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Abstract

In [16], M. Ozdemir defined a new non-commutative number system called hybrid numbers. In this
paper, we consider the generalized Fibonacci hybrid numbers and investigate some basic properties of
these hybrid numbers by using the Binet’s formula. We also get some generalized identities for (p, q)-
Fibonacci hybrid numbers and (p, ¢)-Lucas hybrid numbers.

1 Introduction

The most famous generalization of the set of complex numbers is the set of quaternions. In 1843, William
Hamilton described the set of quaternions

H={a+bi+cj+dk: i* =j =k* =ijk = —1}
and James Cockle defined coquaternions (split quaternions)
H={a+bi+cj+dk: i*=-1, ? =k* =ijk =1}

in 1849 (see [5]). Quaternions and coquaternions are used to define 3D Euclidean and Lorentzian rotations,
respectively. A set of split quaternions is non-commutative and contains zero divisors, nilpotent elements, and
nontrivial idempotents (see [15, 17]). Previous studies have examined the geometric and physical applications
of split quaternions, which are required in solving split quaternionic equations [7].

In particular, Fibonacci and Lucas quaternions cover a wide range of interests in modern mathematics as
they appear in the comprehensive works of [11, 12]. Furthermore, quaternions with third-order sequences are
studied in [2, 3, 4]. For example, the Fibonacci quaternion denoted by Qp ., is the n-th term of the sequence
where each term is the sum of the two previous terms beginning with the initial values Qro = i+j+ 2k and
Qr1 =141+ 2j+ 3k. The well-known Fibonacci quaternion Qr, is defined as

QF,n - Fn + iF’n-i-l +an+2 + an+3 (1)

and the Lucas quaternion is defined as Q. = Ly +iL,41 + jLnt2 + kL, 43 for n > 0, where F, and L,
are n-th Fibonacci and Lucas number, respectively.
Ipek [13] studied the (p, ¢)-Fibonacci quaternions @, which is defined as

Qrmn=pQrFn-1+qQFrn—2, n>2 (2)

with initial conditions Qxo =i+ pj+ (»* + 9k, Qr1 = 1+ pi+ (p* + @)j + (p> + 2pg)k and p? + 4q > 0.
If p =g =1, we get the classical Fibonacci quaternion Qg [8]. If p = 2¢ = 2, we get the Pell quaternion
Qpn =P, +1iPyt1 + jPyt2 + kP13 (see [6]), where P, is the n-th Pell number.
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The well-known Binet’s formulas for (p, ¢)-Fibonacci quaternion and (p, ¢)-Lucas quaternion, see [13], are

given by
aa” — Bp"
Q.’F,n = o _ ﬂ

where «a, 3 are roots of the characteristic equation t2 — pt — ¢ = 0, and o = 1 + ai + o?j + o’k and
B =1+ Bi+ 3%+ #°k. We note that o+ 3 =p, af = —q and o — 3 = /p? + 4q.
~ The generalized Fibonacci quaternion Quw,n is defined recently by Halici and Karatag in [10] as Q0 =
a+bi+ (pb+qa)j+ ((P* +q)b+pga)k, Qu,1 = b+ (pb+qa)i+ ((p* +@)b+pga)j+ (> +2pg)b+q(p* + g)a)k
and Qu.n = PQuw,n—1+ qQw,n—2, for n > 2 which we call the generalized Fibonacci or Horadam quaternions.
So, each term of the generalized Fibonacci sequence {Qu» }rn>0 is called generalized Fibonacci quaternion.

The Binet formula for generalized Fibonacci quaternion @y, », see [10], is given by

Aaa™ — BBS"
Qun = R

where A = b— a8, B = b — aw, and «, 3 are roots of the characteristic equation > —pt —q = 0, a =
l+ai+a?j+o’kand B =1+ p8i+ 8%+ 8% Ifa=0and b =1, we get the classical (p, q)-Fibonacci
quaternion QF . If a = 2 and b = p, we get the (p, g)-Lucas quaternion @ . For more details and identities
of this type of numbers, see [19].

Recently, Ozdemir [16] defined a new generalization of complex, hyperbolic and dual numbers. In this
generalization, the author gave a system of such numbers that consists of all three number systems together.
This set was called hybrid numbers, denoted by K, is defined as

2=-1,e2=0, k> =1,
ih=—hi=e+i '

and Qc,n = aa” + BB", (3)

(4)

K:{zza—&—bi—l—cﬂ-:—kdh:a,b,c,déR, (5)
Two hybrid numbers are equal if all their components are equal, one by one. The sum of two hybrid numbers
is defined by summing their components. Addition operation in the hybrid numbers is both commutative
and associative. Zero is the null element. With respect to the addition operation, the inverse element of z
is —z, which is defined as having all the components of z changed in their signs. This implies that, (K, +)
is an Abelian group.

