).
Justification. We have

1
lim — |{k € Iy : Ajjz,—0jc (§) = €}

n—oo )\n

= 2 lim 1 Hk € [g + 1,1 Ajjz,—o)j6(§) > 5}‘

n—oo N

.1
< 2 lim —[{k<n: A, 04(€) > e}
< 2 tim 1/
n—oo n
= 0
where [x] denotes the largest integer less than or equal to x. Hence, we conclude that x, Slille,

Example 3 Let X =R and for any © € R, let || - ||¢ be the norm defined as
Azl = €le].

Consider the sequence (\,) defined in Evample 2. Then, the sequence (xy) in X defined as xp = k? is not
gradually A-statistical convergent.

Justification. For any x € R, we have x < 0 or x > 0. Then, for each of the following cases, (xy) will
not gradually \-statistical convergent to x.

Case-I: If x <0, we choose € = %ef. Then, we have

1
lim A Hk € ln i Aljry |6 (§) 2 E}‘

n—oo 7
.2 n 1
= nan;OE {k€[2+1,n]:Ak2_x6(5)2265}'
_ lim, o 2(2 — 1) when n is even,
- lim,, . o %(”Tl —1) whenn is odd,
= 1
# 0.

Case-11: If x > 0, then there exists ko € N such that -1 < x < T, -
Subcase-I: If 0 < x < 1, then choose € = % min{z,1 — x}. Then, it is easy to verify that

lim — [{k € I s Ajjo i (6) 2 €} = 1 #0.

n—oo n

Subcase-1I: If x > 1, then choose € = % min{z — Ty, 1, Tk, — x}. Then, it is easy to verify that

. 1
lim ™ {k € In: Ajjpy—a)jc(§) = e} =1#0.

n—oo
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From the above case study, we can conclude that (xy) is not gradually \-statistical convergent.

=

n
An

Lemma 1 Let p > 2 be a fized natural number and B = {n € N : nv € N}. Then, §x(B) = 0 if limy, 00
exists.

Proof. Let )
By={keB:kel,} and lim— =1.
n An
Then, it is easy to show that

1 1—(=1)". 1

Bal = 03] [(n— ho+ =3,

where [z] denotes the largest integer < x.
Case-I: Assume that n is even. We have

1 1

1
nr —1< [nr] <nw.

Then ) . )
nr —1 [n?] _nv
< < —
A T A TN
It follows that X
_ [n?]
1 =1.
neo A,
Also,
(n=2n)? =1 < [(n—X)7] < (n = An)¥
Then X X
(n—An)?r —1 [(n—An)?] < (n—An)?
An An - An
So
nr o Anr 1 [(n=A)F] _nr o Ana
S I nl < (1=
)\n( n ) An T An - n( n )
If % < 1, then from above,
1 1 1
nr An 1 [(n—MA,)?] _nP An
oMy <« 2 _oZn
- 0~ NS N < O(=")
Therefore,
. [(” - /\'n)%]
1 =1.
noee A,
1
If /\7" =1, then lim,, [("%n")p] = [ is trivial. Therefore,
1 1
im i M:zfzzo.

Hence, if n is even then lim, . |B|/An = 0.
Case-II: If n is odd, using a similar technique it can be easily shown that lim, . |B,|/An = 0.

Hence, from the above two cases we can conclude that §,(B) =0. m

Theorem 2 Let (zx) be a sequence in the GNLS (X, || - ||a) such that xy, Sllle, o Then, x is unique.
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Proof. The proof is easy, so omitted. m

Sx—IlIlle
-

Theorem 3 Let (z1) and (yi) be two sequences in the GNLS (X, || - |lg) such that xy x and

Sy —||-
Yk SN IHle y. Then

(i) o +ye 2% oy and

.. Sx—|]-
(i) cxy, Srllle, o for any c € R.

Proof. The proof is easy, so omitted. m

Theorem 4 Let (z1) be a sequence in the GNLS (X, ||-||¢). Then, xy, Salille, if and only if there exists

Ille

M={m; <mg<..<my<..}CN such that (M) =1 and (zm,) — =

Proof. Firstly, we assume that there exists a set M = {m; < ma < ... <my < ...} C N satisfying

S\(M)=1 and (zn,) 119, 4.
Then, for every ¢ € (0,1] and € > 0, there exists N(= N.(§)) € N such that
Allg,, —2llc(§) <&, Vk>N.
Let B(¢,e) = {k € N: Ajjz, )¢ (§) = €} Then, the inclusion

B(£75) CN \ {mN+17mN+Qa }

holds and as a consequence we have Jx(B(,¢)) = 0. Hence, xy, Srlille, o

For the converse part, assume that x, Sitlille, x holds. Then, for every £ € (0,1] and j € N, 65 (M;) =1,

where

M; = {k EN: Ay, a6 (§) < j}

From the construction of Mj’s, it is clear that
My D>MyD..D Mj D) Mj+1 DR (1)
Let us choose v; € M; to be an arbitrary element. Then, there exists vy € My such that
1 1
—Hkel,: ke M} > foralmn>uvs.
An 2
In a similar way, there exists vs € M3 such that

1 2
)\—|{k€In:k€M3}\>g for all n > vs.

Proceeding like this, we can construct an increasing sequence (v;) of positive integers such that v; € M;
and

1 1
)\—|{k€In:k‘€Mj}|>1—5foralanUj. (2)

Let us construct M as follows: each natural number of the interval [1,v1] belongs to M and any natural
number of the interval [v;,v;1] belongs to M if and only if it belongs to M; : (j € N).
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From (1) and (2), we have for each v; <n < v,41,

heln ke M, Wil ke, L
n n J

Consequently, 6,(M) = 1. Let € > 0 be given. By Archimedean property, choose j € N such that 1 < ¢.
Furthermore, let k¥ € M be such that k > v;. Then, there exists ¢ > j such that v; < k < viy;. But by the
definition of M, k € M;. Therefore,

Az —a)|6 (§) <

ll-lle

Hence, (2, ) —— « holds and the proof is complete. m

Remark 1 FEvery subsequence of a gradually \-statistical convergent sequence is not necessarily gradually
A-statistical convergent.

