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Abstract

In this paper, we use Salagean and Ruscheweyh operator to introduce certain new classes of func-
tions with bounded radius rotation. Some interesting results including inclusion relation and geometric
properties of linear combinations of these functions are studied. Relevant connections to various known
results are also pointed out.

1 Introduction

Let A denote the class of functions f which are analytic in the open unit disc F = {z :| z |< 1} and are of

the form
o0

f(2) :z—l—Zajzj, (z € E). (1)

Jj=2

Let S*(a) and C(a) denote the subclasses of A consisting of functions which are starlike and convex of order
a, 0 < a < 1, respectively. Let p be a function analytic in £ with p(0) = 1. Then p is said to be in the class
P(a), 0 < o < 1, if and only if, ®p(z) > « for z € E. For o = 0, we obtain the class P of Caratheodory
functions of positive real part. It can easily be seen that, for p € P(«), we can write

p(z)=(1—a)pi(2) +o, preP.

Also P(a) C P, 0 < a < 1. The class P(«) is generalized in [5, 6] as follows: Let p: p(z) =1+ Z;‘;l cj?’
be analytic in E. Then p is said to belong to the class P,,(«), if it satisfies the condition

27
~/0

The class P,,(0) = P, has been introduced by Pinchuk in [7]. Also, for m = 2, we obtain P(«a). For
p € Pp(a), we can write

Rp(z) — «

df < mm, m > 2, 2= re?,
l—«

0= (5 +5)me - (5 -3)me e r.

In [11], a linear operator D¥ :: A — A is introduced as:
DIf(2) = f(2),  Dif(z) ==2f'(2)

and
D' f(2) = 2(D2f(2)), for z€E, fe€A, necNg{0,1,2,3, ..} (2)
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We note that, if f(z) is given by (1), then
fo(z)zz—l—Zj"ajzj, z€E.
j=2
The operator D? is called Salagean operator of order n. Also, Ruscheweyh differential operator D™ of order
n, n € Ny, is defined as:
D":A— A, fed  Dfz)=f(2), D'f(z)==2f"(2)
and

2(2" (=)™

n!

D" f(z) =

The following identity can easily be obtained for the operator D™ :

, see [9].

(n+1)D" 1 f(z) = 2(D"f(2))" f(2), 2 €E. (3)
Using these operators, we define:
Definition 1 Let f € A. Then f € Ry(n, o), m > 2, n € Ny, a € [0,1), if and only if,

D" f(2)
D f(z)

We note that R2(0,a) = S*(a) and R3(0,0) = S*. The class R,,(0,a) will be denoted as R, (a). The
class RY,(n, ) is defined in similar way as:

€ Ppn(a), z e E.

Definition 2 Let f € A. Then f is said to belong to the class RY,(n, ), if and only if,

(DL f(2)

D (2) € Pp(a), z e FE.

We note

(i) R%,(0,0) = R, is class of functions of bounded radius rotation, see [2].

(ii) R3(1,0) = C the class of convex univalent functions and R3(0,a) = S*(«).

2 Preliminary Results

Lemma 1 ([12]) Let a,d,k,p be reals with a > d > 0, k > 0 and p € (0,7). Suppose |u —a| < d and

v —al <d and set
u v

U T ke Tkl

Then
R{w} > a—d(secg)).
Lemma 2 Let f € R,,, m > 2. Then, for z € E,
(i) largf(z)| < msin~'r, see [1].

INEZMC 2 mr
(ii) | ]{(i)) — 55| < 255, see [8).
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Let * denote the convolution (Hadamard product). Then, using convolution techniques given in [10], we
have the following.

Lemma 3 Let 5> 0, v > 0 and an analytic function p(z) satisfying p(0) = 1. Then

0, ()
p(z) + L = pla) + 5

where

N B

Lemma 4 ([3]) Let u = uy + iug, v = v1 + tvg and let ¥(u,v) be a complex-valued function satisfying the
conditions:

(i) ¥ (u,v) is continuous in a domain D C C2,

(i) (1,0) € D and ¥(1,0) >0
(i) R{Y(iuz,v1)} < 0 whenever (iuz,v1) € D and v1 < —3(1 +uj).
If h(2) = 1+c12+co2%+... is an analytic function in E such that (h(z),zh'(2)) € D and R{Y[h(z), 21/ ()]} >
0 for z € E, then ®{h(2)} > 0 in E.