The hybridian product is obtained by distributing the terms on the right as in ordinary algebra, preserving
that the multiplication order of the units and then writing the values of followings replacing each product
of units by the equalities i? = —1, €2 =0, h? = 1 and ih = —hi = € +i. Using these equalities we can find
the product of any two hybrid units. For example, let’s find ie. For this, let’s multiply ih = € + i by i from
the left. Thus, we get ie = 1 — h. If we continue in a similar way, we get the following multiplication table.

Table 1: The multiplication table for the basis of K.

x 1 1 € h

1 1 i € h

i i -1 1-h e+i
e € 1+h 0 —€
h h —(e+1i) e 1

The table 1 shows us that the multiplication operation in the hybrid numbers is not commutative. But
it has the property of associativity. The conjugate of a hybrid number z = a + bi + ce + dh, denoted by z, is
defined as z = a — bi — ce — dh as in the quaternions. The conjugate of the sum of hybrid numbers is equal
to the sum of their conjugates. Also, according to the hybridian product, we have zz = zz. The real number

C(z):zi:iz:a2+(b—c)2—02—d2

is called the character of the hybrid number z = a + bi + ce + dh. The real number 4/|C(z)| will be called
the norm of the hybrid number z and will be denoted by ||z||x.
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In this study, we consider the generalized Fibonacci hybrid numbers. We give the generating functions and
Binet formulas for these numbers. Moreover, the well-known properties e.g. Cassini and Catalan identities
have been obtained for these numbers.

2 Generalized Fibonacci Hybrid Numbers

We define the n-th (p, ¢)-Fibonacci and (p, ¢)-Lucas hybrid numbers, respectively, by the following recurrence
relations
HF, = F, + .7'—”+1i + .7:7,,4_2&7 + fn+3h (6)
and
H‘Cn = En + £n+1i + £n+2€ + £n+3ha (7)
where F,, and L,, are the n-th (p, q)-Fibonacci and (p, ¢)-Lucas numbers defined by
Fn=pFn-1+qFn—2, Fo=0, F1=1
and
Ly=pLy1+qLln 2, Lo=2, L1=p,

respectively. Here {i,e,h} satisfies the multiplication rule given in the Table 1.
By some elementary calculations we find the following recurrence relations for the (p, ¢)-Fibonacci and
(p, ¢)-Lucas hybrid numbers from (6) and (7):

pHF, + ¢HF,—1 = p(Fp + Frp1i + Fry2e + Frish) + ¢(Fro1 + Foi+ Fry1e + Fryoh)
= (pFn + qFn-1) + 0Fnt1 + qF)i+ (pFnt2 + ¢Fnt1)e + (pPFnts + qFni2)h
= Fnt1 + Fniol + Fnize + Frnpsh
=HF,+1

and similarly HL,, 1 = pHL,, + ¢HL,,_1, for n > 1 (see [18]).
In this paper, following Halici and Karatag [10], we define the generalized Fibonacci hybrid numbers as

Hjn = ijn—l + qun—27 n Z 27 (8)

where HJy = a + bi+ (pb + qa)e + ((p*> + q)b+ pga)h and HJ;, = b+ (pb+ qa)i+ ((p* + q)b+ pga)e + ((p> +
2pq)b + q(p* + g)a)h.

So, each term of the generalized Fibonacci hybrid sequence {H.7,},>0 is called generalized Fibonacci
hybrid number. Furthermore, if @ = 0 and b = 1, we get the (p, ¢)-Fibonacci hybrid number HF,,. If a = 2
and b = p, we get the (p, ¢)-Lucas hybrid number HL,,.

Generating functions for the generalized Fibonacci hybrid numbers are given in the next theorem.

Theorem 1 ([18]) The generating function for the generalized Fibonacci hybrid number is

a+bi+ (pb+ qa)e + ((p* + )b + pga)h
f:er” _ L +t((b — pa) + gai + gbe + (pgb + ¢*a)h)
r=0

(9)

1 — pt — qt?

The next theorem gives the Binet formulas for the generalized Fibonacci hybrid numbers in a different
way than Theorem 1 in [18].

