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Abstract

In this paper using generalized integral operators, we first obtain new interesting generalized improved
Holder integral inequality. Also, after deriving a new lemma using these operators, we give two results
via quasi—convex functions. Some special cases of our results recapture known results. At the end, some
error estimates are given to illustrate the applications and efficiency of the obtained results.

1 Introduction and Preliminaries
A function f:7Z C R — R is said to be convex, if

fltor + (1 —=t)p2) <tf(p1) + (1 —1)f(p2),

holds for all g1, 92 € Z and ¢ € [0, 1]. Likewise f is concave if (—f) is convex.
The following inequality, named Hermite-Hadamard inequality, is one of the most famous inequalities in
the literature for convex functions.

Theorem 1 Let f: T C R — R be a convex function on L and p1, p2 € T with p1 < po. Then the following
double inequality holds:

P1 + g2 1 w2 fle1) + fp2)
(252) < o [ rteae < L0 T0) )

The above inequality first published by Hermite in 1883 [11] and by Hadamard, independently, 10 years
later [9]. The full history of this inequality can be found in [19].

Various extensions of this notion have been reported in the literature in recent years, see [1, 4, 6, 12, 13,
14, 16, 17, 22, 26]. Mo et al. in [20], introduced the following generalized convex function.

To facilitate understanding of this work, we present the following sets [28, 29], considering 0 < « < 1:

e the fractal set of integers 3 is defined by 3* = { 0%} U {£ m® : m € 9},

e the fractal set of rational numbers Q¢ is defined by

Qa:{qa:qeg}:{(%f:m637n€‘ﬁ};
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222 New Integral Inequalities Using Quasi-Convex Functions

e the fractal set of irrational numbers J¢ is defined by
Jo‘z{ro‘:re‘?}:{ro‘;& (—) };
e the fractal real set :R® is defined by R* = Q*U J*.

where R, BT, Q, J, 3 and N are the sets of real and positive real numbers, rational numbers, irrational
numbers, integers and positive integers, respectively.

Definition 1 Let f : T C R — R be a function and « € (0,1]. For any 1,02 € Z and t € [0,1], if the
following inequality holds:
fltpr+ (L—=t)p2) <t f (1) + (1 =) f(g2),

then f is said to be generalized convex on T.
The following are two interesting examples of generalized convex functions, see [20]:

1. f(t) =t*?, where t > 0 and p > 1;

tak

2. g(t) = E4(tY), t € MR, where &,(t%) = Zﬁi% T(itkay 15 the Mittag-Leffler function and I'(-) is the
well-known gamma function.

Now, we recall some basic and useful definitions and theorems as follows:
Definition 2 ([12]) A function f : [p1, p2] — R is said to be quasi-convex on [p1, p2], if

[tz 4+ (1 = t)w2) < sup{f(z1), f(z2)}
for all z1, 29 € [p1,p2] and t € [0,1].

It’s clear that any convex function is a quasi—convex function but there exist quasi—convex functions
which are not convex, see [12]. The following famous inequality is known as Young inequality.

Proposition 1 ([13]) If 1,22 > 0 and t € [0, 1], then
ahay ™t <txy + (1 —t)x,.
Equality holds if and only if 1 = xo.

One of the areas of greatest development in mathematics today is that of Fractional and Generalized
Calculus, the proliferation of integral and differential operators (whether local and global) in various appli-
cations and theoretical developments can be seen in many publications and research. A more general idea,
on the need to use operators of various kinds as well as their classification, see [2, 3, 23, 27].

The following is the generalized derivative that we will use in our work, it was defined in [30] and
independently in [21], where it was studied intensively. In the first work it was called Generalized Conformable
Fractional Derivative (GCFD), in the second work it is specified that not only are proper conformables, that
is, they “return" the ordinary derivative when o — 1, if not they can be non-conformables, and even improper
conformables, i.e. F(¢,a) — 1 when ¢ — 400, see [7].