Example 4 Let X =R and || - ||¢ be the norm defined in Example 3. Consider the sequence (\,) defined
by

Let
k, k=p* peN,
T =
0, otherwise.

By Lemma 1 with p =2, then, for any e > 0,
lim Hk‘ el,: AHJCk*OHG(é.) > 6}| = 5,\(B) =0,

n—oo

where B = {n € N: y/n € N}. Therefore, xy, Sitlille, 0. But the sequence considered in Example 3 is not
gradually A-statistical convergent although it is a subsequence of the above sequence.

Theorem 5 Let () be a sequence in the GNLS (X,|| - ||¢). Then,

. [V.Ale ) . Sx—II"lla .
(i) v, —— x implies v, ——— x but the converse is not true;

Sx—ll'lle V. A\le
—_ — 5

(i) If (z) is gradually bounded and xy, x, then, xy,

Proof. (i) Let € > 0 be arbitrary and zj WAle, x. Then, the proof follows directly from the following fact:

D A—allc© > Y Aeae(©) Z e [{k € Ly Any a6 (€) 2 €}

keI, kel,
Aljay—allg (§)>e

For the converse part, we construct a counterexample by considering the gradual normed space (R, || ||a),
where || - || is the norm defined in Example 3. Consider the sequence () be defined in Example 2. Define

a sequence (z) by
k — n <k<
L n [\/;]—I—l_k:_n,
0, otherwise.

Then, for every £ > 0 with 0 < eef < 1 we have

1 2
lim 7 Hk el,: A||€Ek*0||G(£) > EH = lim 7[ 7] = 0.
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Hence, zy, Satlille, 0 holds. On the other hand,
ZA\m ~olla (€
"kel,
2
T D Amial€
€[5 +1,n]

65 n n n n
- 2ﬂ~{<n[@+1>+<n[\ﬁ1+2>+-~+<n[ "o

— OO asn — 00,

i.e., (z1) does not converge to 0 in [V, A]g.

(ii) Let xg Slille, x and (zx) be gradually bounded, say A|j;, —a|o(§) < M,: ¥k € N. Then, for any
€ > 0, we have

. Y Ao @ = Y Apeae©F Y A

kEI kel, kel,
Allzy -zl g (§)>e Az 2|l (§)<e

M
< T HEE I Ajaao(©) Z e} + 5

V,A
which consequently implies that xy, LN r. |

Theorem 6 S\(G) 2 S(G) if liminf2= > 0.

st=|l-llg

Proof. Suppose hm mf > 0 and zy, x. Then, for sufficiently large n, there exists § > 0 such that

T{’ > 0. Now for any € > 0 and ¢ € (0, 1], we have
1 1
Sk sn A @) e} = S [k € T Aoy a6 (€) 2 €}

1
> 5)\— {k €Lt Ajjzy—a)16 (&)

Sx—lllle

which yields xj x. |

Theorem 7 S(G) 2 Sy(G) thmmw =

Sx—lllle

Proof. Suppose lim inf%" =1 and zy x. Then, for any € > 0 and ¢ € (0, 1], we have

1 1
b0 Ay 1o @ 2 e} < (S0 A Ao 2 e} + 5 (€ Tt Ay epio(©) 2 €]

n—MA, A 1
TN k€ Ly Aey a6 (6) > €}

IN

n

which yields xj sizlllle, r. |

Definition 11 Let (X,|| -||c) be a GNLS. A sequence (xy) in X is said to be gradual \-statistical Cauchy
if for every e >0 and & € (0,1], there exists N € N such that

lim *erf Ajjay—aylja(§) >} =0

n—oo

or equivalently, Ajjz, —oy)|c(§) <& a.a.k.
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Theorem 8 Let (X, || - ||l¢) be a GNLS. Then, every gradually \-statistical convergent sequence in X is
gradual \-statistical Cauchy.

Sx—lllle
B

Proof. Let zy, x. Then, for any € > 0 and £ € (0, 1],

1
lim —
n—oo n

{be s Apao© = 5} 0.

This implies that
€
AHEk*IHG(f) < 5 a.a.k,

h=o.

ie.
M{k EN: Ajjz,—a)6 () 2

[NCRNO)

i.e.

6)\({k eN: AHmk—IHG(g) <

Therefore, the set
{k €N Ay a6 () < f} 4o

Choose N € N such that
€
N € {k‘ eN: A||$k—z\|c < 5}

Then we have,

AHmk—wNHG(é.) = AHwk—a:+w—$NHG(£)
< AszerHc;(g) + A||foa:||G(§)
<e a.a.k.

Hence, (xy) is gradual A-statistical Cauchy. m

Conclusion

In this paper, we have investigated a few fundamental properties of A-statistical convergence in the gradual
normed linear spaces. We also introduced (V,A\)—summability in the gradual normed linear spaces and
established Theorem 5 to reveal the interrelationship between the notions. Finally, we have introduced the
concept of A-statistical Cauchy sequences in the gradual normed space and established the interrelationship
between gradual A-statistical convergent and gradual A-statistical Cauchy sequences.

Summability theory and the convergence of sequences have wide applications in various branches of
mathematics particularly, in mathematical analysis. Research in this direction based on gradual normed
linear spaces has not yet gained much ground and it is still in its infant stage. The obtained results may be
useful for future researchers to explore various notions of convergences in the gradual normed linear spaces
in more detail.
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