Theorem 2 For any integer n > 0, the n-th generalized Fibonacct hybrid number is
Aaa™ — BBS"

a—p -
where A = b—afB, B = b— aa, and o, are roots of the characteristic equation t> —pt —q = 0, a =

1+ ai+ o?e + o®h and B=1+pi+ B%e+ B°h. If a = 0 and b = 1, we get the (p,q)-Fibonacci hybrid
number HF,,. If a =2 and b = p, we get the (p, q)-Lucas hybrid number HL,,.



G. Cerda-Morales 113

Proof. For the Eq. (10), we have

aHJn+1 +qH\7n - a(jn+1 +jn+2i+\.7n+3€+\7n+4h) +q(x.7n +jn+1i+\.7n+2€+\7n+3h)
= (aTnt1 +qTn) + (@Tng2 + qTns1)i + (@Tny3 + qTnr2)€ + (@Tnya + qTni3)h.

From the identity aJ,+1 + ¢J, = o™ (ab + ga), we obtain

oHTpt1 + qHT, = aa™(ab + qa). (11)
Similarly, we have

ﬂHjn—H + qun = éﬁn(ﬂb + qa)' (12)
Subtracting Eq. (12) from Eq. (11) gives

(a = B)HTn+1 = Aaa™t' — BEA",

where A =b—af3, B =b—aa and a, 3 are roots of the characteristic equation ¢> — pt — g = 0. Furthermore,
a=1+ai+a?c+a’hand B=1+pi+ B%e + 3%h. So, the theorem is proved. ®m

There are three well-known identities for generalized Fibonacci numbers, namely, Catalan’s, Cassini’s,
and d’Ocagne’s identities (see [1]). The proofs of these identities are based on Binet formulas. We can obtain
these types of identities for generalized Fibonacci hybrid numbers using the Binet formula for H.7,,. Then,
we require a3 and Ba. These products are given in the next lemma.

Lemma 3 We have
aB =HLo— (¢° +pg—q+1) + qla — B)(HF — w), (13)
and
Ba =HLy - (¢* +pg—q+1) — qla — B)(HF —w), (14)
where w = (1 — p)i—qge + (P> + ¢+ D)h and o — B = /p? + 4q.
Proof. From the definitions of a and 3, and using i = —1, €* =0, h? =1 and ih = —hi = & +i in Table
1, we have
aB = (1+ai+a’e+ah)(1+ 6i+ B+ 5°h)
24+ (a+B)i+ (@®+B%e+ (@ + B h—1+aB(—1+a+ B+ a’B?%)
—af(a® - )i —ap(a® — 7 — a?B + af®)e + af(a — f)h
= 2+4pi+ (p° +29)e + (p° +3pg)h — (¢° +pg — g +1)
+q(or = B)(pi+ (p+ q)e — h)
= HLo— (¢’ +pg—q+1)+q(a—pB)pi+ (p+qle —h)
= HLy— (¢’ +pg—q+1) +q(a - B)(HF - w),
where w = (1 — p)i — ge + (p* + ¢ + 1)h and the final equation gives Eq. (13). The other identity can be

computed similarly. m
This lemma gives us the following useful identity:

af + Ba = 2(HLy — (¢° +pg — g+ 1)). (15)
Catalan’s identities for generalized Fibonacci hybrid numbers are given in the next theorem.

Theorem 4 For any integers m > r > 0, we have

2 _ m (HLo — (¢* +pg — g+ 1)) F;
Hjm - HjerrHJmf'r - —AB(—C]) -,Ff'r { +q(Hf0 _ W)L‘,y } 9 (16)

where A=b—af, B=0b—aa, w=(1—-p)i—qe+ (P> +q+ 1Dh and F,, L, are the r-th (p,q)-Fibonacci
and (p, q)-Lucas numbers, respectively.
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Proof. From the Binet formula for generalized Fibonacci hybrid numbers H.7,, in (10) and (a—3)? = p*+4q,
we have

(p2 + 4Q) (iji - Hjnl+rHjm—r)
(Agam o Béﬂm)Q - (Agam+r o Béﬂm-‘ﬂ") (Agoémfr o Béﬂm_T)
AB(=q)" " (aBa® + Baf® — (=¢)" (aB + Ba) ).