Definition 3 Let f : [0,+00) — R, where F(t,«) is some positive function defined on [0,+00) such that
the following limit exist. The Nr-derivative of function f of order a is defined by

ft+eFt o) - f(t)

€

(2)

/(1) = lim

for all t > 0, where a € (0,1].
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If f is a-differentiable in some (0,a) with ¢ > 0 and lim N f (t) exists, then we define
t—0+

N f(0) = tliI(r)l+N](_-a) £(b).
Throughout this remaining paper, we will consider that the integral operator kernel 7 (¢, ) given below is
positive and absolutely continuous function with respect to first variable, more details can be found in [8, 30].

Definition 4 ([8]) Let T C R for 1,902 € T and o € (0,1]. The integral operators Jz , . and J7 ., _,
respectively, right and left, are defined for every locally integrable function f on I as follows:

j'%,p1+(f)(t) = / ’T(tffsia)ds’ t> o (3)
and
TIT s (F)(t) = ) T(sf(sy)fa)ds’ t < po. (4)

Remark 1 There is no relation or formula between the functions F and T but if we know the function F,
then we can choose T in such a way that Definition 4 will be well defined.

Remark 2 It is easy to see that the case of the J5 operator defined above contains, as particular cases, the
integral operators obtained from conformable and non-conformable local derivatives. However, we will see
that it goes much further by containing the cases listed at the beginning of the work. Hence, we have

1) If F(t,a) = t172, then T(t — s,a) = () F(t — s,a) and from (3), we have the right side Riemann—
Liouville fractional integrals (Rg . f)(t). Similarly, from (4) we obtain the left derivative of Riemann—
Liouville. Then its corresponding right differential operator is

« d (03
(D2 f) 0 = Z(RELN(W).
Analogously, we obtain the left differential operator.

2) With F(t,a) = (1 — a)t, then T(t — s,a) = I'(a)F(Int — Ins,a)t and from (3), we obtain the right
Hadamard integral. The left Hadamard integral is obtained similarly from (4). The right derivative is

(D% () = 0 (HE2 ().

Similarly for the left derivative.
3) The right Katugampola integral is obtained from (3), making

L(a) F(r(t) —r(s),a)
F(p,a) r'(s) '

Analogously for the left fractional integral. In this case, the right derivative is

dloz,p d
SKLIA() = F(t )5

We can obtain the left derivative in the same way.

Flt,a) =t rt)=1t°, T(t—sa)=p*"

K0P f ().

Kpa,p _q41-p
(DL p)(0) =t s

4) The solution of equation (—A)f%qb(u) = —f(u) called Riesz potential, is given by the expression
o =cz [ T,
ne fu— vl

where C$ is a constant, see [5, 10, 18]. Obviously, this solution can be expressed in terms of the operator
(3) wvery easily.
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5) Obviously, we can define the lateral derivative operators, respectively, right and left, in the case of our
generalized derivative. One way is in the Definition 3 to consider values of € greater or less than zero
and, the other way is sufficient to consider them from the corresponding integral operator. To do this,
just make use of the fact that, if f is differentiable, then N2 f(t) = F(t,«)f'(t), where f'(t) is the
ordinary deriwative. For the right derivative, we have

d
WE purf) () = N2 [TF 00 (NO)] = 2= [TF 6, (N O] Fu, ).
Similarly to the left derivative.

6) It is clear then, that from our definition, new extensions and generalizations of known integral operators
can be defined, see [15]. Let p : [p1,p2] — R be an increasing and positive monotone function on
(o1, p2] having a continuous derivative p'(t) on (p1,p2). The left side fractional integral of f with
respect to the function p on [p1, p2] of order a > 0 is defined by

Lot pe)f(s)
L2 (0 = e | _ds, 1> . 5)
ot F(@) Jo () = p(s)]' 1

Similarly the right lateral derivative is defined by
Lo p(s)f(s)
Lo (DO = s | _ds, t<po. ©)
@) Ji Ip(s) = po)” i
It will be very easy for the reader to build the T in this case.