3 Main Results

In this section, we obtain the main results.
Theorem 5 For m > 2, n € Ng,
Ryu(n+1,8,.1) C Ryn(n,B,) C...C Ry,

where
2

B, = A1 = (2n =28, +1). (4)

Ant1+ \/ /\31-1-1 +0

Proof. Let f € R,,(n+1,3,,1). Then

2 n+1 p£\/
(DDn_HJJ;) € Pn(Bni1), z€E.
> (D"4(2)) i |
D) H(z)=(1- 5n){ <4 + 2>h1(2) - (4 - 2>h2(z)} + B, (5)

We note that h;(z) is analytic in E with h;(0) = 1, ¢ = 1,2. Using identity (3), Lemma 3 and from (5)
together with some simple computations (see [4]), we obtain

zH'(z)

2D f(2)
H(z) 4+ 0y,

D f(z) H(z) +

m 1 zh} (2)

) {0 some + 2D )

1
<T;>{(1ﬁn)h2(z)+}m+ﬂn}, (6)

I
7N
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where p
n n
Op = -8, (7)
Since f € Ry,(n+1,0,,1), it follows from (6) that, for i = 1,2
R - B mi) + g g b >0, sem (8)
n/MilE hi(z) + dn no Pl » '
We construct the functional ¢(u,v) with u = h;, v = zh) in (8) and have
v
’[)Z)(u, U) = (1 - ﬁn)u+ u+6n +Bn - Bn—‘rl'

The first two conditions of Lemma 4 can easily be verified. For condition (3), we proceed as follows:

R{W(iuz, v1)} = <ﬂn—ﬂn+l>+“(vl)

iILQ + 5n
2(ﬁn B ﬁn—i—l)[(n + Bn)Q + (1 - 6”)2“%} B (TL + Bn)(l - 67n)(1 + u%)

<
- 2((1=B,)%u3 + (n+ B,)°]
A+ Bu2 . 14 u2 . .
= TZ’ with v, < —%, d, given in (7)
< 0

if A <0, B <0 where as C is obviously positive. From A < 0, we compute the value of 3,,, which is as in
(4) and B < 0 ensures that §,, € [0,1). Thus condition (4ii) of Lemma 4 also holds and we apply it to have
Rhi(z) >0,i=1,2, z€ E.

Consequently, it follows from (5), that H € P,,(5,,), where S, is defined by (4). This completes the
proof. m

Special case:
Let 3,,,1 = 0. Then, from (4), we have

2
2n+1)+vin? +4n+9

and 3, = 0 gives us 8, = %, for n = 0. Therefore

(=f'(2)) () 1
fi(zy € Fm tmelies = 6P’"<2>'

Next we prove an inclusion result for R, (n, a).

Bn =

Theorem 6 Forn e N,, m>2 and z € E,
R:n(n + lar}/n-&-l) C R:n(nvfyn) c..C R;kn(lar)/l) C Rm,

where
2

(1 - 2771-&-1) + \/(1 - 2771—&-1)2 + 8

Proof. We follow the similar procedure of Theorem 5 and let

Vo =

(5 - 5) (- vm) + .} (10)
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Here p(z) is analytic in F with p(0) = 1. From (10), we have

2D} f(2))S" f(2))p(2),

and this leads to
2(DIf(2)
Drtlf(z)

Following the same technique, we have from (10) and (11)

w(z) (11)

2p;(2) .
%{1_7%]71‘2 +—"4+ ", = Vn }>07 for i=1,2., z€E.
( ) ( ) pz(z)+ 117-;n ( +1)

Now, constructing the functional ¥ (u,v) as

v

Tn
U
+ =

¢(u7 /U) = (1 - ’Yn)u + + (’Yn - 7n+1)'

We verify the three conditions of Lemma 4 and apply it to get Rp;(z) > 0, ¢ = 1,2. While verifying condition
(i47), we also obtain the value of v,, given by (9). Since f € R} (7,,41), it implies from (11) that

{p(z) + (S)} € Pos(ni1)

and hence p € Py, (,,), where +,, is given by (9). This completes the proof. m

As a special case, we have

1
R;(n—kLO)CR:‘n(n,Z), z € E.

Remark 1 From Definition 1, Definition 2, Theorem 5 and Theorem 6, we can easily deduce that Ra(n, )
and R5(0, ) are subclasses of S* of starlike functions.