We require Egs. (13) and (14). Using this equations, we obtain

ij% - errL+’r'Hx7'rrL—7'
_ AB(=g"" { (HLo — (¢* +pg — g+ 1)) (@® + 8% — 2(—q)") }
p?+4q +q(a — B)(HFy — w)(a® — %)
AB(—q)™" { (HLo — (¢ +pq — q+1))(L2r — 2(—q)") }
p? +4q +q(p? + 4q)(HFo — w) Fo, '

Using the identity (p? + 4q)F2 = Lo, — 2(—q)" gives

3 2
er%l _ Hjm«i»rHjmfr — AB(—q)m7T { (HEO - (q +pq - q + 1))‘7:7’ } ,

+q(HFy — w)Fo,

where L,, F, are the r-th (p, ¢)-Lucas and (p, ¢)-Fibonacci numbers, respectively. With the help of the
identities Fo, = F.L, and F_, = —(—q) " F,, we have Eq. (16). The proof is completed. m

Taking » = 1 in the Theorem 4 and using the identity F_; = %, we obtain Cassini’s identities for
generalized Fibonacci hybrid numbers.

Corollary 5 For any integer m, we have

5 _ m-1 [ (HLo—(¢* +pg—q+1))
HT,; — HTm+1HTm—1 = AB(—q) { +pg(HFy — w) ) (17)

where A=b—af, B=b—aa and w = (1 —p)i—qe+ (p?> + ¢+ 1)h.
The following theorem gives d’Ocagne’s identities for generalized Fibonacci hybrid numbers.
Theorem 6 For any integers r and m, we have

— (a3 _
HJTH\ZYL-‘,-l - er+1Hs7m = (—Q)mAB{ (HE(] (q +pq 7 ¥ ]-))ff‘*m } ) (18)

+q(HFy —w)Ly—m
where F,., L, are the r-th (p, q)-Fibonacci and (p, q)-Lucas numbers, respectively.
Proof. Using the Binet formula for the generalized Fibonacci hybrid numbers gives

(p* + 4q)(HT HT i1 — HTr 1 BT,
= (Aao” - BBF") (Aaa™ ! — BEF™ ) — (Aaa™™! — BAF™) (Aaa™ — BBB™)

= (—9)"AB(a-p) (aBa"™™" — Bas"™™).
We require the Egs. (13) and (14). Substituting these into the previous equation, we have

erHjm+l - er—i—lHjm,

(=™ (HLo — (¢* +pg—q+ 1)) (™™ - ")
a—f 4B { +q(a = B)(HFy —w)(a™~™ +5"™) }

(=)™ AB ((HLo — (¢° +pg — ¢+ 1) Frm + q(HFg — w) Ly ) .
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The second identity in the above equality, can be proved using L,_,, = "™ + 7™ and F,_,, =
ar—m_gr—m

e This proof is completed. m

In particular, if m = r — 1 in this theorem and using the identity £; = p, we obtain Cassini’s identities
for generalized Fibonacci hybrid numbers. Now, taking m = r in the Theorem 6 and using the identities
Fo =0 and Ly = 2, we obtain the next identity.

Corollary 7 For any integer r > 0, we have
HT 187, — BT HT 1 = 2(—q)" T AB(HF, — w), (19)
where A=b—af3, B=b—aa and w = (1 —p)i—qe + (p* + ¢+ 1)h.

After deriving these three famous identities, we present some other identities for the (p, ¢)-Fibonacci and
(p, ¢)-Lucas hybrid numbers.

Theorem 8 For any integers n, r and s, we have
H£7z+ern+s - HLn—Q—stn—&-r - 2(*q)n+r-7:s—r(H£0 - (q3 +pq —q + 1)) (20)
Proof. The Binet formulas for the (p, ¢)-Lucas and (p, ¢)-Fibonacci hybrid numbers give

(OZ — B) (H£n+T’H~7:n+S — H£n+sH]:n+’r)
_ (ganJrr +gﬁn+r) (gan+s _éﬁn—&-s) _ (ganJrs _’_éﬁn+s) (ganJrr _éﬁn-&-r)
= (af)"(a’f" —a"B%)(aB + Ba).
Using Egs. (13) and (14), we have
HL, HFny s — WLy HFfpr = 2(_(])”—”}—5*7’(]1%150 - (qS +pg—q+ 1))

The proof is completed. =

After deriving these famous identities, we present some other identities for the generalized Fibonacci
hybrid numbers. In particular, when using the Binet formulas to obtain identities for the (p, ¢)-Fibonacci
and (p, q)-Lucas hybrid numbers, we require a® and ﬂQ. These products are given in the next lemma.

Lemma 9 We have

QQ = (HLo + rp,q) + (o — B)(HFo + Sp.q) (21)
and

QQ = (HLO + Tp,q) - (0‘ - 6)<H~7:0 + Sp’q)> (22)
where 14 = =1+ E(Fg + 2F3 — F2) + q(Fs + 2F2 — F1), spq = 5(Fe + 2F3 — F2) and F, is the n-th

(p, q)-Fibonacci number.