7) The k-analogue of above definition is defined in [6, 16], under the same assumptions on function p as

follows: .
Jook _ 1 P'(s)f(s) s, ' .
P00 =155 ], O —pel F T v
Similarly the right lateral derivative is given as
ok _ L p(s)f(s)
Th- 00 =1 [ et <o (®)

The corresponding differential operator is also very easy to obtain.

Remark 3 We will also use the central integral operator defined by

T2 Non) = [ st 1 < on Q

Theorem 2 ([8]) Let h be N, —differentiable function on (xq,+00) with a € (0,1]. Then for all x > xq, we
have

a) J7 o N7h(z)) = h(z) = h(w0);
b) NF (J7 4y 1(@)) = h(x).

An necessary and important property is established in the following result, its proof is similar to that of
the entire case, so we leave the details to the interested reader.

Theorem 3 (Integration by parts) Let p and q are two Nr-differentiable functions on (xg,+00) with
a € (0,1]. Then for all x > xg, we get

IT 2o (PNF @) () = [p(x)q() — p(z0)q(20)] — IT 2o (GNTP)(2)) .

Motivated by above results and literatures, using generalized fractional integral operators, we will obtain
in Section 2 a new interesting generalized improved Holder integral inequality. Also, after deriving a useful
lemma using these operators, we will give two results via quasi-convex functions. Some special cases of our
results will deduce known results. In Section 3, some applications of the obtained results for error estimates
will be illustrated. In Section 4, a briefly conclusion will be provided as well.
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2 Main Results

Before we prove our results, let denote, respectively, L[p1, p2] the set of all Riemann integrable functions on
[1, ©2] and Z° the interior of 7.

Theorem 4 (Generalized improved Hoélder integral inequality) Let u and v be two real functions
defined on [p1, p2] and |ul|,|v|?, |u||v|? € L]p1, p2]. Then for g > 1, the following inequalities hold:

T g lul (02) < ———[(TF 0, (02— D) ul(92))" " (TF, (02— D) ol "(02)) *
P2 — 1
(T8 (= 01) lul(92)) 77 (TF 0, (= 1) [0l (2)) ]
< (TR lul(92)) T (TR Ll 0] (92)) (10)

Proof. We consider only the case ¢ > 1, where % + % = 1 since for ¢ = 1, it is easy to verify that equality
in (10) is fulfilled. Using properties of modulus, we have

1

1 3 1
(p2—t)u v+ (t—p1)*ru

=

|uv| =

1
—t)ry
m_@](m )
1
13
{\m-tm (o2 — )

1

1 7
u'v

2 — P1

Q=
=

: 1
< u (t—gp1)iu v

+ ‘(t— 1)

Then, from definition of J7 , and Holder’s inequality the desired left side inequality of (10) is derived.
For the right side inequality of (10), we will first consider the following case:

Q=

(T2 o [ul(92)) 77 (T2 o Jul 0] (92)) * = 0.

Then the inequality in the right side of (10) is trivial, if |[u| = 0. The same results can be obtain for |u| # 0.
So, we take

1
q

A= (T8 0, [ul(92)) 7 (T2 0 lul 0] (92)) 7 # 0.
Since A # 0, we get

ot
A (o2 — 1)
(T8 gy (= 1) [ul(92)) 77 (TF 0, (= 1) [0]*(2))

1 K%w 1) |u|<m>>” (-7%@1(@2 - t>v|q<m>>é

(T80, (02 = 1) ul(92)) 77 (TF gy (2 = 1) [0] () *

(92 — 1) TIZ o lul(2) TZ o ull0]" (92)

Tg ot = o0) [ul(p2)\ 7 (T80, = )0l (02) | *
+< IT o [ul(92) ) < T2 o Tullo]"(02) ) ] (11)
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By applying Young’s inequality given in Proposition 1 on inequality (11), we have

T (02— O lul(o2)\ T (T8 (02— DIl (02) ) *
73 Jul(w2) 75 Jallo (o)

(Tl =) l(e2) T ge (= o) (p2) ) 7
TZ o ul(p2) 72 Tl (02)

[(q —1JI7 o, (92 = 1) Jul(p2)  TF ,, (92 — )v|*(p2)

977 g, [ul(92) 4T o, lullv]* (92)
(@ = DI7 o, (= o) [ul(p2)  T7, (E—pr)lo["(92) | _ .
977 o, |ul(p2) 4I7 o, lullv]* (p2)

The proof of Theorem 4 is completed. ®

Corollary 1 Choosing 7 (t,a) = 1 in Theorem 4, then we get ([13], Theorem 2.1).