We have

Theorem 7 Let
F(z) = Af(z) + (1 = AN)g(2), (12)

where 0 < argﬁ <o<m f€Ryna),ge RL(0,a) in E. Then F € S* in |z| <, where ry, is the
smallest positive value of r satisfying the equation

T(r)=An(1+ 7“2) —mr =0, A,, = cos (; +msin~! r)

Proof. Differentiating (12), we get

2F'(2) _ Azf'(z) + (1= N)zg'(2)
F(z) Af(z) + (1= A)g(z)
_ 2 f'(2) A N @) A FEN
- Tl (508) | s (5))] 19)
b ) /') e
z2g'(» _z2f'(z A fR)
S T e k‘Wl—Aa@ 14
Then, from (13) and (14), we have
_zF'(2)  w v
w(z) = F(z) 1+ keir + 14 k—le—ir’
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We now apply Lemma 1 and Lemma 2 to obtain

F’ 1+4r?
R (Z)> rro__mr Sec(p)7 (15)

F(z) = 1-r2 1-—1r2 2
where \ A\
p= argl_/\gg)) = 2nm + arg 1 +arg f(z) — arg g(2).

This gives us |p| < o + 2msin~' r. Therefore

()

if T(r) = (1 +r2)cos (% +msin~'r) — mr > 0. We note that

and

T—0 T—0
<0, h = si

) when r = sin( o

).

This implies T'(r) = 0 has a root in the interval (0,sin(%-2)) and right hand side of (15) is positive in the

2m
dics |z| < 7, where 7, is the least positive value of r satisfying T'(r) = 0. This gives

m+ /m? —4A2
24,

g .
T = , Am:cos(§+m5m L),

and the proof is complete. m

We have the following special cases
Corollary 8 Let m =2. Then f and g are starlike in E and
A = Ay = cos (% +QSin_1r) .

From Theorem 7, it follows that the linear combination of two starlike functions is starlike in the disc

1—/1-A3

lz| <1y = e

Corollary 9 Let, for m =2, F be defined as in Theorem 7. Then, F maps the disc |z| < ry onto a convex
domain, where r, is the least positive root of the equation

T,(r) = Dr? —2rr + Dr?, 1 =2—/3,

D = cos <J +2sin~! <T>>
2 T1

It is well known that every starlike function is convex in the disc |z| < r; = 2 —+/3. Therefore we proceed
with similar technique as follows.
We can write

and

F'(2) f'(2)

(zF'(2)) (2f'(2)) [1+( A f/(zg)—l}—l
g
i
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ik S e
zq'(z z2f'(z
u = , U= , r1=2- V3
g'(2) f'(2) !
nd e /)
z z
k = |— = RN
T3l T e
we have
_ 7‘% +72 2rry
r? —r2 r2 — 2’
and
r% + 72 2rry
r? —r2 r? —r2’
We construct (F(2))
zF' (2 U v
w(z) = F'(z) 1+ keir + 1+ k—le~ir’

Then, as in Theorem 7,

p = arg (&;8) = 2nT arg (1:\> +arg f'(2) — arg ¢'(2)

and this gives us

lp| <o +4sin! (L),
r1

since f and g are convex in |z| < r1. Combining these facts together, it follows that

() } 0

if
T,(r) = Dr* — 2ryr + Dr3, D = cos <g + 2sin ™! <T>)
T1

This gives us
ry —+\/r{ — D%r?
D .

e € (O,rlsin (W4U>).

Hence F maps the disc |z| < r, onto a convex domain.

Te =

It can easily be checked that

Conclusion

In this paper, certain new classes of functions with bounded radius rotation using Salagean and Ruscheweyh
operators are introduced. Several interesting results including inclusion relation and geometric properties
of linear combinations of these functions are studied. Several special cases are considered as applications
of these new results. The ideas and techniques of this paper may be starting point for further research in
Geometric Function Theory and related areas.
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