Proof. From the definition of o and using i> = —1,e2 = 0,h? = 1, ih = —hi = € +i in Table 1 and
a" = Fpa+ qF,_1 for n > 1, we have
a?> = (14ai+a’e+a’h)(1+ ai+a’e +a’h)
= 2(1+ai+a’e+a’h)+ (a +22% —a?—1)
= 2+ 2ai+ (2pa+29)e + ((2p° + 29)a + 2pg)h) + (a® +2a* — a® — 1)
2+ pi+ (p° +29)e + (p° + 3pg)h + (a — B)(i +pe + (p* + q)h)
+((Fsa+ qFs) + 2(Fza+ qF2) — (Faa+ qFy) — 1)
= (HLo +1p,q) + (o — B)(HFo + sp,q),
where rp, , = =1+ 5(F +2F3 — F2) +q(Fs +2F2 — F1) and sp ¢ = %(.7:6 +2F3 — F3) and the final equation
gives Eq. (21). The other can be computed similarly. m

We present some interesting identities for (p, ¢)-Fibonacci hybrid numbers, (p, ¢)-Lucas hybrid numbers
and generalized Fibonacci hybrid numbers.
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Theorem 10 For any integer n > 0, we have

P (LG + 1) Lon + (0 + 4g — 1) (HFo + 5p.0) Fon } (23)

3
HLZ — HF? = { P +4q+2(p2+;2qii;(_®n (HLo — (¢ + pg — q + 1)).
Proof. Using the Binet formulas for the (p, ¢)-Fibonacci and (p, ¢)-Lucas hybrid numbers, we obtain
(p* +49) (HL2 —HFZ) = (b +4q) (a0” + B8")° — (aa” — B4")°
= (° +4g-1)(@® + B6°") + (0 +4q + 1)(aB)" (af + fa).
Substituting Eqgs. (13) and (14) into the last equation, we have
(0 +4q)(HL}, —HF) = (0> +4g—1)(@’a®" + B26°") +2(p” + 4g +1)(aB)" (HLo — (¢° +pg —g+1)). (24)
Then, using Egs. (21) and (22), we obtain
a’a® 4 Qzﬁzn = (" + ) (HLy + 7p.q) + (a0 — B)(HFp + 5p.4) (2™ — 7). (25)
Substituting Eq. (25) into Eq. (24) gives Eq. (23). =

Theorem 11 For any integers m > n > 0, we have

HF, HT,, — HTHF, = 2(—q)" ™ T n(HFy — w), (26)
where w = (1 —p)i—qe + (p* + ¢+ 1)h and J,, = % 18 the n-th generalized Fibonacci number.

Proof. The Binet formulas for the (p, ¢)-Fibonacci hybrid numbers and generalized Fibonacci hybrid num-

bers give

(p* + 4q)(HF, T, — BT HF,) = (aa” - BF") (Aaa™ — BAF™) — (Aaa™ — BBF™) (aa” — BA")
= (Aa™B" — Ba"f")(aB - Ba).

Using Egs. (13) and (14), we have

H‘FILHKZTL - Hijj:n - m(Aamn - Bﬁmin)(a - ﬁ)(HFO - w)

= _2(_q)n+1jm—n(H]:O - UJ),

where w = (1 — p)i — g + (p®* + ¢ + Dh and 7, is the n-th generalized Fibonacci number defined by

TIn = %. So, the theorem is proved. m

Taking m = n in the Theorem 11 and using Jy = a, we obtain the next identity.
Corollary 12 For any integer n > 0, we have
HF,H T, — HT,HF, = 2a(—q)" T (HF) — w), (27)

where A=b—af, B=b—aa and w = (1 —p)i—qe + (p?> + ¢+ 1)h.

3 Conclusions

There are differences between the generalized Fibonacci hybrid numbers and the coefficient generalized

Fibonacci quaternions. For example, the usual coefficient generalized Fibonacci quaternionic units are i =
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j? = k? = ijk = —1 whereas the generalized Fibonacci hybrid units are i? = —1, €2 = 0, h? = 1 and
ih=—-hi=¢e+1i.

In this work, we have examined a new type of numbers, which are non-commutative. We named this
number set as generalized Fibonacci hybrid numbers because it is a linear combination of well-known complex,
hyperbolic and dual Fibonacci numbers. We have given the relation ih = —hi = € + i between the units
{i,e,h} of these three number systems, and we have seen the algebraic consistency of this relation. Thus,
we have obtained some properties of the generalized Fibonacci hybrid numbers.

Acknowledgment. The author would like to thank the referees for their comments that helped me to
improve this article.
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