Remark 4 If we consider other specific kernels, for example, T (t,a) = t'=%, the Lemma 1 of [2{] and
Lemma 2.8 of [25] are recaptured. Obviously, using other kernels, we can obtain different “weighted” versions
of Holder’s classical inequality.

The following Lemma 1 is very important to derive our following results.

Lemma 1 Let f : T C R — R be a differentiable function on I° and let o1, p2 € T, where p1 < 2. If
N2 € Llp1, p2], then we have the following identity:

o ttes L _gz (o0 =272 5+, (12
where
Ji=J10 [U\/?f (l;rtpl + ! ; tm)} (1)
and

1-t¢ 1+1¢
5= Tta |31 (5o + om0

Proof. Integrating by parts and using a change of variable on J;, we have

= o o) - (0 (252 13)
Similarly working on Ja, we get
Jo = 3 f(pz)—% = oiren (F)(92). (14)
T T

After adding equalities (13) and (14), and multiplying both sides by the factor #2721 we obtain the desired
equality (12). m

Remark 5 Making 7T (t,«) =1 in Lemma 1, we have ([1], Lemma 2.1).
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Theorem 5 Let f : Z C R — R be a differentiable function on Z° and let p1,p2 € I, where p1 < po. If
N&f € Llp1, pa] and INEf| is quasi—convex function on [p1, p2], then we have

f(p1) + f(p2) L
oI L2 (o)

r(252)

,M@fWﬁ@L (15)

< (p2 — p1)
- 4

+Sup{‘/\[7qf (@1 +@2>

T x

wp@N?f@ﬂ7

2

where J7 o(t)(1) = T.
Proof. Using Lemma 1 and property of modulus, we have

st
2 P2 — 1

(2 — p1) (

T8 00 (F)l2)| < 22

wr(252))

Tl < T(sup{‘/\/q”-‘f <“;m)

< |J1] + | T2l) -

From the quasi-convexity of N4 f|, we get

|Jusr(wp{w?fan

and

W21 @)1} ). (")
Adding inequalities (16) and (17), and taking out common factor T, is obtained inequality (15). m

Remark 6 Considering T (t,o)) = 1 in Theorem 5, we have T = %. In this way, we obtain ([1], Theorem

Theorem 6 Let f : T C R — R be a differentiable function on Z° and let p1,p2 € I, where p1 < po. If
af € Llp1, p2] and INSf|? is quasi-convex function on [p1, pa], then for ¢ > 1 and ]% + % =1, we have

‘f(@l)+f(@2)_ 1
2 P2 — 1

IT 0, (F)(92)

a9
p(252)] )

iA@f@mw})ﬂ (15)

< “”;pﬂmmx[(mpﬁwﬁﬂpm2

(o (*2)

where L(p) = (J24(t7) (1))

Proof. Using Lemma 1 and property of modulus, we have

flp1) + f(p2) L
Lot flen) gz (5o

(g2 — 1) (

<
- 4

|T1] + | T2l) -

Also, by quasi-convexity of N2 f|? and Holder’s inequality, we get

o [ P11 92
Tf( 5 >

)

il < 10) (sup {IN2S (o)
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and

|J2| < L(p) (sup{‘f\@f <p1 ; m) q,

Adding inequalities (19) and (20), and taking out common factor L(p), is obtained inequality (18). m

W%f(pM})é. (20)

Corollary 2 Taking 7 (t,«) = 1 in Theorem 6, we obtain ([1], Theorem 2.8). Interested reader can see also
([13], Theorem 2.4).

3 Applications

In this last section, we consider applications of the integral inequalities given in Section 2, to find some error
estimates of quadrature rules, which in turn are variants of the well-known method of rectangles.
First, let U : p1 = a0 < 21 < ... < Zp_1 < T, = p2 be a partition of [p1, p2]. We denote, respectively,

PU, I, T Z (M)m

=0
and
j?,pl(f)(p2) = P(U, f7 T) + R(Z/L f7 T),

where R(U, f,T) is the remainder term (error estimation) and h; = x;41 —a; for i =0,1,2,...,n— 1. Using
above notations, we are in position to prove the following results.

Theorem 7 Let f : T C R — R be a differentiable function on I°, where p1,p2 € T and o1 < po. If
2f € Llp1,p2] and N2 f| is quasi—convex function on [p1, 2], then the remainder term satisfies the
following error estimation:

|
—

n

IRWU, f,T)| < [AG) + B(i)]hi, (21)

Nef (iﬁz +2-%'i+1> ’}’

N

.
Il
<

where

A(i) = sup {IN%f (@),

: Ti +
B(i) = SUP{ N7 f <2+1> ; N:/qf(xiﬂ)}
and T is defined as in Theorem 5
Proof. Using the Theorem 5 on subinterval [z;, ;1] of closed interval [p1, p2], for alli =0,1,2,...,n—1,
we have () ( )
flas) + fzi o T . .
(Hed ey gz, (| < Tlaw + B0 (22)

Summing inequality (22) over i from 0 to n — 1 and using the properties of modulus, we obtain the desired
inequality (21). m

Theorem 8 Let f : T C R — R be a differentiable function on I°, where p1,p2 € T and 1 < pa. If
af € Llp1,p2] and IN2f|? is quasi-convex function on [p1, 2], then for ¢ > 1 and % + é = 1, the
remainder term satisfies the following error estimation:

L(p) N

R £ < =723 (€))7 + (D)7 )b, (23)
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. . q
NEf (”““ T“)’ }

Dli,q) — sup{’N%f (““) 7 W%f(mnq}

where

Cirq) = sup {N%f ()],

2

and L(p) is defined as in Theorem 6.

Proof. Using the Theorem 6 on subinterval [z;, ;1] of closed interval [p1, p2], for alli =0,1,2,...,n—1,
we have
fzs) + f(z; o L(p ) 1 . 1
(P oy g g (e | < 22 (10600} + (06 (21)

Summing inequality (24) over i from 0 to n — 1 and using the properties of modulus, we get the desired
inequality (23). m

Next, we will show the advantages of the results obtained, in particular the Theorem 7. For this, consider
in the Definition 4, a = 0.5, f(t) = t3, p1 = 0, 2 = 1 and the kernels 7 = 1, t!~® and we will use the
partition of the interval [0, 1] given by U : p1 =20 =0 < 0.25 < 0.5 < 0.75 < 1 = x4 = 2, so h = 0.25.

For the kernel 7 = 1, we have T =1 and Nzf(¢) = f'(¢). Hence,

|R(U,°,1)] <0.1494. (25)
In the case of kernel 7 = t1=°, we get T = 2 and Nz f(t) = f'2. Therefore,

‘R(u,tf‘,t%)

< 0.0376. (26)

The exact value of the ordinary integral fol t3dt is 0.25. If we calculate its approximate value by the method

of the rectangles, we will get fol t3dt ~ 0.3905.
Comparing with inequalities (25) and (26), we see that in the first case they are practically equivalent
results, while in the case of the conformable kernel, a better approximation is obtained.

4 Conclusion

In this paper using generalized integral operators, we first obtained new interesting generalized improved
Holder integral inequality. By means of a new lemma using these operators, we given two results via quasi—
convex functions. Some known results are recaptured as special cases from our results. Finally, some error
estimates are given. Since convexity and (quasi-convexity) have large applications in many mathematical
areas, they can be applied to obtain several results in convex analysis, special functions, quantum mechanics,
related optimization theory, mathematical inequalities and may stimulate further research in different areas
of pure and applied sciences.
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